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Abstract: In this article, we deal with the following p-fractional Schrödinger-Kirchhoff equations with electro-
magnetic fields and the Hardy-Littlewood-Sobolev nonlinearity:
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where < < <s p0 1 , <ps N , < <p q p2 *
s μ,
, < <μ N0 , λ, and k are some positive parameters, =

−
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pN p
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2 is the
critical exponent with respect to the Hardy-Littlewood-Sobolev inequality, and functions V and M satisfy the
suitable conditions. By proving the compactness results using the fractional version of concentration compact-
ness principle, we establish the existence of nontrivial solutions to this problem.
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1 Introduction

In this article, we intend to study the following p-fractional Schrödinger-Kirchhoff equations with electro-
magnetic fields and the Hardy-Littlewood-Sobolev nonlinearity in �N :
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where < < <s p0 1 , <ps N , < <p q p2 *
s μ,
, < <μ N0 , λ, and k are some positive parameters,
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2 is the critical exponent with respect to the Hardy-Littlewood-Sobolev inequality, � �( )∈ +
V C ,N

0 is
an electric potential, � �( )∈A C ,N N is a magnetic potential, and V and M satisfy the following assumptions:
(V) � �→V : N is a continuous function and has critical frequency, i.e.,

�
( ) ( )= =

∈
V V x0 min 0

x N

. Moreover, the

set �{ ( ) }= ∈ <V x V x τ:τ N
0

0 has finite Lebesgue measure for some >τ 00 .
(M) ( )m1 The Kirchhoff function � �→+ +M : 0 is a continuous and nondecreasing. In addition, there exists a

positive constant >m 00 such that ( ) ≥M t m0 for all �∈ +
t 0;

( )m2 For some ( ]∈ ∕σ p q, 1 , we have ( ) ( )≥M t σM t t for all ≥t 0, where ( ) ( )∫=M t M s sd
t

0
.

When =p 2, we know that the fractional operator ( )−Δ A
s , which up to normalization constants, can be

defined on smooth functions u as:
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(see d’Avenia and Squassina [1]). There already exist several articles dedicated to the study of the Choquard
equation, and this problem can be used to describe many physical models [2,3]. Recently, d’Avenia and
Squassina [1] considered the following fractional Choquard equation of the form:

��( ) ( ∣ ∣ )∣ ∣ ( )− + = ∈ ≥−Δ u ωu u u u u H N* , , 3,s
μ

p p s N2 (1.2)

and the existence of ground-state solutions was obtained by using the Mountain pass theorem and the Ekeland
variational principle. For more results on problems with the Hardy-Littlewood-Sobolev nonlinearity without
the magnetic operator case, see [4–9].

For the case ≠p 2, Iannizzotto et al. [10] investigated the following fractional p-Laplacian equation:
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The existence and multiple solutions for Problem (1.3) were proved using the Morse theory. Xiang et al. [11]
dealt with a class of Kirchhoff-type problems driven by nonlocal elliptic integro-differential operators, and two
existence theorems were obtained using the variational method. Souza [12] studied a class of nonhomogeneous
fractional quasilinear equations in �N with exponential growth of the form:

( ) ( )∣ ∣ ( )−△ + = +−u V x u u f x u λh, in Ω.p
s p 2 (1.4)

Using a suitable Trudinger-Moser inequality for fractional Sobolev spaces, they established the existence of
weak solutions for Problem (1.4). In particular, Nyamoradi and Razani [13] considered a class of new Kirchhoff-
type equations involving the fractional p-Laplacian and Hardy-Littlewood-Sobolev critical nonlinearity. The
existence of infinitely many solutions was obtained by using the concentration compactness principle and
Krasnoselskii’s genus theory. For more recent advances on this kind of problems, we refer the readers
to [14–28].

On the other hand, one of the main features of Problem (1.1) is the presence of the magnetic field operator
A. When ≠A 0, some authors have studied the following equation:

( ) ( ) ( ∣ ∣)− ∇ − + =u A u V x u f x u ui , ,2 (1.5)

which has appeared in recent years, where the magnetic operator in equation (1.5) is given by:

( ) ( ) ∣ ( )∣ ( )− ∇ − = − + ⋅∇ + +u A u u iA x u A x u iu A xi Δ 2 div .2 2

Squassina and Volzone [29] proved that up to correcting the operator by the factor ( )− s1 , it follows that
( )−Δ uA

s converges to ( )− ∇ −u A ui 2 as →s 1. Thus, up to normalization, the nonlocal case can be seen as an
approximation of the local one.
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Recently, many researchers have paid attention to the problems with fractional magnetic operator. In
particular, Mingqi et al. [30] proved some existence results for the following Schrödinger-Kirchhoff-type
equation involving the magnetic operator:

�([ ] )( ) ( ) ( ∣ ∣)− + =M u Δ u V x u f x u u, in ,s A A
s N

,
2 (1.6)

where f satisfies the subcritical growth condition. For the critical growth case, Binlin et al. [31] considered the
following fractional Schrödinger equation with critical frequency and critical growth:

�( ▵) ( ) ( ∣ ∣) ( )∣ ∣− + = + −ε u V x u f x u u K x u u, in .s
A
s N2 2 2*

ε

α (1.7)

The existence of ground-state solution tending to trivial solution as →ε 0 was obtained using the variational
method. Furthermore, Song and Shi [32] were concerned with a class of the p-fractional Schrödinger-Kirchhoff
equations with electromagnetic fields; under suitable additional assumptions, the existence of infinite solu-
tions was obtained using the variational method. More results about fractional equations involving the Hardy-
Littlewood-Sobolev and critical nonlinear can be found in [33–36].

Inspired by the aforementioned works, in this study, we are interested in the p-fractional Schrödinger-
Kirchhoff equations with electromagnetic fields and the Hardy-Littlewood-Sobolev nonlinearity. As far as we
know, there have not been any results for Problem (1.1) yet. We note that there are many difficulties in dealing
with such problems due to the presence of the electromagnetic field and critical nonlinearity. In order to
overcome these difficulties, we shall adopt the concentration-compactness principles and some new techni-
ques to prove the ( )PS c condition. Moreover, we shall use the variational methods in order to establish the
existence and multiplicity of solutions for Problem (1.1). Here are our main results.

Theorem 1.1. Suppose that Conditions ( )V and ( )M are satisfied. Then there exists >∗λ 0 such that if > >∗λ λ 0,
then there exists at least one solution uλ of Problem (1.1) and →u 0λ as → ∞λ .

Theorem 1.2. Suppose that Conditions ( )V and ( )M are satisfied. Then, for any �∈m , there exists >∗
λ 0m such

that if > ∗
λ λm, then Problem (1.1) has at least m pairs of solutions =−u u i m, , 1, 2,…,λ i λ i, , and →±u 0λ i, as → ∞λ .

This article is organized as follows. In Section 2, we present the working space and the necessary pre-
liminaries. In Section 3, we apply the principle of concentration compactness to prove that the ( )PS c condition
holds. In Section 4, we check that the mountain pass geometry is established. In Section 5, we use the critical
point theory and some subtle estimates to prove our main results.

2 Preliminaries

In this section, we shall give the relevant notations and some useful auxiliary lemmas. For other background
information, we refer to Papageorgiou et al. [37]. Let
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In order to study Problem (1.1), we shall use the following subspace of � �( )W ,A

s p, defined by:
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Condition ( )V implies that � �( )↪E W ,A

s p N, is continuous.
Next, we state the well-known Hardy-Littlewood-Sobolev inequality and the diamagnetic inequality,

which will be used frequently.

Proposition 2.1. (Hardy-Littlewood-Sobolev inequality [38, Theorem 4.3]) Let < t1 , < ∞r , and < <μ N0 with

�( )+ + = ∈u L2,
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Also, there exists ( ) >C N μ, 0 such that
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Lemma 2.1. (Diamagnetic inequality [1, Lemma 3.1, Remark 3.2]) For every � �( )∈u W ,A

s p N, , we obtain
�∣ ∣ ( )∈u W .s p N, More precisely, we have [∣ ∣] [ ]≤u u .s s A,

3 The Palais-Smale condition

First, we define the set

� � �( ) { ( ) ( ) }= ∈C u C u: supp is a compact subset ofc
N N N

and denote by �( )C N
0 the closure of �( )Cc

N with respect to the norm ∣ ∣ =∞η

�
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norm:
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0

where
�

( ) ∫=μ η η μ, dN .
In order to prove the compactness condition, we introduce the following fractional version of the con-

centration compactness principle.
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Lemma 3.1. (See Xiang and Zhang [39]) Assume that there exist bounded non-negative measures ω ζ, , and ν on
�N , and at most countable set { } { }∈∈x Ω\ 0i i I such that

�

�

�

�

�

�

�

( )

∣∣ ( )∣ ∣ ( )∣∣

∣ ∣
( )

∣ ∣

∣ ∣
∣ ∣ ( )

∫

∫

→
−

−
→

⎛

⎝
⎜ −

⎞

⎠
⎟ →

+

u u W

u x u y

x y
y ω

u

x y
y u ν

weakly in ,

d weakly * in ,

d weakly * in .

n
s p N

n n
p

N sp

N

n
p

μ n
p N

,

*

*

N

N

μ s

μ s

,

,

Then, there exist a countable sequence of points �{ } ⊂xi
N and families of positive numbers { }∈ν i I:i ,
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where is the Dirac mass of mass 1 concentrated at �{ } ⊂xi
N .

Lemma 3.2. (See Xiang and Zhang [39]) Let �{ } ( )⊂u Wn n
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In order to prove the main results, we define the energy functional of Problem (1.1) as follows
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and ∈v E.

Next, we state and prove the following lemma.

Lemma 3.3. Assume that Conditions ( )V and ( )M hold. Then, any ( )PS c sequence { }un n for J
λ
is bounded in E
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It follows from (3.6), (3.7), and ( )M that
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This fact implies that { }un n is bounded in E . We also obtain ≥c 0 from (3.8). □

Now, we can show that the following compactness condition holds.

Lemma 3.4. Assume that Conditions ( )V and ( )M hold. Then, ( )J u
λ

satisfies ( )PS c condition, for all < <sp N sp2 and

( )<
⎛

⎝
⎜ −

⎞

⎠
⎟

− − −c
q p

λ m S
1 1

2 *
.

s μ

p H

,

0 ,

p

p
s μ

p

p
s μ

p
s μ

p2
,

*

2
,

*

2
,

*

Proof. Let { }un n be a ( )PS c sequence for J
λ
. Then, by Lemma 3.3, we know that the sequence { }un n is bounded in

E . Moreover, we know that there exists a subsequence, still denoted by { }un , such that ⇀u un weakly in E .
Moreover, we have

� �( )→ → ≤ <u u u u L s pa.e. in , in , 1 *.n
N

n
s N

s
(3.9)

Now, by the concentration-compactness principle, we may assume that there exist bounded non-negative
measures ω ζ, , and ν on �N , and an at most countable set { } { }∈∈x Ω\ 0i i I such that

�

∣∣ ( )∣ ∣ ( )∣∣

∣ ∣
∣ ∣∫ −

−
→ →+

u x u y

x y
x ω u ζd ,

n n
p

N ps n
p*

N

s

and

�

∣ ∣

∣ ∣
∣ ∣∫

⎛

⎝
⎜ −

⎞

⎠
⎟ →

u

x y
y u νd .

n
p

μ n
p

*

*

N

μ s

μ s

,

,

Now, there exists a countable sequence of points �{ } ⊂xi
N and families of positive numbers { }∈ν i I:i ,

{ }∈ζ i I:i , and { }∈ω i I:i such that

�

�

∣∣ ( )∣ ∣ ( )∣∣

∣ ∣

∣ ∣

∣ ∣

∣ ∣
∣ ∣

∫

∫

∑

∑

∑

≥
−

−
+

= +

=
⎛

⎝
⎜ −

⎞

⎠
⎟ +

+
∈

∈

∈

ω
u x u y

x y
x ω δ

ζ u ζ δ

ν
u

x y
y u ν δ

d ,

,

d .

p

N ps

i I

i x

p

i I

i x

p

μ

p

i I

i x

*

*

*

N

i

s
i

N

μ s

μ s
i

,

,

We can also obtain

( )≤ ≤
−

S ν ω ν C N μ ζand , .p H i

p

p

i i i

N μ

N
,

2
2

*
μ s, (3.10)
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In the sequel, we shall prove that

= ∅I . (3.11)

Suppose, to the contrary, that ≠ ∅I . Then, we can define a smooth cut-off function such that �( )∈ ∞
ϕ C N

0 and

≤ ≤ϕ0 1; ≡ϕ 1 in ( )B x ε,i , ( ) =ϕ x 0 in � ( )⧹B x ε, 2N
i . Let >ε 0 and = ⎛

⎝
⎞
⎠

−
ϕ ϕ

ε

i x x

ε

i , where ∈i I . It is not difficult to

see that { }u ϕn ε

i
n is bounded in E . Then, ⟨ ( ) ⟩′ →J u u ϕ, 0n n ε

i , which implies

� �

� �

�

([ ] )

( ) ( ) ( )

∣ ∣
( )∣ ∣ ( )

{ ([ ] ) ( )}
∣ ( )∣ ∣ ( )∣ ( )

∣ ∣
∣ ∣ ( ) ( )

( )

∬ ∫

∬ ∫

)(−

−
+

= − +
−

+ +

− ⋅

+

+

M u

u x e u y ϕ y

x y
x y V x u ϕ x x

M u u u ϕ λ
u y u x ϕ x

x y
y x k u ϕ x x o

d d d

Re , d d d 1 ,

n s A

p
n

i x y A
n

p

ε

i

N ps n
p

ε

i

n s A

p

n n ε

i
n

p
n

p

ε

i

μ n
q

ε

i
n

,

,

* *

N

x y

p

N

N

s μ s μ

N

2

2

, ,

(3.12)

where

�

�( )

( ) ( ) ( ( ) ( )) ( )( ( ) ( ))

∣ ∣

( ) ( )

∬
) )( (

=
− − −

−

− ⋅
−

− ⋅

+

+ +

u u ϕ

u x e u y u x e u y u x ϕ x ϕ y

x y
x y, d d .n n ε

i

n
i x y A

n

p

n
i x y A

n n ε

i

ε

i

N ps

2

N

x y

p

x y

p

2

By the Hölder inequality, we know that

� �

�

�∣ { ([ ] ) ( )}∣

( ) ( )

∣ ∣

∣ ( )∣ ∣ ( ) ( )∣

∣ ∣

∣ ( )∣ ∣ ( ) ( )∣

∣ ∣

( )
( )

∬ ∬

∬

)(
≤

⎛

⎝

⎜
⎜

−

−

⎞

⎠

⎟
⎟

⎛

⎝
⎜

−
−

⎞

⎠
⎟

≤
⎛

⎝
⎜

−
−

⎞

⎠
⎟

− ⋅

+

− ∕

+

∕

+

∕

+

M u u u ϕ

C

u x e u y

x y
x y

u x ϕ x ϕ y

x y
x y

C
u x ϕ x ϕ y

x y
x y

Re ,

d d d d

d d .

n s A

p

n n ε

i

n
i x y A

n

p

N ps

p p

n
p

ε

i

ε

i p

N ps

p

n
p

ε

i

ε

i p

N ps

p

,

1

1

1

N

x y

p

N

N

2 2

2

(3.13)

On the other hand, as in the proof of Lemma 3.4 in Zhang et al. [24], we can obtain that

�

∣ ( )∣ ∣ ( ) ( )∣

∣ ∣
∬ −

−
=

→ →∞ +

u x ϕ x ϕ y

x y
x ylim lim d d 0.

ε n

n
p

ε

i

ε

i p

N ps
0

N2

(3.14)

It follows from (3.12)–(3.14) and the diamagnetic inequality that

≤m ω λν .i i0 (3.15)

This fact together with (3.8) implies that

( )( ) = ( ) ≥ − −ν ν λ m SI 0 or II .i i p H
1

0 ,

p
μ

p
μ

p

2 *

2 *

If (II) occurs for some ∈i I0 , then

�

( ) ⟨ ( ) ⟩

∣ ( )∣ ∣ ( )∣

∣ ∣

( )

∬

⎜ ⎟= ⎛
⎝

− ′ ⎞
⎠

≥
⎛

⎝
⎜ −

⎞

⎠
⎟ −

≥
⎛

⎝
⎜ −

⎞

⎠
⎟ ≥

⎛

⎝
⎜ −

⎞

⎠
⎟

→∞

− − −

c J u
q

J u u

q p
λ

u y u x

x y
y x

q p
λν

q p
λ m S

lim
1

,

1 1

2 *
d d

1 1

2 *

1 1

2 *
.

n
λ n λ n n

s μ

n
p

n
p

μ

s μ

i

s μ

p H

,

, ,

0 ,

* *

N

s μ s μ

p

p
s μ

p

p
s μ

p
s μ

p

2

, ,

2
,

*

2
,

*

2
,

*

(3.16)
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This is an obvious contradiction to the choice of c. This completes the proof of (3.11).
Next, we shall prove the concentration at infinity. To this end, set �( )∈ ∞

ϕ C
R

N
0 for >R 0, and satisfies

( ) =ϕ x 0
R

for ∣ ∣ <x R, ( ) =ϕ x 1
R

for ∣ ∣ >x R2 , ≤ ≤ϕ0 1
R

, and ∣ ∣∇ ≤ϕ
R R

2 . Invoking Theorem 2.4 of Xiang and Zhang
[39], we define

�

∣∣ ( )∣ ∣ ( )∣∣ ( )

∣ ∣
∬=

−
−∞

→∞ →∞
+ω

u x u y ϕ x

x y
x ylim limsup d d ,

R n

n n
p

R

N ps
N2

�

∣ ∣∫=∞
→∞ →∞

ζ u ϕ xlim limsup d
R n

n
p

R

*

N

s

and

�

∣ ( )∣ ∣ ( )∣ ( )

∣ ∣
∬=

−∞
→∞ →∞

ν
u x u y ϕ x

x y
x ylim limsup d d .

R n

n
p

n
p

R

μ

* *

N

μ s μ s

2

, ,

By Lemma 3.2, we have

� �

∣ ( )∣ ∣ ( )∣ ( )

∣ ∣
∬ ∫−

= +
→∞

∞
u x u y ϕ x

x y
x y ν νlimsup d d d ,

n

n
p

n
p

R

μ

* *

N

μ s μ s

N2

, ,

� �

∣∣ ( )∣ ∣ ( )∣∣ ( )

∣ ∣
∬ ∫−

−
= +

→∞
+ ∞

u x u y ϕ x

x y
x y ω ωlimsup d d d ,

n

n n
p

R

N ps
N N2

� �

∣ ∣∫ ∫= +
→∞

∞
∗

u x dζ ζlimsup d .

n

n
p

N

s

N

Moreover,

( )≤ ≤∞ ∞ ∞ ∞

−

S ν ω ν C N μ ζand , .p H

p

p
N μ

N
,

2
2

*
μ s, (3.17)

Similar discussion as earlier yields

( )( ) = ( ) ≥∞ ∞
− −ν ν λ m SIII 0 or IV .p H

1
0 ,

p
μ

p
μ

p

2 *

2 *

Furthermore, proceeding as in the proof of (3.14), we can obtain =∞ν 0. Thus,

� �

∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣
∬ ∬−

→
−

→ ∞
u y u x

x y
y x

u y u x

x y
y x nd d d d as .

n
p

n
p

μ

p p

μ

* * * *

N

s μ s μ

N

s μ s μ

2

, ,

2

, ,

(3.18)

By the Brézis-Lieb lemma [41], we have

� � �

∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ( ) ( )∣ ∣ ( ) ( )∣

∣ ∣
( )∬ ∬ ∬−

=
−

+
− −

−
+

u x u y

x y
x y

u x u y

x y
x y

u x u x u y u y

x y
x y od d d d d d 1 .

* * * * * *
n

p
n

p

μ

p p

μ

n
p

n
p

μ
N

μ s μ s

N

μ s μ s

N

μ s μ s

2

, ,

2

, ,

2

, ,

(3.19)

Hence, (3.18) and (3.19) imply that

�

∣ ( ) ( )∣ ∣ ( ) ( )∣

∣ ∣
( )∬ − −

−
+ → → ∞

u x u x u y u y

x y
x y o nd d 1 0 as .

n
p

n
p

μ

* *

N

μ s μ s

2

, ,

(3.20)

Moreover, it is easy to see that

�

(∣ ( )∣ ( ) ∣ ( )∣ ( ))( ( ) ( ))∫ − − → → ∞− −u x u x u x u x u x u x x nd 0 as .n
q

n
q

n
2 2

N

(3.21)
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By (3.20), (3.21), and the Hölder inequality, we have

�

�

�

� � �

� � �

� �

� �

⟨ ( ) ( ) ⟩ { ([ ] ) ( ) ([ ] ) ( )

( )(∣ ( )∣ ( ) ∣ ( )∣ ( ))( ( ) ( ))

∣ ( ) ( )∣ ∣ ( ) ( )∣

∣ ∣

(∣ ( )∣ ( ) ∣ ( )∣ ( ))( ( ) ( ))

([ ] )([ ] ) ([ ] ) ([ ] )

([ ] )([ ] ) ([ ] ) ([ ] )

( )∣ ∣ ( )∣ ∣ ( )∣ ∣

( )∣ ∣ ( )∣ ∣ ( )∣ ∣

([ ] ) ([ ] ) ([ ] )([ ] ) ([ ] )([ ] )

( )∣ ∣ ( )∣ ∣

( )∣ ∣ ( )∣ ∣

∫

∬

∫

∫ ∫ ∫

∫ ∫ ∫

∫ ∫

∫ ∫

′ − ′ − = − − −

+ − −

−
− −

−

− − −
⎫
⎬
⎭

≥
⎧
⎨
⎩

⎡⎣ − ⎤⎦

+ ⎡⎣ − ⎤⎦

+
⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

+
⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎫
⎬
⎪

⎭⎪

=
⎧
⎨
⎩
⎡⎣ − ⎤⎦⎡⎣ − ⎤⎦

+
⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

×
⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎫

⎬
⎪

⎭⎪

− −

− −

−

−

−

−

− −

− −

J u J u u u M u L u u u M u L u u u

V x u x u x u x u x u x u x x

λ
u x u x u y u y

x y
x y

k u x u x u x u x u x u x x

M u u u u

M u u u u

V x u x V x u x V x u x

V x u x V x u x V x u x

u u M u u M u u

V x u x V x u x

V x u x V x u x

, Re , ,

d

d d

d

Re

d d d

d d d

Re

d d

d d .

λ n λ n n s A

p

n n s A

p

n

n
p

n
p

n

n
p

n
p

μ

n
q

n
q

n

n s A

p

n s A

p

n s A

p

s A

p

s A

p

s A

p

s A

p

n s A

p

n
p

n
p p

p p
n

p

n s A

p

s A

p

n s A

p

n s A

p

s A

p

s A

p

n
p p

n
p p

, ,

2 2

2 2

, , , ,

, , , ,

, , , , , ,

* *

N

N

μ s μ s

N

p

p p p

p

p p p

N

p

p

N

p

N

p

N

p

p

N

p

N

p

p p

p

p

p

p

N

p

N

p

N

p

p

N

p

p

2

, ,

1 1 1

1 1 1

1 1 1

1 1 1

1 1 1 1

1 1

1 1

(3.22)

Since ⇀u un in E and ( )′ →J u 0
λ n as → ∞n in E*, we can conclude that

⟨ ( ) ( ) ⟩′ − ′ − → → ∞J u J u u u n, 0 as .
λ n λ n

It follows from →u un a.e in �N and the Fatou lemma that

[ ] [ ]≤ =
→∞

u u dliminfs A

p

n
n s A

p

, , 1 (3.23)

and

� �

( )∣ ∣ ( )∣ ∣∫ ∫≤ =
→∞

V x u x V x u x dd liminf d .p

n
n

p
2

N N

(3.24)

We note that

( ) ([ ] ) ( ) ([ ] )([ ] )⎡⎣ − ⎤⎦
⎡

⎣⎢
−

⎤

⎦⎥
≥

−
−

d u M d d M u u 0s A

p

p

p

s A

p

s A

p

1 , 1 1

1

, ,
p p

p

p
1 1 1

(3.25)

and

� �

( ) ( )∣ ∣ ( ) ( )∣ ∣∫ ∫
⎡

⎣

⎢
⎢

−
⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎡

⎣

⎢
⎢

−
⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

≥
−

−

d V x u x d V x u xd d 0,p p
2 2

p

N

p

p

p

N

p

p

1

1

1

1

(3.26)

10  Min Zhao et al.



since ( ) ( )=
−

g t M t t
p

p

1

is nondecreasing for ≥t 0. Thus, by

⟨ ( ) ( ) ⟩′ − ′ − → → ∞J u J u u u n, 0 as
λ n λ n

and (3.20)–(3.26), we obtain

� � � �

� �

([ ] ) ([ ] ) [ ([ ] )([ ] ) ([ ] )([ ] ) ]

( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ∣

( ) ([ ] ) ( ) ([ ] )([ ] )

( ) ( )∣ ∣ ( ) ( )∣ ∣

∫ ∫ ∫ ∫

∫ ∫

≥
⎧
⎨
⎩
⎡⎣ − ⎤⎦ −

+
⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎡

⎣

⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎫

⎬
⎪

⎭⎪

≥
⎧
⎨
⎩
⎡⎣ − ⎤⎦

⎡

⎣⎢
−

⎤

⎦⎥

+
⎡

⎣

⎢
⎢

−
⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎡

⎣

⎢
⎢

−
⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦

⎥
⎥

⎫

⎬
⎪

⎭⎪

→∞

−

− −

− −

−

−

−

u u M u u M u u

V x u x V x u x V x u x V x u x

d u M d d M u u

d V x u x d V x u x

0 liminfRe

d d d d

Re

d d .

n
n s A

p

s A

p

n s A

p

n s A

p

s A

p

s A

p

n
p p

n
p p

s A

p

p

p

s A

p

s A

p

p p

, , , , , ,

1 , 1 1

1

, ,

2 2

p p

p

p

p

p

N

p

N

p

N

p

p

N

p

p

p p

p

p

p

N

p

p

p

N

p

p

1 1 1 1

1 1 1 1

1 1 1

1

1

1

1

(3.27)

It follows from (3.25)–(3.27) that

� �

( ) ( )

∣ ∣
( )∣ ∣

( )

∬ ∫
−

−
= =

− ⋅ ⎛
⎝

⎞
⎠

+

+

u x u y

x y
x y d V x u x d

e

d d and d .

i x y A

p

N ps

p
1 2

N

x y

p

N2

Then, ‖ ‖ ‖ ‖→u un E E . We note that E is a reflexive Banach space; thus, →u un strongly converges in E . This
completes the proof of Lemma 3.4. □

4 Auxiliary results

First, we shall prove that functional J
λ
has a mountain path structure.

Lemma 4.1. Let Conditions ( )V and ( )M hold. Then,
(C1) There exist some constants >α β, 0λ λ

such that ( ) >J u 0
λ

if { }∈u B \ 0βλ
and ( ) ≥J u α

λ λ if ∈ ∂u Bβλ
,

where { ‖ ‖ }= ∈ ≤B u E u β:β E λλ
;

(C2) We have

( ) ‖ ‖→ −∞ ∈ ⊂ → ∞J u u F E uas , ,
λ E

where F is a finite-dimensional subspace of E.

Proof. It follows from the Hardy-Littlewood-Sobolev inequality that there exists ( ) >C N μ, 0 such that

�

∣ ( )∣ ∣ ( )∣

∣ ∣
( )‖ ‖∬ −

≤ ∈
u x u y

x y
x y C N μ u u Ed d , for all .

n
p

n
p

μ E

p2
* *

*

N

μ s μ s
μ s

2

, ,
,

By virtue of ( )V and ( )M , we obtain

( ) ‖ ‖ ( )‖ ‖ ‖ ‖≥ ⎧
⎨
⎩

⎫
⎬
⎭

− −J u
σα

p p
u

λ

p
C N μ u Ck umin ,

1

2 *
, .

λ E

p

s μ

E

p
q0

,

2 *
s μ, (4.1)

Since >p q p* ,
s μ,

, we know that Conclusion ( )C1 of Lemma 4.1 holds.

In order to prove Conclusion ( )C2 of Lemma 4.1, we note that it follows from Condition ( )m2 that
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( )
( )

≤ = ≥ >M t
M t

t

t C t t t, for all 0.

σ

0

0

1 0 0
σ σ
1 1

(4.2)

Let � �( )∈ ∞
ω C ,N

0 with ‖ ‖ =ω 1. Thus,

�

( )
∣ ( )∣ ∣ ( )∣

∣ ∣
∣ ∣∬≤ + −

−
−J tω

C

p
t

p
t

λ

p
t

ω y ω x

x y
y x

k

q
t ω

1

2 *
d d .

λ
p

s μ

p

p p

μ

q
q
q0

,

2 *

* *
p

σ s μ

N

s μ s μ

,

2

, ,

Note that all norms are equivalent in a finite-dimensional space. Then, the aforementioned fact together with
< <p p2 *

p

σ s μ,
implies that Conclusion ( )C2 of Lemma 4.1 holds. □

Invoking Binlin et al. [31, Theorem 3.2], we have

�

�

∣ ( ) ( )∣

∣ ∣
( ) ∣ ∣∬

⎧
⎨
⎩

−
−

∈ =
⎫
⎬
⎭

=+

∞ϕ x ϕ y

x y
x y ϕ C ϕinf d d : , 1 0.

p

N ps

N
q

0
N2

For any > >ζ1 0, let �( )∈ ∞
ϕ C

ζ
N

0 with ∣ ∣ =ϕ 1
ζ q and supp ( )⊂ϕ B 0

ζ rζ
be such that

�

∣ ( ) ( )∣

∣ ∣
( ( ) )∬

−
−

≤+
− − ∕

ϕ x ϕ y

x y
x y Cζd d

ζ ζ
p

N ps

pN N ps q q

N2

and define

( ) ( ) ( ) ( )( )= = −ψ x e ϕ x ψ x ψ λ x,
ζ

iA x
ζ λ ζ ζ

τ0
, (4.3)

and

( )
=

−
⎛

⎝
⎜− −

⎞

⎠
⎟τ

N ps

p

p p

1

2 *
.

s μ,

(4.4)

So, we have

� � �

� � �

( )
∣ ( ) ( )∣

∣ ∣
( )∣ ∣ ∣ ∣

∣ ( ) ( )∣

∣ ∣
( )∣ ∣ ∣ ∣

( )

( ) (( ) )

( )

( ) (( ) )

∬ ∫ ∫

∬ ∫ ∫

≤
⎛

⎝
⎜

−
−

⎞

⎠
⎟ + −

≤
⎡

⎣
⎢
⎢

⎛

⎝
⎜

−
−

⎞

⎠
⎟ + −

⎤

⎦
⎥

=

∕
− ⋅ + ∕

+

∕

− ∕
− ⋅ + ∕

+

∕

− −

J tψ
C

p
t

ψ x e ψ y

x y
x y

t

p
V x ψ x t

k

q
ψ x

λ
C

p
t

ψ x e ψ y

x y
x y

t

p
V λ x ψ x t

k

q
ψ x

λ tψ

d d d d

d d d d

Ψ ,

λ λ ζ
p σ

λ ζ
i x y A x y p

λ ζ
p

N ps

σ

p

λ ζ
p q

λ ζ
q

τ N ps p σ
ζ

i x y A λ x λ y p
ζ

p

N ps

σ

p

τ
ζ

p q
ζ

q

λ ζ

,

0 , ,

1

, ,

0

1

N N N

N

τ τ

N N

p

p
s μ

p

2

2

2
,

*

where

� � �

( )
∣ ( ) ( )∣

∣ ∣
( )∣ ∣ ∣ ∣

( ) (( ) )

∬ ∫ ∫≔
⎛

⎝
⎜

−
−

⎞

⎠
⎟ + −

− ⋅ + ∕

+

∕

u
C

p

u x e u y

x y
x y

p
V λ x u x

k

q
u xΨ d d

1
d d .λ

i x y A λ x λ y p p

N ps

σ

τ p q0

1

N

τ τ

N N2

Since > ∕q p σ , we can find [ )∈ +∞t 0,0 such that

� �

( )
∣ ( ) ( )∣

∣ ∣
( )∣ ∣

( ) (( ) )

∬ ∫≤
⎛

⎝
⎜

−
−

⎞

⎠
⎟ +

≥

∕
− ⋅ + ∕

+

∕

tψ
C

p
t

ψ x e ψ y

x y
x y

t

p
V λ x ψ xmax Ψ d d d .

t
λ ζ

p σ ζ
i x y A λ x λ y p

ζ
p

N ps

σ
p

τ
ζ

p

0

0

0

1

0

N

τ τ

N2

Using the aforementioned analysis, we can prove the following conclusions.

Lemma 4.2. For each >ζ 0, there exists ( )= >λ λ ζ 00 0 such that
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�

∣ ( ) ( )∣

∣ ∣

( ) (( ) )

( ( ) )∬
−

−
≤ +

−
+

− ⋅ + ∕

+
− − ∕

− −ψ x e ψ y

x y
x y Cζ

p ps
ζ

ps
ζd d

2 2ζ
i x y A λ x λ y p

ζ
p

N ps

pN N ps q q

p

ps

p

ps

1 2 1

N

τ τ

2

for all < <λ λ0 0 and some constant >C 0 depending only on [ ]ϕ s,0.

Proof. For each >ζ 0, we know that

�

�

� �

∣ ( ) ( )∣

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ( ) ( )∣

∣ ∣

∣ ( )∣ ∣ ∣

∣ ∣

( ) (( ) )

( ) ( ) (( ) ) ( )

( ) ( ( ) (( ) ))

∬

∬

∬ ∬

−
−

=
−

−

≤
−

−
+

−
−

− ⋅ + ∕

+

⋅ − ⋅ + ∕ ⋅

+

−
+

−
− ⋅ − + ∕

+

ψ x e ψ y

x y
x y

e ϕ x e e ϕ y

x y
x y

ϕ x ϕ y

x y
x y

ϕ y e

x y
x y

d d

d d

2 d d 2

1

d d .

ζ
i x y A λ x λ y p

ζ
p

N ps

iA x
ζ

i x y A λ x λ y p iA y
ζ

p

N ps

p
ζ ζ

p

N ps

p
ζ

p i x y A A λ x λ y p p

N ps

0 0

1 1

0

N

τ τ

N

τ τ

N N

τ τ

2

2

2 2

Note that

∣ ∣
( ) ( ( ) ( ))

( ) ( ( ) (( ) )) − =
⎡

⎣
⎢
⎢

− ⋅ − ⎤

⎦
⎥
⎥

− ⋅ − + ∕

+

e

x y A A

p
1 2 sin

0

.i x y A A λ x λ y p p p p

λ x λ y

p
0

τ τ

τ τ

(4.5)

Let ∈y Brζ
and take ∣ ∣ ∣ ∣− ≤ ∕ ∕

x y ζ ϕ1
ζ L

s1
p such that ∣ ∣ ∣ ∣≤ + ∕ ∕

x r ζ ϕ1 .ζ ζ L

s1
p Then, we have

∣ ∣⎜ ⎟
+

≤ ⎛
⎝

+ ⎞
⎠

∕λ x λ y

p

λ

p
r

ζ
ϕ2

1
.

τ τ τ

ζ ζ L

s1
p

By the continuity of the function A, there exists >λ 00 such that for any >λ λ0, one has

( ) ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣⎜ ⎟− ⎛
⎝

+ ⎞
⎠

≤ ≤ ≤ +− ∕ ∕
A A

λ x λ y

p
ζ ϕ y r x r

ζ
ϕ0 for and

1
,

τ τ

ζ L

s
ζ ζ ζ L

s1 1
p p

which means

∣ ∣ ∣ ∣ ∣ ∣( ) ( ( ) (( ) )) − ≤ −− ⋅ − + ∕ − ∕
e x y ζ ϕ1 .i x y A A λ x λ y p p p p

ζ L

p s0
τ τ

p

Let >ζ 0 and ∈y Brζ
, and define

� ∣ ∣ ∣ ∣≔ ⎧⎨⎩
∈ − ≤ ⎫⎬⎭

∕
N x x y

ζ
ϕ:

1
.ζ y

N
ζ L

s
,

1
p

Then, for all > >λ λ 00 , we obtain

�

�

�

∣ ( )∣ ∣ ∣

∣ ∣

∣ ( )∣
∣ ∣

∣ ∣

∣ ( )∣
∣ ∣

∣ ∣

∣ ( )∣
∣ ∣

∣ ∣
∣ ∣ ∣ ( )∣

∣ ∣

( ) ( ( ) (( ) ))

( ) ( ( ) (( ) ))

( ) ( ( ) (( ) ))

∬

∫ ∫

∫ ∫

∫ ∫ ∫ ∫

−
−

=
−

−

+
−

−

≤
−

−
+

−

≤
−

+

− ⋅ − + ∕

+

− ⋅ − + ∕

+

− ⋅ − + ∕

+

+
− ∕

+

ϕ y e

x y
x y

ϕ y y
e

x y
x

ϕ y y
e

x y
x

ϕ y y
x y

x y
ζ ϕ x ϕ y y

p

x y
x

p ps
ζ

ps
ζ

1

d d

d
1

d

d
1

d

d d d
2

d

1 2
.

ζ
p i x y A A λ x λ y p p

N ps

B

ζ
p

N

i x y A A λ x λ y p p

N ps

B

ζ
p

N

i x y A A λ x λ y p p

N ps

B

ζ
p

N

p

N ps

p
ζ L

p s

B

ζ
p

N

N ps

ps

p

ps

0

0

\

0

\

N

τ τ

rζ ζ y

τ τ

rζ

N
ζ y

τ τ

rζ ζ y

p

rζ

N
ζ y

2

,

,

, ,
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This completes the proof of Lemma 4.2. □

It follows from ( ) =V 0 0 and supp ( )⊂ϕ B 0
ς rς

that

( )
∣ ∣

∣ ∣≤ ≤ >V λ x
ζ

ϕ
x r λ λfor all and *.τ

ζ p
p ζ

Thus,

( ) ( )( ( ) )≤ +
−

+ +
≥

∕ − − ∕
− −

∕tϕ
C

p
t Cζ

p ps
ζ

ps
ζ

t

p
ζmax Ψ

2 2
,

t
λ δ

p σ pN N ps q q

p

ps

p

ps σ

p

0

0

0

1 2 1

1 0 (4.6)

where >C 0 and >C 00 . So, for any { }>λ λ λmax , *0 , we can obtain

( ) ( ( ) )⎜ ⎟≤
⎡

⎣⎢
⎛
⎝

+
−

+ ⎞
⎠

+
⎤

⎦⎥≥

∕ − − ∕
− − ∕

− −J tψ
C

p
t Cζ

p ps
ζ

ps
ζ

t

p
ζ λmax

2 2
.

t
λ λ ζ

p σ pN N ps q q

p

ps

p

ps

σ p

0
,

0

0

1 1
1

0
p

p
s μ

p2
,

* (4.7)

So we have the following conclusion.

Lemma 4.3. Let Conditions ( )V and ( )M hold. Then, for each >κ 0, there exists >λ 0κ such that for any
< <λ λ0 κ , and ͠ ∈e Eλ , we have that ‖ ‖ ( )͠ ͠> ≤e J teϱ , 0λ λ λ λ , and

( )͠
[ ]

≤
∈

− −J te κλmax .
t

λ λ
0,1

p

p
s μ

p2
,

* (4.8)

Proof. Select >ζ 0 so small that

( ( ) )⎜ ⎟
⎛
⎝

+
−

+ ⎞
⎠

+ ≤∕ − − ∕
− − ∕

C

p
t Cζ

p ps
ζ

ps
ζ

t

p
ζ κ

2 2
.

p σ pN N ps q q

p

ps

p

ps

σ p

0

0

1 1
1

0

Let ∈ψ E
λ ζ,

be the function defined by (4.3). Let { }=λ λ λmin , *κ 0 and choose ͠ >t 0λ such that ‖ ‖͠ >t ψ ϱλ λ ζ λ,
and

( ) ≤J tψ 0
λ λ ζ,

for all ͠≥t tλ. By (4.7), setting ͠͠ =e t ψλ λ λ ζ,
, we can obtain the conclusion of Lemma 4.3. □

Now, fix ∈m N* . Then, we can select m* functions �( )∈ ∞
ϕ C

ζ

i N
0 such that supp ∩ϕ

ζ

i supp =ϕ
ζ

k

∣ ∣∅ ≠ =i k ϕ, , 1
ζ

i
s and

�

∣ ( ) ( )∣

∣ ∣
( ( ) )∬

−
−

≤+
− − ∕

ϕ x ϕ y

x y
x y Cζd d .

ζ

i

ζ

i p

N ps

pN N ps q q

N2

Let >r 0ζ
m* be such that supp ( )⊂ϕ B 0

ζ

i
rζ
i for =i m1, 2,…, *. Define

( ) ( )( )=ψ x e ϕ x
ζ

i iA x

ζ

i0 (4.9)

and

( ) ( )= −ψ x ψ λ x .
λ ζ

i

ζ

i τ

,
(4.10)

Let

=
⎧
⎨
⎩

⎫
⎬
⎭

H ψ ψ ψspan , , …, .λζ
m

λ ζ λ ζ λ ζ

m

,

1

,

2

,

* *

Since for each = ∈=u Σ c ψ Hi
m

i λ ζ

i
λζ
m

1 ,

* *, we have

[ ] ∣ ∣∑≤
⎡
⎣⎢

⎤
⎦⎥=

u C c ψ ,s A

p

i

m

i
p

λ ζ

i

s A

p

,

1

,

,

*

� �

( )∣ ∣ ∣ ∣ ( )∣ ∣∫ ∫∑=
=

V x u x c V x ψ xd dp

i

m

i
p

λ ζ

i p

1

,

*

N N
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and

� �

� �

∣ ( )∣ ∣ ( )∣

∣ ∣
∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣
∣ ∣

∬ ∫

∬ ∫∑

−
+

=
⎛

⎝
⎜ −

+
⎞

⎠
⎟

=

p

u y u x

x y
y x

q
u x

p

c ψ y c ψ x

x y
y x

q
c ψ x

1

2 *
d d

1
d

1

2 *
d d

1
d .

s μ

p p

μ

q

i

m

s μ

i λ ζ

i p
i λ ζ

i p

μ i λ ζ

i q

,

1 ,

, ,

,

* *

* * *

N

s μ s μ

N

N

s μ s μ

N

2

, ,

2

, ,

Hence,

( ) ( )∑≤
=

J u C J c ψ
λ

i

m

λ i λ ζ

i

1

,

*

for >C 0. Similar to the previous discussion, we have

( ) (∣ ∣ )≤ − −J c ψ λ c ψΨ
λ i λ ζ

i
i ζ

i

,

p

p
s μ

p2
,

*

and we can obtain the following estimate:

( ) ( )( ( ) )≤
⎡
⎣⎢

+
−

+ +
⎤
⎦⎥∈

∕ − − ∕
− −

∕ − −J u Cm
C

p
t Cζ

p ps
ζ

ps
ζ

t

p
ζ λmax *

2 2

u H
λ

p σ pN N ps q q

p

ps

p

ps σ

p

0

0

1 2 1

1 0

λδ
m

p

p
s μ

p

*

2
,

* (4.11)

for any →ζ 0 and >C 0. From (4.11), we obtain the following lemma.

Lemma 4.4. Let Conditions ( )V and ( )M hold. Then, for each �∈m* , there exists >λ 0m* such that for each
< <λ λ0 m* and m*-dimensional subspace Fλm*

the following holds

( ) ≤
∈

− −J u κλmax .
u F

λ
λm

p

p
s μ

p

*

2
,

*

Proof. Let >ζ 0 be small enough so that

( )( ( ) )
⎡
⎣⎢

+
−

+ +
⎤
⎦⎥

≤∕ − − ∕
− −

∕Cm
C

p
t Cζ

p ps
ζ

ps
ζ

t

p
ζ κ*

2 2
.

p σ pN N ps q q

p

ps

p

ps σ

p

0

0

1 2 1

1 0

Set = =
⎧
⎨
⎩

⎫
⎬
⎭

F H ψ ψ ψspan , , …, .λ m λζ
m

λ ζ λ ζ λ ζ

m
, ,

1

,

2

,
*

* * Thus, the conclusion of Lemma 4.4 follows from (4.11). □

5 Proofs of main results

In the section, we shall prove the existence and multiplicity of solutions for Problem (1.1).

Proof of Theorem 1.1. Let < <κ σ0 0. By Lemma 3.4, we can select >λ 0k and for < <λ λ0 k , and define the
minimax value as follows:

( )
[ ]

≔
∈ ∈

c J teinf max ˆ ,λ
γ t

λ λ
Γ 0,1λ

where

{ ([ ] ) ( ) ( ) }≔ ∈ = =γ C E γ γ eΓ 0, 1 , : 0 0 and 1 ˆ .λ λ

By Lemma 4.1, we know that

≤ ≤ − −α c κλ .λ λ

p

p
s μ

p2
,

*
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By virtue of Lemma 3.4, we can see that J
λ
satisfies the ( )PS c condition, and there is ∈u Eλ such that ( )′ =J u 0

λ λ

and ( ) =J u c .
λ λ λ Then, uλ is a nontrivial solution of Problem (1.1). Moreover, since uλ is a critical point of J

λ
, by

( )M and [ ]∈γ p p, *
s
, we have



�

�

( ) ( ) ( )

([ ] ) ([ ] )[ ] ( )∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣
∣ ∣ ∣ ∣

[ ] ( )∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣
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∫

∬ ∫

∫

∬ ∫

⎜ ⎟
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⎛
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⎞

⎠
⎟ −

+ ⎡
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− ⎤
⎦⎥

≥ ⎛
⎝

− ⎞
⎠

+ ⎛
⎝

− ⎞
⎠

+
⎛

⎝
⎜ −

⎞

⎠
⎟ −

+ ⎛
⎝

− ⎞
⎠

− −κλ J u J u
γ

J u u

p
M u

γ
M u u

p γ
V x u x

γ p
λ

u y u x

x y
y x k

τ
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q
u x

σ

p γ
m u

p γ
V x u x

γ p
λ

u y u x

x y
y x

γ q
k u x

1

1 1 1 1
d

1 1

2 *
d d

1 1
d

1 1 1
d

1 1

2 *
d d

1 1
d .

λ λ λ λ λ λ λ

λ s A

p

λ s A

p

λ s A

p

R

λ
p

s μ

λ
p

λ
p

μ

R

λ
q

λ
q

λ s A

p

R

λ
p

s μ

λ
p

λ
p

μ

R

λ
q

, , ,

,

0 ,

,

* *

* *

p

p
s μ

p

N

N

s μ s μ

N

N

N

s μ s μ

N

2
,

*

2

, ,

2

, ,

(5.1)

So, we have →u 0λ as → ∞λ . This completes the proof of Theorem 1.1. □

Proof of Theorem 1.2. Denote the set of all symmetric (in the sense that − =Z Z) and closed subsets of E by ∑.
For each ∈ ∑Z , define gen ( )Z to be the Krasnoselski genus and

( ) ( ( ) )≔ ∩ ∂
∈

j Z gen ι Z Bmin ,
ι Γ

ϱ

m

λ
*

where Γm* is the set of all odd homeomorphisms ( )∈ι C E E, , and ϱ
λ
is the number from Lemma 4.1. Then j is a

version of Benci’s pseudoindex [42]. Let

( )
( )

≔ ≤ ≤
≥ ∈

c J u i minf sup , 1 *.λi
j Z i u Z

λ

Since ( ) ≥J u α
λ λ for all ∈ ∂ +

u Bϱ
λ
and since ( ) = =j F F mdim *λm λm* * , we have

( )≤ ≤ ⋅⋅ ⋅≤ ≤ ≤
∈

− −α c c J u κλsup .λ λ λm

u H

λ1 *

λm

p

p
s μ

p

*

2
,

*

Lemma 3.4 implies that J
λ
satisfies the ( )PS cλ

condition at all levels < − −c σ λ .0

p

p
s μ

p2
,

* By the critical point theory, we
know that all cλi are critical levels, i.e., J

λ
has at least m* pairs of nontrivial critical points satisfying

( )≤ ≤ − −α J u κλ .λ λ λ

p

p
s μ

p2
,

*

Therefore, Problem (1.1) has at least m* pairs of solutions and →±u 0λ i, as → ∞λ . □
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