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Abstract. In this paper, we study the existence and multiplicity of solutions for the following Kirchhoff-
Choquard type equation involving the fractional p-Laplacian on the Heisenberg group:

M(‖u‖p
µ)(µ(−∆)s

pu+V (ξ )|u|p−2u) = f (ξ ,u)+
∫
HN
|u(η)|Q

∗
λ

|η−1ξ |λ dη |u|Q∗λ−2u in HN ,

where (−∆)s
p is the fractional p-Laplacian on the Heisenberg group HN , M is the Kirchhoff function,

V (ξ ) is the potential function, 0 < s < 1, 1 < p < N
s , µ > 0, f (ξ ,u) is the nonlinear function, 0 < λ < Q,

Q= 2N+2, and Q∗
λ
= 2Q−λ

Q−2 is the Sobolev critical exponent. Using the Krasnoselskii genus theorem, the
existence of infinitely many solutions is obtained if µ is sufficiently large. In addition, using the fractional
version of the concentrated compactness principle, we prove that problem has m pairs of solutions if µ

is sufficiently small. As far as we know, the results of our study are new even in the Euclidean case.
Keywords. Fractional concentration-compactness principle; Krasnoselskii genus; Kirchhoff-Choquard
type equations; Heisenberg group.

1. INTRODUCTION

In this paper, we study the existence and multiplicity of solutions for the following Kirchhoff-
Choquard type equation involving the fractional p-Laplacian on the Heisenberg group of the
form:

M(‖u‖p
µ)(µ(−∆)s

pu+V (ξ )|u|p−2u) = f (ξ ,u)+
∫
HN
|u(η)|Q

∗
λ

|η−1ξ |λ dη |u|Q∗λ−2u in HN , (1.1)

where (−∆)s
p is the fractional p-Laplacian on the Heisenberg group HN , M is the Kirchhoff

function, V (ξ ) is the potential function, 0 < s < 1, 1 < p < N
s , f (ξ ,u) is the nonlinear function,

µ > 0, 0 < λ < Q, Q = 2N +2, and Q∗
λ
= 2Q−λ

Q−2 is the Sobolev critical exponent.
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Suppose that the Kirchhoff function M and potential function V satisfy the following assump-
tions:
(M) M ∈C(R,R), and there exist τ ∈ (1, Q∗

λ

p ] and 0 < m0 ≤ m1 satisfying

m0tτ−1 ≤M(t)≤ m1tτ−1 for every t ∈ R+
0 ,

that is, M is non-degenerate.
(V1) V (ξ ) ∈C(HN ,R) with V (ξ )≥minV (ξ ) = 0;
(V2) there exists R > 0 satisfying lim|η |→∞ meas({ξ ∈ BR(η) : V (ξ ) ≤ c}) = 0 for every

c > 0, where meas(·) denotes the Lebesgue measure on HN .
The nonlinearity f (·, ·) : RN ×R → R is a Carathéodory function, which requires different
assumptions for critical growth and subcritical growth, respectively. For the case of critical
exponent τ =

Q∗
λ

p , f satisfies the following assumptions:

( f1) there exists q ∈ (p,Q∗
λ
) such that, for every ε > 0, there exists Cε > 0 satisfying

| f (ξ , t)| ≤ pε|t|p−1 +qCε |t|q−1 a.e. ξ ∈HN and for every t ∈ R;

( f2) there exist a1 > 0, q1 ∈ (p,Q∗
λ
) satisfying

F(ξ , t) =
∫ t

0
f (ξ ,s)ds≥ a1|t|q1 a.e. ξ ∈HN and for every t ∈ R.

For the case of subcritical exponent τ ∈ (1, Q∗
λ

p ), the following conditions should be satisfied
for f :
( f1)

′
there exists q ∈ (τ p,Q∗

λ
) such that, for every ε > 0, there exists Cε > 0 satisfying

| f (ξ , t)| ≤ τ pε|t|τ p−1 +qCε |t|q−1 a.e. ξ ∈HN and for every t ∈ R;

( f2)
′

there exist a2 > 0 and q2 ∈ (τ p,Q∗
λ
) satisfying

F(ξ , t)≥ a2|t|q2 a.e. ξ ∈HN and for every t ∈ R;

( f3)
′

there exists q0 ∈ (m1τ p
m0

,Q∗
λ
) satisfying q0F(ξ , t) ≤ f (ξ , t)t for every (ξ , t) ∈ HN ×R,

where m0 and m1 are the numbers from the condition (M).
Pohožaev [15] was the first to study Kirchhoff equation problems, and he proved the unique

solvability of the mixed problems of quasi-linear hyperbolic Kirchhoff equations with Dirichlet
boundary conditions. Since then, Kirchhoff type problems have received increasing attention,
especially in various models of biological and physical systems. More recently, Fiscella and
Valdinoci [6] discussed in detail the physical significance of the fractional Kirchhoff problem
and its applications, and proposed a stable Kirchhoff variational problem as a very realistic
model. If the nonlinear term has the convolution form, many interesting results were obtained
for this kind of problem. For example, Fan [5] considered the following fractional Choquard-
Kirchhoff equation with subcritical or critical nonlinearity of the form:{

M([u]2s )(−∆)su = λ
∫

Ω

|u|p
|x−y|µ dy|u|p−2u+ |u|q−2u in Ω,

u = 0 in RN\Ω,
(1.2)

where M(t) = a+ bθ−1, θ ∈ (1, 2∗s
2 ), 0 < s < 1, λ > 0 is a positive parameter, Ω is a bounded

domain in RN with smooth boundary, 0 < µ < N, N > 2s, θ < p < 2∗µ,s =
2N−µ

N−2s , and 2θ <
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q≤ 2∗s =
2N

N−2s . The existence of solutions for problem (1.2) was obtained by using variational
methods and Nehari manifolds.

By using the concentration-compactness lemma and variational methods, Goel and Sreenadh
[8] proved the existence and multiplicity of positive solutions of the Choquard-Kirchhoff equa-
tion: {

−M(‖u‖2
2)∆u = λ f (x)|u|q−2u+

∫
Ω

|u|2
∗
µ

|x−y|µ dy|u|2
∗
µ−2u, x ∈Ω,

u = 0, x ∈ ∂Ω,

where M(t) = a+ ε ptθ−1, 2∗µ = 2N−µ

N−2 , f is a continuous real valued sign changing function,
and 1 < q≤ 2.

Liang et al. [12] considered the following Choquard-Kirchhoff equations with Hardy-Littlewood-
Sobolev critical exponent:

−
(

a+b
∫
RN
|∇u|2dx

)
∆u = αk(x)|u|q−2u+β

(∫
RN

|u(y)|2
∗
µ

|x− y|µ
dy

)
|u|2

∗
µ−2u, x ∈ RN ,

where a > 0, b ≥ 0, 0 < µ < 4, N ≥ 3, α,β are real parameters, 2∗µ = 2N−µ

N−2 is the critical
exponent in the sense of Hardy-Littlewood-Sobolev inequality, and k(x) ∈ Lr(RN) with r =

2∗
2∗−q . For the cases 1 < q < 2, q = 2, 2 < q < 2∗, and 4 < q < 2 ·2∗µ , they obtained the existence
and multiplicity results by using the Symmetric Mountain Pass Theorem and genus theory under
suitable conditions.

On the other hand, the study of nonlinear partial differential equations on the Heisenberg
group has brought about widespread attention of many researchers. At the same time, some au-
thors tried to establish the existence and multiplicity of solutions for partial differential equation
solutions on the Heisenberg group. For example, Liang and Pucci [11] applied the Symmetric
Mountain Pass Theorem to consider a class of the critical Kirchhoff-Poisson systems on the
Heisenberg group. Pucci and Temperini [19] proved the existence of entire nontrivial solutions
for the (p,q) critical systems on the Heisenberg group by an application of variational meth-
ods. Pucci [17] applied the Mountain Pass Theorem and the Ekeland variational principle to
prove the existence of nontrivial nonnegative solutions of the Schrödinger-Hardy system on the
Heisenberg group. However, once we turn our attention to the critical Choquard equation on
the Heisenberg group, we immediately notice that the literature is relatively sparse. We note
that Goel and Sreenadh [7] proved the regularity of solutions and the nonexistence of solutions
for the critical Choquard equation on the Heisenberg group by using the Linking Theorem and
the Mountain Pass Theorem.

Sun et al. [22] studied the following critical Choquard-Kirchhoff problem on the Heisenberg
group:

M(‖u‖2)(−∆Hu+u) =
∫
HN

|u(η)|Q∗λ
|η−1ξ |λ

dη |u|Q
∗
λ
−2u+µ f (ξ ,u),

where f is a Carathéodory function, M is the Kirchhoff function, ∆H is the Kohn Laplacian on
the Heisenberg group HN , µ > 0 is a parameter, and Q∗

λ
= 2Q−λ

Q−2 is the critical exponent in the
sense of Hardy-Littlewood-Sobolev inequality. They were the first to establish a new version of
the concentration-compactness principle on the Heisenberg group. Moreover, the existence of
nontrivial solutions were obtained under non-degenerate and degenerate conditions. For more
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fascinating results, we refer to An and Liu [1], Bordoni and Pucci [3], Liu et al. [13], Liu and
Zhang [14], Pucci [16, 17], and Pucci and Temperini [18, 19].

Inspired by the above results, we prove that problem (1.1) has infinitely many solutions for µ

large enough. We also prove that this equation has m pairs of solutions for µ small enough and
odd nonlinear function f (x, ·). In particular, it should be pointed out that our results are new
even in the Euclidean case.

Before stating the main results of this paper, we present some notions about the Heisenberg
group HN . If ξ = (x,y, t) ∈HN , then the definition of this group operation is

τξ (ξ
′) = ξ ◦ξ

′ = (x+ x′,y+ y′, t + t ′+2(x′y− y′x)) for every ξ ,ξ ′ ∈HN .

Next, ξ−1 =−ξ is the inverse and therefore (ξ ′)−1 ◦ξ−1 = (ξ ◦ξ ′)−1.
The definition of a natural group of dilations on HN is δs(ξ ) = (sx,sy,s2t) for every s > 0.

Hence, δs(ξ0 ◦ ξ ) = δs(ξ0) ◦ δs(ξ ). It can be easily proved that the Jacobian determinant of
dilations δs : HN → HN is constant and equal to sQ for every ξ = (x,y, t) ∈ HN . The natural
number Q = 2N + 2 is called the homogeneous dimension of HN and the critical exponents is
Q∗ := 2Q

Q−2 . We define the Korányi norm as follows

|ξ |H =
[
(x2 + y2)2 + t2] 1

4 for every ξ ∈HN ,

and we derive this norm from the Heisenberg group’s anisotropic dilation. Hence, the homoge-
neous degree of the Korányi norm is equal to 1, in terms of dilations

δs : (x,y, t) 7→ (sx,sy,s2t) for every s > 0.

The set
BH(ξ0,r) = {ξ ∈HN : dH(ξ0,ξ )< r},

denotes the Korányi open ball of radius r centered at ξ0. For the sake of simplicity, we denote
Br = Br(O), where O = (0,0) is the natural origin of HN .

The following vector fields

T =
∂

∂ t
, X j =

∂

∂x j
+2y j

∂

∂ t
, Yj =

∂

∂y j
−2x j

∂

∂ t
,

generate the real Lie algebra of left invariant vector fields for j = 1, · · · ,n, which forms a basis
satisfying the Heisenberg regular commutation relation on HN . This means that

[X j,Yj] =−4δ jkT, [Yj,Yk] = [X j,Xk] = [Yj,T ] = [X j,T ] = 0.

The so-called horizontal vector field is just a vector field with the span of [X j,Y j]
n
j=1.

The Heisenberg gradient on HN is

∇H = (X1,X2, · · · ,Xn,Y1,Y2, · · · ,Yn),

and the Kohn Laplacian on HN is given by

∆H =
N

∑
j=1

X2
j +Y 2

j =
N

∑
j=1

[
∂ 2

∂x2
j
+

∂ 2

∂y2
j
+4y j

∂ 2

∂x j∂ t
−4x j

∂ 2

∂x j∂ t
+4(x2

j + y2
j)

∂ 2

∂ t2 ].

The Haar measure is invariant under the left translations of the Heisenberg group and is Q-
homogeneous in terms of dilations. More precisely, it is consistent with the (2n+1)-dimensional
Lebesgue measure. Hence, as shown by Leonardi and Masnou [10], the topological dimension
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2N + 1 of HN is strictly less than its Hausdorff dimension Q = 2N + 2. Next, |Ω| denotes the
(2N +1)-dimensional Lebesgue measure of any measurable set Ω⊆HN . Therefore,

|δs(Ω)|= sQ|Ω|, d(δsξ ) = sQdξ and |BH(ξ0,r)|= αQrQ, where αQ = |BH(0,1)|.

For the case of critical exponent τ =
Q∗

λ

p , we have the following theorem.

Theorem 1.1. Let τ =
Q∗

λ

p , 2 < p < N
s , and suppose that condition (M) is satisfied. Assume that

the nonlinearity f (ξ , t) is odd in t for fixed ξ and satisfies conditions ( f1) and ( f2), and the
potential function V satisfies conditions (V1) and (V2). Then problem (1.1) has infinitely many
solutions for µ large enough.

For the case of subcritical exponent τ ∈ (1, Q∗
λ

p ), we also have the following result.

Theorem 1.2. Let τ ∈ (1, Q∗
λ

p ) and suppose that condition (M) is satisfied. Assume that f (·, ·)
satisfies conditions ( f1)

′, ( f2)
′, and ( f3)

′, and the potential function V satisfies conditions (V1)
and (V2). Then

(i) for every µ > 0, there exists µ∗ > 0 such that problem (1.1) has at least one nontrivial
solution uλ with the following estimate, for every µ ∈ (0,µ∗],

‖uλ‖
p
µ ≤

(
τ pq0

m0q0−m1τ p

) 1
τ

ρ
1
τ µ

Q∗
λ

Q∗
λ
−τ p (1.3)

and

‖uλ‖
Q∗

λ

HQ∗
λ

≤ ρ
2q0Q∗

λ

2Q∗
λ
−q0

µ

τQ∗
λ

Q∗
λ
−τ p , (1.4)

where ρ = 1
q0
(1− m1

m0
)+ 1

τ p −
1

2Q∗
λ

.

(ii) if f (ξ , t) is odd with respect to t, then, for every m ∈ N, there exists µm > 0 such that
problem (1.1) has at least m pairs of solutions uλ , j and uλ ,− j ( j = 1,2, · · · ,m) for 0 < µ < µm,
which satisfy (1.3) and (1.4).

The paper is organized as follows. In Section 2, we review some necessary definitions and
useful lemmas related to our main proof. In Section 3, we mainly discuss the critical case
τ =

Q∗
λ

p , and give the proof of Theorem 1.1. Finally, in Section 4, we discuss the subcritical case
and prove Theorem 1.2.

2. PRELIMINARIES

In this section, we review some necessary definitions and useful lemmas related to our main
proof. First, let u : HN → R be a measurable function. We set

[u]s,p =
(∫ ∫

H2N

|u(ξ )−u(η)|p

|ξ −η |N+ps dξ dη

) 1
p

and define the fractional Sobolev space Ss,p(HN) on the Heisenberg group as follows:

Ss,p(HN) = {u ∈ Lp(HN) : u is a measurable function with [u]s,p < ∞}
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and the norm

‖u‖Ss,p(HN) = ([u]ps,p + |u|pp)
1
p with |u|p =

(∫
HN
|u|pdξ

) 1
p

.

Moreover, for µ > 0, let Sµ be the closure of C∞
0 (HN) with respect to the following norm

‖u‖µ =
(

µ[u]ps,p +‖u‖
p
p,V

) 1
p with ‖u‖p,V =

(∫
HN

V (ξ )|u|pdξ

) 1
p

in the presence of potential V (ξ ).
It follows that (Sµ ,‖ · ‖µ) is a uniformly convex Banach space, which was proved in Pucci et

al. [20]. Now, we can define the weak solution of problem (1.1).

Definition 2.1. We call u ∈ Sµ a weak solution to problem (1.1) if

M(‖u‖p
µ)(µ

∫ ∫
H2N

|u(ξ )−u(η)|p−2(u(ξ )−u(η))

|ξ −η |N+ps (ϕ(ξ )−ϕ(η))dξ dη +
∫
HN

V (ξ )|u|p−2uϕdξ )

=
∫
HN

f (ξ ,u)ϕdξ +
∫
HN

∫
HN

|u(η)|Q∗λ
|η−1ξ |λ

dη |u(ξ )|Q
∗
λ
−2u(ξ )ϕ(ξ )dξ for every ϕ ∈ Sµ .

(2.1)

The corresponding energy functional Iµ(u) : Sµ → R of problem (1.1) is

Iµ(u) =
1
p

M̃(‖u‖p
µ)−

1
2Q∗

λ

∫
HN

∫
HN

|u(ξ )|Q∗λ |u(η)|Q∗λ
|η−1ξ |λ

dηdξ −
∫
HN

F(ξ ,u)dξ ,

where M̃(t) =
∫ t

0 M(s)ds. It is easy to prove that Iµ ∈ C1(Sµ ,R) and its critical points are
solutions to problem (1.1).

Next, we define

HQ∗
λ
= inf

u∈Sµ\{0}

[u]ps,p(∫
HN
∫
HN
|u(ξ )|Q

∗
λ |u(η)|Q

∗
λ

|η−1ξ |λ dηdξ

) p
Q∗

λ

(2.2)

and

‖u‖Q∗
λ

HQ∗
λ

=
∫
HN

∫
HN

|u(ξ )|Q∗λ |u(η)|Q∗λ
|η−1ξ |λ

dηdξ .

By (2.2), we know that HQ∗
λ

is positive. Let S denote the completion of C∞
0 (HN) with respect to

the norm

‖u‖S =
(
[u]ps,p +‖u‖

p
p,V

) 1
p with ‖u‖p,V =

(∫
HN

V (ξ )|u|pdξ

) 1
p

.

Note that, for every fixed µ > 0, the norm ‖u‖W is equivalent to ‖u‖µ . Invoking Bordoni and
Pucci [3] and Pucci [17], we have the following embedding result.

Lemma 2.1. Let V (ξ ) satisfy condition (V1). Then, for every γ ∈ [p,Q∗
λ
], the embedding

Sµ ↪→ Ss,p(HN) ↪→ Lγ(HN)

is continuous. Moreover, for every γ ∈ [p,Q∗
λ
), the embedding Sµ ↪→ Lγ(HN) is compact. In

addition, there exists a constant Cγ > 0 satisfying |u|γ ≤Cγ‖u‖µ for every u ∈ Sµ .
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Lemma 2.2. Let V satisfy conditions (V1) and (V2), and let γ ∈ [p,Q∗
λ
) be a fixed exponent.

Then, for every bounded sequence {un}n in Sµ , which up to a subsequence satisfies un→ u in
Lγ(HN) as n→ ∞.

Next, let Ds,p(HN) be the completion of C∞
0 (HN) with respect to the Gagliardo semi-norm

[·]s,p. Similarly to the proof of Sun et al. [22, Theorem 3.1], we obtain the following lemma.

Lemma 2.3. For every 0≤ sp, let {un}n ⊂ Ds,p(HN) be a bounded sequence satisfying
un ⇀ u,∫
HN
|un(ξ )−un(η)|p
|ξ−η |N+ps dη ⇀ κ ≥

∫
HN
|u(ξ )−u(η)|p
|ξ−η |N+ps dη +∑ j∈J κ jδx j ,∫

HN
|un(η)|Q

∗
λ

|η−1ξ |λ dη |un(ξ )|Q
∗
λ ⇀ v =

∫
HN
|u(η)|Q

∗
λ

|η−1ξ |λ dη |u(ξ )|Q∗λ +∑ j∈J v jδx j ,

where J is an at most countable index set, x j ∈HN , and δx j is the Dirac mass at x j. Furthermore,
let

κ∞ = lim
R→∞

limsup
n→∞

∫
{ξ∈HN :|ξ |>R}

∫
HN

|un(ξ )−un(η)|p

|ξ −η |N+ps dηdξ

and

v∞ = lim
R→∞

limsup
n→∞

∫
{ξ∈HN :|ξ |>R}

∫
HN

|un(η)|Q∗λ
|η−1ξ |λ

dη |un(ξ )|Q
∗
λ dξ .

Then, for the energy at infinity,

limsup
n→∞

∫
HN

∫
HN

|un(ξ )−un(η)|p

|ξ −η |N+ps dηdξ =
∫
HN

dκ +κ∞ (2.3)

and

limsup
n→∞

∫
HN

∫
HN

|un(η)|Q∗λ |un(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ =

∫
HN

dv+ v∞. (2.4)

In addition,

κ j ≥ HQ∗
λ
v

p
Q∗

λ

j

and

κ∞ ≥ HQ∗
λ
v

p
Q∗

λ
∞ .

3. PROOF OF THEOREM 1.1

For the case of the critical exponent τ =
Q∗

λ

p and the Kirchhoff function M(·) satisfying condi-
tion (M), we use this section to prove the existence of an infinite number of solutions to problem
(1.1).

Lemma 3.1. Let τ =
Q∗

λ

p , 2 < p < N
s , and let condition (M) be satisfied. Suppose that the

nonlinearity f (ξ , t) is odd in t for fixed ξ , f (·, ·) satisfies conditions ( f1) and ( f2), and the
potential function V satisfies conditions (V1) and (V2). Then Iµ is bounded from below for

µ >
2pH

−Q∗
λ
/p

Q∗
λ

m0
and Iµ is even.
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Proof. By ( f1), there exists C0 > 0 satisfying

| f (ξ , t)| ≤ p|t|p−1 +C0q|t|q−1

and
F(ξ , t)≤ |t|p +C0|t|q for a.e. ξ ∈HN and all t ∈ R.

For every u ∈ Sµ , by condition (M), we have

Iµ(u)≥
m0

pτ
‖u‖pτ

µ −
1

2Q∗
λ

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ −
∫
HN
|u|pdx−C0

∫
HN
|u|qdx.

By the definition of HQ∗
λ

and Lemma 2.1, for τ =
Q∗

λ

p , we have

Iµ(u)≥
m0

pτ
‖u‖pτ

µ −
1

2Q∗
λ

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ −C1‖u‖p
µ −C1‖u‖q

µ

≥
(

m0

Q∗
λ

− µ−1

2Q∗
λ

H
−Q∗

λ
/p

Q∗
λ

)
‖u‖Q∗

λ
µ −C1‖u‖p

µ −C1‖u‖q
µ .

Since µ >
2pH

−Q∗
λ
/p

Q∗
λ

m0
>

H
−Q∗

λ
/p

Q∗
λ

2m0
and 2 ≤ p < q < Q∗

λ
, we can deduce that m0

Q∗
λ

− µ−1

2Q∗
λ

H
−Q∗

λ
/p

Q∗
λ

=

M1 > 0. There exists a small constant ε1 such that ε1C2 < M1. By Young’s inequality, we can
deduce that

Iµ(u)≥ (M1− ε1C2)‖u‖
Q∗

λ
µ −C3.

Thus Iµ(u) ≥ −C3. Moreover, since f (ξ , t) is odd in t for fixed ξ , we obtain that Iµ is even.
The proof of Lemma 3.1 is complete. �

Lemma 3.2. Under the assumptions of Lemma 3.1, Iµ satisfies (PS)c condition for every µ >

2pH
−Q∗

λ
/p

Q∗
λ

m0
.

Proof. Take {un}n ⊂ Sµ to be a (PS)c sequence of the functional Iµ , that is,

Iµ(un)→ c, I′µ(un)→ 0 as n→ ∞.

Then we claim that {un}n is bounded in Sµ . In fact, from the proof of Lemma 3.1, we can
conclude that

c+o(1)≥ Iµ(un)≥ (M1− ε1C2)‖un‖
Q∗

λ
µ −C3.

Note that M1− ε1C2 > 0 when ε1 small enough, so {un}n is uniformly bounded in Sµ . This
means that there is a subsequence of {un}n and u ∈ Sµ satisfying

un ⇀ u in Sµ and in LQ∗
λ (HN),

un→ u a.e. in HN ,

|un|Q
∗
λ
−2un ⇀ |u|Q

∗
λ
−2u in L

Q∗
λ

Q∗
λ
−1 (HN)

(3.1)

as n→ ∞. By the Brézis-Lieb type inequality, we can obtain

‖un−u‖Q∗
λ

HQ∗
λ

= ‖un‖
Q∗

λ

HQ∗
λ

−‖u‖Q∗
λ

HQ∗
λ

+o(1).
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Therefore, we have

lim
n→∞

∫
HN

∫
HN

(|un(ξ )|Q
∗
λ |un(η)|Q∗λ−2un(η)−|u(ξ )|Q∗λ |u(η)|Q∗λ−2u(η))(un(η)−u(η))

|η−1ξ |λ
dηdξ

=
∫
HN

∫
HN

|un(ξ )−u(ξ )|Q∗λ |un(η)−u(η)|Q∗λ
|η−1ξ |λ

dηdξ +o(1).

(3.2)

Now, we shall demonstrate that

lim
n→∞

∫
HN

( f (ξ ,un)− f (ξ ,u))(un−u)dξ = 0. (3.3)

Up to a subsequence, it follows by Lemma 2.2 that un→ u in Lγ(HN) for γ = p,q ∈ [p,Q∗
λ
).

By ( f1), we have

| f (ξ , t)| ≤ |t|p−1 +C f |t|q−1 a.e. ξ ∈HN and for every t ∈ R.

By the Hölder inequality, we see that∣∣∣∣∫HN
( f (ξ ,un)− f (ξ ,u))(un−u)dξ

∣∣∣∣
≤
∫
HN

(
(|un|p−1 + |u|p−1)|un−u|+C f (|un|q−1 + |u|q−1)|un−u|

)
dξ

≤ (|un|p−1
p + |u|p−1

p )|un−u|p +C f (|un|q−1
q + |u|q−1

q )|un−u|q,

which implies that (3.3) holds.
Next, for every fixed u ∈ Sµ , we define the following linear function L(u) on Sµ :

〈L(u),ϕ〉

= µ

∫ ∫
H2N

|u(ξ )−u(η)|p−2(u(ξ )−u(η))

|η−1ξ |N+ps (ϕ(ξ )−ϕ(η))dξ dη +
∫
HN

V (ξ )|u|p−2uϕdξ

for every ϕ ∈ Sµ .
Next, we show that L(u) is bounded. In fact, it follows by the Hölder inequality that

|〈L(u),ϕ〉| ≤ µ[u]p−1
s,p [v]s,p +

(∫
HN

V (ξ )|u|pdξ

) p−1
p
(∫

HN
V (ξ )|v|pdξ

) 1
p

≤

(
[u]p−1

s,p +

(∫
HN

V (ξ )|u|pdξ

) p−1
p
)
‖ϕ‖µ

and the following equality (3.4) holds, due to un ⇀ u in Sµ ,

lim
n→∞
〈L(u),un−u〉= 0. (3.4)
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We begin to prove that ‖un−u‖µ → 0 as n→ ∞. Let us assume that, in general, limn→∞ ‖un−
u‖µ = d 6= 0. Since {un}n is a (PS)c sequence, by (3.2), (3.3), and (3.4), we obtain that

o(1)

= 〈I′µ(un),un−u〉−〈I′µ(u),un−u〉
= M(‖un‖p

µ)〈L(un),un−u〉−M(‖u‖p
µ)〈L(u),un−u〉

−
∫
HN

∫
HN

(|un(ξ )|Q
∗
λ |un(η)|Q∗λ−2un(η)−|u(ξ )|Q∗λ |u(η)|Q∗λ−2u(η))(un(η)−u(η))

|η−1ξ |λ
dηdξ

= M(‖un‖p
µ)〈L(un)−L(u),un−u〉−

∫
HN

∫
HN

|un(ξ )−u(ξ )|Q∗λ |un(η)−u(η)|Q∗λ
|η−1ξ |λ

dηdξ .

(3.5)
Let us consider each term on the right of the above formula separately. By the Brézis-Lieb type
inequality, we obtain

[un−u]ps,p = [un]
p
s,p− [u]ps,p +o(1)

and
|V (ξ )

1
p (un−u)|pp = |V (ξ )

1
p un|pp−|V (ξ )

1
p u|pp +o(1).

Thus, for M(‖un‖p
µ), we have

M(‖un‖p
µ) = M(‖un−u‖p

µ +‖u‖p
µ)+o(1). (3.6)

For 〈L(un)−L(u),un−u〉, we apply the following inequality (see Kichenassamy and Veron [9])

|ξ −η |p ≤ 2p(|ξ |p−2
ξ −|η |p−2

η)(ξ −η) for p≥ 2, (3.7)

for every ξ ,η ∈HN.
Next, we put (3.6) and (3.7) together into (3.5) to obtain the following estimate:

o(1)+
∫
HN

∫
HN

|un(ξ )−u(ξ )|Q∗λ |un(η)−u(η)|Q∗λ
|η−1ξ |λ

dηdξ

= M(‖un−u‖p
µ +‖u‖p

µ)〈L(un)−L(u),un−u〉

≥ m0(‖un−u‖p
µ +‖u‖p

µ)
τ−1‖un−u‖p

µ

2p

≥ m0

2p ‖un−u‖τ p
µ =

m0

2p ‖un−u‖Q∗
λ

µ .

(3.8)

For convolution term
∫
HN
∫
HN
|un(ξ )−u(ξ )|Q

∗
λ |un(η)−u(η)|Q

∗
λ

|η−1ξ |λ dηdξ , by (2.2), one has∫
HN

∫
HN

|un(ξ )−u(ξ )|Q∗λ |un(η)−u(η)|Q∗λ
|η−1ξ |λ

dηdξ ≤ H
−Q∗

λ
/p

Q∗
λ

[un−u]
Q∗

λ
s,p

≤ µ
−1H

−Q∗
λ
/p

Q∗
λ

‖un−u‖Q∗
λ

µ .

(3.9)

Finally, we put (3.9) into (3.8), and arrive at

o(1)+µ
−1H

−Q∗
λ
/p

Q∗
λ

‖un−u‖Q∗
λ

µ ≥
m0

2p ‖un−u‖Q∗
λ

µ .

Letting n→ ∞, one has
µ
−12pH

−Q∗
λ
/p

Q∗
λ

dQ∗
λ ≥ m0dQ∗

λ ,
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which implies that d = 0 or

µ ≤ 2p

m0
H
−Q∗

λ
/p

Q∗
λ

.

This contradicts µ > 2p

m0
H
−Q∗

λ
/p

Q∗
λ

, which implies that d = 0. Thus, un → u in Sµ when µ >

2p

m0
H
−Q∗

λ
/p

Q∗
λ

. This completes the proof of Lemma 3.2. �

In order to prove Theorem 1.1 for problem (1.1) under critical conditions, we first review
some basic results on the Krasnoselskii genus (see Clark [4] and Rabinowitz [21]). Let Y be a
Banach space and Z2 = {id,−id} the symmetric group. We set

Z = {X ⊂ Y \{0} : X is closed and X =−X}.

Definition 3.1. For any X ∈ Z, the Krasnoselskii genus of X is defined as follows:

γ(X) = inf{m : there exists h ∈ (C,Hm \{0}) and h is odd}.

We define γ(X) = ∞ if such k does not exist, and we set γ( /0) = 0.

Lemma 3.3. Let Y = HN and denote the boundary of Ω ∈ HN by ∂Ω, which is a symmetric
bounded open subset. Then γ(∂Ω) = N.

We denote the unit sphere in HN by SN−1. We deduce by Lemma 3.3 that γ(SN−1) = N. The
following result helps to prove the existence of an infinite number of solutions to problem (1.1).

Lemma 3.4. (see Clark [4]) Let I ∈ C1(Y,R) satisfy the Palais-Smale condition. In addition,
we assume that:
(i) I is bounded from below and even;
(ii) there exists a compact set K ∈ Z satisfying γ(K) = k and supx∈K I(u)< I(0).
Then the critical value of I is less than I(0), and I has at least k pairs of distinct critical points.

Proof of Theorem 1.1. Let e1,e2, · · · , be a basis for Sµ . For each k ∈ N, k vectors e1,e2, · · · ,ek
generate Yk = span{e1,e2, · · · ,ek}, which is a subspace of Sµ . Since, p < q1 < Q∗

λ
, we de-

duce that Yk ↪→ Lq1(HN). Considering that all norms of finite-dimensional Banach spaces are
equivalent, we see that there is a positive C(k) that depends only on k and satisfies

‖u‖q1
µ ≤C(k)

∫
HN
|u|q1dξ for every u ∈ Yk.

Under τ =
Q∗

λ

p , for every u ∈ Yk, by conditions (M) and ( f2), we can deduce that

Iµ(u)≤
m1

pτ
‖u‖pτ

µ −
1

2Q∗
λ

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ −a1C(k)‖u‖q1
µ

≤
(

m1

Q∗
λ

‖u‖Q∗
λ
−q1

µ −a1C(k)
)
‖u‖q1

µ .

Taking a sufficiently small constant R > 0 satisfying
m1

Q∗
λ

RQ∗
λ
−q1 < a1C(k),
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we obtain, for every r ∈ (0,R) and u ∈ Λ = {u ∈ Yk : ‖u‖µ = r}, the following equality

Iµ(u)≤ rq1

(
m1

Q∗
λ

rQ∗
λ
−q1−a1C(k)

)
≤ Rq1

(
m1

Q∗
λ

RQ∗
λ
−q1−a1C(k)

)
< 0 = Iµ(0),

which implies that supu∈Λ Iµ(u)< 0. Note that Λ is a homeomorphism of Sk−1, so γ(Λ) = k by
Lemma 3.3. It can be deduced from Lemma 3.4 that Iµ has at least k pairs of distinct critical
points. Since k is arbitrary, we have an infinite number of pairs of distinct critical points for Iµ

in Sµ . The proof of Theorem 1.1 is complete. �

4. PROOF OF THEOREM 1.2

For the case of critical exponent τ ∈ (1, Q∗
λ

p ) and the Kirchhoff function M(·) satisfying con-
dition (M), we prove in this section the existence and multiplicity of solutions to problem (1.1).

Lemma 4.1. Let τ ∈ (1, Q∗
λ

p ) and suppose that the Kirchhoff function M(·) satisfies condition
(M). Assume that the nonlinearity f (·, ·) satisfies condition ( f3)

′. If {un}n is a (PS)c sequence
of the functional Iµ , then {un}n is bounded in Sµ .

Proof. Let {un}n be a (PS)c sequence. By conditions (M) and ( f3)
′, we have

c+o(1)(1+‖un‖µ)≥ Iµ(un)−
1
q0
〈I′µ(un),un〉

≥
(

m0

pτ
− m1

q0

)
‖u‖pτ

µ +

(
1
q0
− 1

2Q∗
λ

)∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ

+
∫
HN

(
f (ξ ,un)un

q0
−F(ξ ,un)

)
dξ

≥
(

m0

pτ
− m1

q0

)
‖un‖pτ

µ .

Since
(

m0
pτ
− m1

q0

)
> 0, we obtain that {un}n is bounded in Sµ . This completes the proof of

Lemma 4.1. �

Lemma 4.2. Let τ ∈ (1, Q∗
λ

p ) and suppose that the Kirchhoff function M(·) satisfies condition
(M). Assume that f (·, ·) satisfies conditions ( f1)

′-( f3)
′, and the potential function V satisfies

conditions (V1) and (V2). Then, for every µ > 0 and all c ∈ (0,ρ(m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−τ p ), Iµ satisfies

the (PS)c condition, where ρ = 1
τ p −

1
2Q∗

λ

+ 1
q0
(1− m1

m0
).

Proof. We need to divide the proof into two cases, due to the degenerate nature of problem
(1.1): either infn∈N ‖un‖µ = l > 0 or infn∈N ‖un‖µ = l = 0.

Case I: infn∈N ‖un‖µ = l > 0. Since {un}n is a (PS)c sequence, we can deduce from Lemma
4.1 that {un}n is bounded in Sµ . Next, by Lemma 2.3, up to a subsequence, there is a non-
negative function u ∈ Sµ satisfying un ⇀ u in Sµ∫

HN

|un(ξ )−un(η)|p

|ξ −η |N+ps dη ⇀ κ ≥
∫
HN

|u(ξ )−u(η)|p

|ξ −η |N+ps dη + ∑
j∈J

κ jδx j (4.1)
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and ∫
HN

|un(η)|Q∗λ
|η−1ξ |λ

dη |un(ξ )|Q
∗
λ ⇀ v =

∫
HN

|u(η)|Q∗λ
|η−1ξ |λ

dη |u(ξ )|Q
∗
λ + ∑

j∈J
v jδx j (4.2)

in the sense of measure, where x j ∈HN and δx j is the Dirac mass at x j. In addition, we have

κ j ≥ HQ∗
λ
v

p
Q∗

λ

j , for every j ∈ J. (4.3)

Next, we prove that v j = 0 for every j ∈ J. For this purpose, let ξ j be a singular point of

the measures κ and v, and we define ψε, j = ψ(
ξ−ξ j

ε
) as a cut-off function. Moreover, the

hypotheses 0≤ ψ(ξ )≤ 1, 
ψ(ξ ) = 1 in B1(0),
ψ(ξ ) = 0 in HN\B2(0),
|∇Hψ(ξ )| ≤ 2 in HN

hold, where ψ ∈C∞
0 (HN). Now by the boundedness of {ψε, jun} in Wµ , we have 〈I′µ(un),ψε, jun〉

→ 0 as n→ ∞. Furthermore, we have

M(‖un‖p
µ)〈L(un),ψε, jun〉

=
∫
HN

∫
HN

|un(ξ )|Q
∗
λ |un(η)|Q∗λ ψε, j

|η−1ξ |λ
dηdξ +

∫
HN

f (ξ ,un)unψε, jdξ +o(1),
(4.4)

where

〈L(un),ψε, jun〉

= µ

∫ ∫
H2N

|un(ξ )−un(η)|pψε, j(ξ )

|η−1ξ |N+ps dξ dη +
∫
HN

V (ξ )|un|pψε, jdξ

+µ

∫ ∫
H2N

|un(ξ )−un(η)|p−2(un(ξ )−un(η))un(η)(ψε, j(ξ )−ψε, j(η))

|η−1ξ |N+ps dξ dη .

Similarly to the proof of Xiang et al. [23, Lemma 2.3], we have

lim
ε→0

limsup
n→∞

(∫ ∫
H2N

|
(
ψε, j(ξ )−ψε, j(η)

)
un(ξ )|p

|η−1ξ |N+ps dξ dη

) 1
p

= 0.

It follows from the Hölder inequality that

lim
ε→0

limsup
n→∞

M(‖un‖p
µ)

(
µ

∫ ∫
H2N

|un(ξ )−un(η)|p−2(un(ξ )−un(η))un(η)(ψε, j(ξ )−ψε, j(η))

|η−1ξ |N+ps dξ dη

)
≤C lim

ε→0
limsup

n→∞

(∫ ∫
H2N

|un(ξ )−un(η)|p

|η−1ξ |N+ps dξ dη

) p−1
p
(∫ ∫

H2N

|un(η)(ψε, j(ξ )−ψε, j(η))|p

|η−1ξ |N+ps dξ dη

) 1
p

≤C lim
ε→0

limsup
n→∞

(∫ ∫
H2N

|un(η)(ψε, j(ξ )−ψε, j(η))|p

|η−1ξ |N+ps dξ dη

) 1
p

= 0.

(4.5)



156 S. BAI, Y. SONG, D.D. REPOVŠ

Thus, by (4.1), (4.3), and condition (M), we have

lim
ε→0

limsup
n→∞

M(‖un‖p
µ)

(
µ

∫ ∫
H2N

|un(ξ )−un(η)|pψε, j(ξ )

|η−1ξ |N+ps dξ dη +
∫
HN

V (ξ )|un|pψε, jdξ

)
≥ lim

ε→0
limsup

n→∞

m0

(
µ

∫ ∫
H2N

|un(ξ )−un(η)|pψε, j(ξ )

|η−1ξ |N+ps dξ dη

)τ

≥ lim
ε→0

m0

(
µ

∫ ∫
H2N

|u(ξ )−u(η)|pψε, j(ξ )

|η−1ξ |N+ps dξ dη +µκ j

)τ

= m0(µκ j)
τ ≥ m0(µHQ∗

λ
v

p
Q∗

λ

j )τ .

(4.6)

Moreover, it follows from (4.2) that

lim
ε→0

limsup
n→∞

∫
HN

∫
HN

|un(η)|Q∗λ |un(ξ )|Q
∗
λ ψε, j

|η−1ξ |λ
dηdξ

= lim
ε→0

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ ψε, j

|η−1ξ |λ
dηdξ + v j = v j

(4.7)

and by Lemma 2.1, since Wµ ↪→ Lγ(HN) is a compact embedding for every γ ∈ [1,Q∗
λ
), we have

lim
ε→0

limsup
n→∞

∫
HN

f (ξ ,un)unψε, jdξ = lim
ε→0

∫
HN

f (ξ ,u)uψε, jdξ = 0. (4.8)

Now we put (4.5), (4.6), (4.7), and (4.8) into (4.4) and obtain

v j ≥ m0(µHQ∗
λ
v

p
Q∗

λ

j )τ = m0µ
τHτ

Q∗
λ

v
pτ

Q∗
λ

j ,

which implies that either v j = 0 or v j ≥ (m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ .

Now we can prove the possible concentration of mass at infinity. Similarly to the above
argument, we define φR ∈C∞

0 (HN) as a cut-off function. Moreover, the hypotheses 0≤ φR ≤ 1,
φR(ξ ) = 0 in BR(0),
φR(ξ ) = 1 in HN\B2R(0),
|∇HφR(ξ )| ≤ 2

R in HN

hold. Next, by Lemma 2.3, one has

κ∞ = lim
R→∞

limsup
n→∞

∫ ∫
H2N

|un(ξ )−un(η)|pφR(ξ )
p

|ξ −η |N+ps dηdξ (4.9)

and

v∞ = lim
R→∞

limsup
n→∞

∫ ∫
H2N

|un(η)|Q∗λ |un(ξ )|Q
∗
λ φR(η)2Q∗

λ

|η−1ξ |λ
dηdξ

= lim
R→∞

limsup
n→∞

∫ ∫
H2N

|un(η)|Q∗λ |un(ξ )|Q
∗
λ φR(η)

|η−1ξ |λ
dηdξ .

(4.10)
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In addition, one has κ∞ ≥ HQ∗
λ
v

p
Q∗

λ
∞ . Since 〈I′µ(un),φRun〉 → 0 as n→ ∞, we have

M(‖un‖p
µ)〈L(un),φRun〉

=
∫
HN

∫
HN

|un(ξ )|Q
∗
λ |un(η)|Q∗λ φRun

|η−1ξ |λ
dηdξ +

∫
HN

f (ξ ,un)unφRdξ +o(1),
(4.11)

where

〈L(un),φRun〉= µ

∫ ∫
H2N

|un(ξ )−un(η)|pφR(ξ )

|η−1ξ |N+ps dξ dη +
∫
HN

V (ξ )|un|pφRdξ

+µ

∫ ∫
H2N

|un(ξ )−un(η)|p−2(un(ξ )−un(η))un(η)(φR(ξ )−φR(η))

|η−1ξ |N+ps dξ dη .

Similarly to the proof of Xiang et al. [23], one has

lim
R→∞

limsup
n→∞

(∫ ∫
H2N

|(φR(ξ )−φR(η))un(ξ )|p

|ξ −η |N+ps dξ dη

) 1
p

= 0.

It follows from the Hölder inequality that

lim
R→∞

limsup
n→∞

M(‖un‖p
µ)

(
µ

∫ ∫
H2N

|un(ξ )−un(η)|p−2(un(ξ )−un(η))un(η)(φR(ξ )−φR(η))

|η−1ξ |N+ps dξ dη

)
≤C lim

R→∞
limsup

n→∞

(∫ ∫
H2N

|un(ξ )−un(η)|p

|η−1ξ |N+ps dξ dη

) p−1
p
(∫ ∫

H2N

|un(η)(φR(ξ )−φR(η))|p

|η−1ξ |N+ps dξ dη

) 1
p

≤C lim
R→∞

limsup
n→∞

(∫ ∫
H2N

|un(η)(φR(ξ )−φR(η))|p

|η−1ξ |N+ps dξ dη

) 1
p

= 0.

(4.12)

For the first term on the right hand side of (4.11), we have by (2.3), (4.9), and condition (M)
that

lim
R→∞

limsup
n→∞

M(‖un‖p
µ)

(
µ

∫ ∫
H2N

|un(ξ )−un(η)|pφR(ξ )

|η−1ξ |N+ps dξ dη +
∫
HN

V (ξ )|un|pφRdξ

)
≥ lim

R→∞
limsup

n→∞

m0

(
µ

∫ ∫
H2N

|un(ξ )−un(η)|pφR(ξ )
p

|η−1ξ |N+ps dξ dη

)τ−1

(
µ

∫
{ξ∈HN:|ξ |>2R}

∫
HN

|un(ξ )−un(η)|p

|η−1ξ |N+ps dξ dη

)
≥ m0µ

τ
κ

τ−1
∞ (

∫
HN

dκ +κ∞)≥ m0µ
τ
κ

τ
∞.

(4.13)

For the second term on the right hand side of (4.11), since ( f1)
′ and Sµ ↪→ Lγ(HN) is a compact

embedding for every γ ∈ [1,Q∗
λ
), it is easy to obtain that

lim
R→∞

limsup
n→∞

∫
HN

f (ξ ,un)unφRdx = lim
R→∞

∫
HN

f (ξ ,u)uφRdξ = 0. (4.14)

Now we put (4.10), (4.12), (4.13), and (4.14) into (4.11) to obtain that

v∞ ≥ m0(µHQ∗
λ
v

p
Q∗

λ
∞ )τ = m0µ

τHτ

Q∗
λ

v
pτ

Q∗
λ

∞ ,
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which implies that either v∞ = 0 or v∞ ≥ (m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ . In the sequel, we prove that v j ≥

(m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ and v∞ ≥ (m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ is impossible. Indeed, if v j ≥ (m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ ,

by Lemma 2.3 and (4.3), we would have

c = lim
n→∞

Iµ(un)−
1
q0
〈I′µ(un),un〉

≥
(

m0

pτ
− m1

q0

)(
µ

∫ ∫
H2N

|un(ξ )−un(η)|p

|η−1ξ |N+ps dξ dη

)τ

+

(
1
q0
− 1

2Q∗
λ

)∫
HN

∫
HN

|un(η)|Q∗λ |un(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ

≥
(

m0

pτ
− m1

q0

)
(µκ j)

τ +

(
1
q0
− 1

2Q∗
λ

)
v j

≥
(

1
τ p
− 1

2Q∗
λ

+
1
q0

(1− m1

m0
)

)
(m0µ

τHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ = ρ(m0µ

τHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−pτ ,

where ρ = 1
τ p −

1
2Q∗

λ

+ 1
q0
(1− m1

m0
), which contradicts c ∈ (0,ρ(m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−τ p ). This means

that v j = 0 for every j ∈ J. Similarly, v∞ = 0. Thus, it follows (2.4) that

lim
n→∞

∫
HN

∫
HN

|un(η)|Q∗λ |un(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ =

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ .

Invoking the Brézis-Lieb Lemma, we obtain

lim
n→∞

∫
HN

∫
HN

|un(η)−u(η)|Q∗λ |un(ξ )−u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ = 0. (4.15)

Finally, we prove that un→ u in Sµ . Take {un}n⊂ Sµ to be a (PS)c sequence of the functional
Iµ , and define

〈L(u),ϕ〉

= µ

∫ ∫
H2N

|u(ξ )−u(η)|p−2(u(ξ )−u(η))(ϕ(ξ )−ϕ(η))

|η−1ξ |N+ps dξ dη +
∫
HN

V (ξ )|u|p−2uϕdξ

for every ϕ ∈ Sµ . Then, we have

o(1) = 〈I′µ(un)− I′µ(u),un−u〉
= M(‖un‖p

µ)〈L(un),un−u〉−M(‖u‖p
µ)〈L(u),un−u〉

−
∫
HN

∫
HN

(|un(ξ )|Q
∗
λ |un(η)|Q∗λ−2un(η)−|u(ξ )|Q∗λ |u(η)|Q∗λ−2u(η))(un(η)−u(η))

|η−1ξ |λ
dηdξ

−
∫
HN

( f (ξ ,un)− f (ξ ,u))(un−u)dξ .

(4.16)
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For the fourth term on the right hand side of (4.16), similarly to (3.3), we have

lim
n→∞

∫
HN

( f (ξ ,un)− f (ξ ,u))(un−u)dξ = 0. (4.17)

For the third term on the right hand side of (4.16), it follows from (3.1) and (4.15) that

lim
n→∞

∫
HN

∫
HN

(|un(ξ )|Q
∗
λ |un(η)|Q∗λ−2un(η)−|u(ξ )|Q∗λ |u(η)|Q∗λ−2u(η))(un(η)−u(η))

|η−1ξ |λ
dηdξ

= 0.
(4.18)

Now we put (4.17) and (4.18) into (4.16) to obtain

o(1) =M(‖un‖p
µ)(〈L(un),un−u〉−〈L(u),un−u〉)+M(‖un‖p

µ)〈L(u),un−u〉
−M(‖un‖p

µ)〈L(u),un−u〉.

Since un ⇀ u and {un}n is bounded in Sµ , we can deduce that limn→∞ M(‖un‖p
µ)〈L(u),un−u〉=

0. Hence
lim
n→∞

M(‖un‖p
µ)(〈L(un),un−u〉−〈L(u),un−u〉) = 0.

Since infn∈N ‖un‖µ = l > 0, we have

o(1) = (〈L(un),un−u〉−〈L(u),un−u〉)

= µ〈un−u,un−u〉ps,p +
∫
HN

V (ξ )(|un|p−2un−|u|p−2u)(un−u)dξ

= B1 +B2,

(4.19)

where

B1 = µ〈un−u,un−u〉ps,p, B2 =
∫
HN

V (ξ )(|un|p−2un−|u|p−2u)(un−u)dξ ,

and

〈u,ϕ〉ps,p =
∫ ∫

H2N

|u(ξ )−u(η)|p−2(u(ξ )−u(η))(ϕ(ξ )−ϕ(η))

|η−1ξ |N+ps dξ dη .

Thus this gives us B1≥ 0. We invoke some elementary inequalities (see, e.g., Kichenassamy and
Veron [9]): For every p> 1, there exist positive constants C1 =C(p,n)> 0 and C2 =C(p,n)> 0
such that

|ξ −η |p ≤

{
C1(|ξ |p−2ξ −|η |p−2η)(ξ −η) if p≥ 2,

C2[(|ξ |p−2ξ −|η |p−2η)(ξ −η)]
p
2 (|ξ |p + |η |p)

2−p
2 if 1 < p < 2

(4.20)

for every ξ ,η ∈ R. Thus, B2 ≥ 0. It follows by (4.19) that B1 = B2 = o(1). For p≥ 2, one has

µ[un−u]ps,p = µ

∫ ∫
H2N

|(un(ξ )−un(η))− (u(ξ )−u(η))|p

|η−1ξ |N+ps dξ dη

≤C1µ
(
〈un,un−u〉ps,p−〈u,un−u〉ps,p

)
= o(1)

and

‖un−u‖p
V ≤C1

∫
HN

V (ξ )(|un|p−2un−|u|p−2u)(un−u)dξ = o(1),

which implies that ‖un−u‖µ = o(1). For 1 < p < 2, we utilize the following inequality:

(a+b)s ≤ as +bs, for every a,b > 0, s ∈ (0,1).
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From (4.20), B1 = o(1), and the Hölder inequality, we obtain

µ[un−u]ps,p = µ

∫ ∫
H2N

|(un(ξ )−un(η))− (u(ξ )−u(η))|p

|η−1ξ |N+ps dξ dη

≤C2µ
(
〈un,un−u〉ps,p−〈u,un−u〉ps,p

) p
2

(
[un]

p(2−p)
2

s,p +[u]
p(2−p)

2
s,p

)
≤C2µ

(
〈un,un−u〉ps,p−〈u,un−u〉ps,p

) p
2 = o(1).

Similarly to (4.20) and B2 = o(1), one has

‖un−u‖p
V ≤C

∫
HN

V (ξ )[(|un|p−2un−|u|p−2u)(un−u)]
p
2 (|un|p + |u|p)

2−p
2 dξ

≤C2

(∫
HN

V (ξ )(|un|p−2un−|u|p−2u)(un−u)
) p

2
(∫

HN
V (ξ )(|un|p + |u|p)dξ

) 2−p
2

≤C2

(∫
HN

V (ξ )(|un|p−2un−|u|p−2u)(un−u)
) p

2

= o(1),

which implies ‖un−u‖µ = o(1).
Case II: infn∈N ‖un‖µ = l = 0. If 0 is an accumulation point of the sequence {un}n, then there

is a subsequence of {un}n that converges strongly to u = 0, so we reach the desired result. If 0
is an isolated point of the sequence {un}n, then there is a subsequence, still denoted by {un}n
satisfying infn∈N ‖un‖µ = l > 0, which was considered in Case I. This completes the proof of
Lemma 4.2. �

Under assumptions M(·), V (·), and f (·, ·), we can now prove that the function has the moun-
tain pass geometry.

Lemma 4.3. Let τ ∈ (1, Q∗
λ

p ) and suppose that the Kirchhoff function M(·) satisfies condition
(M). Assume that f (·, ·) satisfies condition ( f1)

′, and the potential function V (ξ ) satisfies con-
ditions (V1) and (V2). Then, for every µ > 0, there exist α,σ > 0 satisfying Iµ(u) > 0 for
u ∈ Bσ \{0}, and Iµ(u)≥ α for every u ∈ Sµ with ‖u‖µ = σ , where Bσ = {u ∈ Sµ : ‖u‖µ < σ}.

Proof. By condition ( f1)
′, there exists Cε > 0 (for every ε > 0) satisfying

F(ξ , t)≤ ε|t|τ p +Cε |t|q for a.e. ξ ∈HNand all t ∈ R.
For any u ∈Wµ , by condition (M), we have

Iµ(u)≥
m0

pτ
‖u‖pτ

µ −
1

2Q∗
λ

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ − ε

∫
HN
|u|τ pdξ −Cε

∫
HN
|u|qdξ .

By taking ε ∈ (0, m0
2τ pc) and applying the definition of HQ∗

λ
, we have

Iµ(u)≥
m0

pτ
‖u‖pτ

µ −
µ−1

2Q∗
λ

H
−Q∗

λ
/p

Q∗
λ

‖u‖Q∗
λ

µ −Cε‖u‖pτ
µ −CCε‖u‖q

µ

≥
(

m0

2τ p
− µ−1

2Q∗
λ

H
−Q∗

λ
/p

Q∗
λ

‖u‖Q∗
λ
−τ p

µ −CCε‖u‖q−τ p
µ

)
‖u‖τ p

µ .

Here, we used the fractional Sobolev embedding |u|τ p ≤ C‖u‖µ and |u|q ≤ C‖u‖µ in the last
inequality.
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Next, we define

g(t) =
m0

2τ p
− µ−1

2Q∗
λ

H
−Q∗

λ
/p

Q∗
λ

tQ∗
λ
−τ p−CCεtq−τ p for every t ≥ 0.

Since Q∗
λ
> τ p and q > τ p, it is clear that limt→0+ g(t) = m0

2τ p . Pick σ = ‖u‖µ small enough
such that

µ−1

2Q∗
λ

H
−Q∗

λ
/p

Q∗
λ

σ
Q∗

λ
−τ p +CCεσ

q−τ p <
m0

2τ p
,

and hence Iµ(u)≥ g(σ)σ τ p = α. The proof of Lemma 4.3 is thus complete. �

Lemma 4.4. Let τ ∈ (1, Q∗
λ

p ) and suppose that Kirchhoff function M(·) satisfies condition (M).
Assume that f (·, ·) satisfies condition ( f1)

′, and the potential function V (ξ ) satisfies conditions
(V1) and (V2). Then, for every µ > 0, there exists e ∈ Sµ with ‖e‖µ > σ satisfying Iµ(e) < 0,
where σ is given by Lemma 4.3.

Proof. By condition ( f2)
′, we know that F(ξ , t)≥ 0 for a.e. ξ ∈HN . Choose a function u0 ∈ Sµ

satisfying

‖u0‖µ = 1 and
1

2Q∗
λ

∫
HN

∫
HN

|u0(η)|Q∗λ |u0(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ > 0.

By condition (M) and F(ξ , t)≥ 0 for a.e. ξ ∈HN , one has

Iµ(tu0)≤
m1tτ p

pτ
‖u0‖pτ

µ −
t2Q∗

λ

2Q∗
λ

∫
HN

∫
HN

|u0(η)|Q∗λ |u0(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ .

Since 2Q∗
λ
> τ p, there exists t ≥ 1 large enough satisfying ‖tu0‖µ > σ and Iµ(tu0)< 0. Taking

e = tu0, the proof of Lemma 4.4 is complete. �

Note that function Iµ does not satisfy the (PS)c condition for every c > 0. Therefore, we can
find a special finite-dimensional subspace to construct sufficiently small minimax levels.

Next, we obtain by assumption (V1) that there is ξ0 ∈HN satisfying V (ξ0) =minξ∈HN V (ξ ) =

0. In general, we set ξ0 = 0. By conditions (M) and ( f2)
′, for u ∈ Sµ , one has

Iµ(u)≤
m1

pτ
‖u‖pτ

µ −
1

2Q∗
λ

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ −a0

∫
HN
|u|q2dξ

≤ m1

pτ
‖u‖pτ

µ −a0

∫
HN
|u|q2dξ .

We define the function Jµ : Sµ → R as follows:

Jµ(u) =
m1

pτ
‖u‖pτ

µ −a0

∫
HN
|u|q2dξ .

Thus, Iµ(u) ≤ Jµ(u), and we only need to construct small minimax levels of Jµ(u). For any
0 < χ < 1, we choose δχ ∈C∞

0 (HN) with |δχ |q2 = 1 and suppδχ ⊂ Brχ
(0) satisfying [δχ ]

p
s,p < χ .

In the sequel, we make a scaling argument. Letting

eµ = δχ(µ
−

τQ∗
λ

Q(Q∗
λ
−τ p)

ξ ),
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we have suppeµ ⊂ B
µ

τQ∗
λ

Q(Q∗
λ
−τ p) rχ

(0). Thus, for µ ∈ (0,1), τ > 1 and t ≥ 0,

Jµ(teµ) =
tτ p

pτ
‖eµ‖pτ

µ −a0tq2

∫
HN
|eµ |q2dξ

≤ µ

τQ∗
λ

Q∗
λ
−τ p

[
tτ p

pτ

(∫ ∫
H2N

|δχ(ξ )−δχ(η)|p

|η−1ξ |N+ps dξ dη +
∫
HN

V (µ

τQ∗
λ

Q(Q∗
λ
−τ p)

ξ )|δχ |pdξ

)τ

−a0tq2

∫
HN
|δχ |q2dξ

]
= µ

τQ∗
λ

Q∗
λ
−τ p

Ψµ(tδχ).

We define Ψµ ∈C1(Sµ ,HN) as follows:

Ψµ(u) =
1
pτ

(∫ ∫
H2N

|u(ξ )−u(η)|p

|η−1ξ |N+ps dξ dη +
∫
HN

V (µ

τQ∗
λ

Q(Q∗
λ
−τ p)

ξ )|u|pdξ

)τ

−a0

∫
HN
|u|q2dξ

for every u ∈ Sµ . It is clear that

max
t≥0

Ψµ(tδχ)

=
q2− τ p

q2τ p(q2a0)
τ p

q2−τ p

(∫ ∫
H2N

|δχ(ξ )−δχ(η)|p

|η−1ξ |N+ps dξ dη +
∫
HN

V (µ

τQ∗
λ

Q(Q∗
λ
−τ p)

ξ )|δχ |pdξ

) τq2
q2−τ p

.

Due to condition (M), we know that V (0) = 0 and V ∈ (HN ,R), so there is a constant Λχ > 0
satisfying

0≤V (µ

τQ∗
λ

Q(Q∗
λ
−τ p)

ξ )≤ χ

δχ

,

for every |ξ | ≤ rχ and 0 < µ ≤ Λχ . Since [δχ ]
p
s,p < χ , we have

max
t≥0

Ψµ(tδχ)≤
q2− τ p

q2τ p(q2a0)
τ p

q2−τ p
(2χ)

τq2
q2−τ p ,

therefore

max
t≥0

Iµ(tδχ)≤
q2− τ p

q2τ p(q2a0)
τ p

q2−τ p
(2χ)

τq2
q2−τ p µ

τQ∗
λ

Q∗
λ
−τ p , (4.21)

for every µ ∈ (0,Λχ ]. To be more precise, we state the following lemma.

Lemma 4.5. Under conditions of Lemma 4.3, there exists a constant Λ > 0 satisfying the fol-
lowing hypotheses: for every fix µ ∈ (0,Λ), there exists ẽµ ∈ Sµ with ‖ẽµ‖µ > σ satisfying
Iµ(ẽµ)< 0 and

max
t∈[0,1]

Iµ(tẽµ)≤ ρµ

τQ∗
λ

Q∗
λ
−τ p ,

where ρ = 1
τ p −

1
2Q∗

λ

+ 1
q0
(1− m1

m0
).
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Proof. Let χ be small enough such that
q2− τ p

q2τ p(q2a0)
τ p

q2−τ p
(2χ)

τq2
q2−τ p ≤ ρ.

For all t ≥ t1, take Λ = Λχ and choose t1 > 0 satisfying t1‖eµ‖µ > σ and Iµ(teµ)< 0. Letting
ẽµ = t1eµ , we obtain the desired result immediately. This completes the proof of Lemma 4.5.

�

For any m∈N, 1≤ i 6= j≤m, select functions δ i
χ ∈C∞

0 (HN) satisfying suppδ i
χ

⋂
suppδ

j
χ = /0,

|δχ |q2 = 1, and [δχ ]
p
s,p < χ . There is rm

χ > 0 satisfying suppδ i
χ ⊂ Brm

χ
(0) for i = 1,2, · · · ,m:

eµ = δχ(µ
−

τQ∗
λ

Q(Q∗
λ
−τ p)

ξ )

and
Em

µ,χ = span{e1
µ ,e

2
µ , · · · ,em

µ}.
Note that u = ∑

m
i=1 ciei

µ ∈ Em
µ,χ , so we obtain∫ ∫

H2N

|un(ξ )−un(η)|p

|η−1ξ |N+ps dξ dη =
m

∑
i=1
|ci|p

∫ ∫
H2N

|ei
µ(ξ )− ei

µ(η)|p

|η−1ξ |N+ps dξ dη ,

∫
HN

V (ξ )|u|pdξ =
m

∑
i=1
|ci|p

∫
HN

V (ξ )|ei
µ |pdξ ,

1
2Q∗

λ

∫
HN

∫
HN

|u(η)|Q∗λ |u(ξ )|Q∗λ
|η−1ξ |λ

dηdξ =
1

2Q∗
λ

m

∑
i=1
|ci|2Q∗

λ

∫
HN

∫
HN

|ei
µ(η)|Q∗λ |ei

µ(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ ,

and ∫
HN

F(ξ ,u)dξ =
m

∑
i=1

∫
HN

F(ξ ,ciei
µ)dξ .

Thus Iµ(u) = ∑
m
i=1 Iµ(ciei

µ) and

Iµ(ciei
µ)≤ µ

τQ∗
λ

Q∗
λ
−τ p

Ψµ(ciei
µ).

Take β = max |δ i
χ |

p
p, i = 1,2, · · · ,m and for every |x| ≤ rm

χ and µ ≤ Λm,χ , there exists Λm,χ > 0

satisfying V (µ

τQ∗
λ

N(Q∗
λ
−τ p)

ξ )≤ χ

β
. From (4.21), we derive that

max
u∈Em

µ,χ

Iµ(u)≤
q2− τ p

q2τ p(q2a0)
τ p

q2−τ p
(2χ)

τq2
q2−τ p µ

τQ∗
λ

Q∗
λ
−τ p

for every µ ∈ (0,Λm,χ ]. Thus, we have the following lemma.

Lemma 4.6. Under the conditions of Lemma 4.3, for every m∈N, there exists Λm > 0 satisfying
the following hypothesis: for every µ ∈ (0,Λm], there exists an m-dimensional subspace Em

µ

satisfying

max
u∈Em

µ

Iµ(u)≤ ρµ

τQ∗
λ

Q∗
λ
−τ p . (4.22)
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Proof. Let χ small enough to satisfy

q2− τ p

q2τ p(q2a0)
τ p

q2−τ p
(2χ)

τq2
q2−τ p ≤ ρ

and choose Em
µ = Em

µ,χ . Then, we can obtain the desired result immediately. This completes the
proof of Lemma 4.6. �

Proof of Theorem 1.2. Apply Lemma 4.5 for every µ > 0, consider the function Iµ . Let µ∗=Λχ

and define for every µ ≤ µ∗ the min-max value cµ = infh∈Γµ
maxt∈[0,1] Iµ(h(t)), where

Γµ = {h ∈C([0,1],Wµ) : h(0) = 0 and h(1) = ẽµ}.

By Lemma 4.3 and Lemma 4.5, one has α ≤ cµ < ρµ

τQ∗
λ

Q∗
λ
−τ p . By Lemma 4.2, we know that

Iµ satisfies the (PS)cµ
condition, and we can deduce that there is u1 ∈ Sµ satisfying Iµ(u1)→

cµ , I′µ(u1)→ 0. Therefore, u1 is a solution of (2.1). Since u1 is a critical point of Iµ , we have

ρµ

τQ∗
λ

Q∗
λ
−τ p ≥ Iµ(u1) = Iµ(u1)−

1
q0
〈I′µ(u1),u1〉

≥
(

m0

τ p
− m1

q0

)
‖u1‖τ p

µ +

(
m1

q0
− 1

2Q∗
λ

∫
HN

∫
HN

|u1(η)|Q∗λ |u1(ξ )|Q
∗
λ

|η−1ξ |λ
dηdξ

)
,

which yields inequalities (1.3) and (1.4). This completes the proof of Theorem 1.2 (i).
Next, we are going to prove Theorem 1.2 (ii). We define

Γ = {y ∈C(Sµ ,Sµ) : y is an odd homeomorphism},

and for every B ∈ ϒ, we define

i(B) = min
y∈Γ

γ(y(B)
⋂

∂Bσ ),

where σ > 0 is a constant defined in Lemma 4.3. Therefore, i(B) is a version of the Benci
pseudo-index Benci [2]. Let

c j = inf
i(B)≤ j

sup
u∈B

Iµ(u), j = 1,2, · · · ,m.

It is clear that c1 ≤ c2 ≤ ·· · ≤ cm. In the sequel, we are to going prove that c1 ≥ α and cm ≤
supu∈Em

µ
Iµ(u), where α > 0 is the constant defined in Lemma 4.3. For all B∈ ϒ, it follows from

Benci [2, Theorem 1.4] that i(B)≥ 1, so we can deduce that γ(B
⋂

∂Bσ )≥ 1. This implies that
B
⋂

∂Bσ 6= /0. By Lemma 4.3, one has Iµ(u) > α for every ‖u‖µ = σ . Thus supu∈B Iµ(u) > α

and c1 ≥ α . Considering that the Krasnoselskii genus satisfies the dimension property Benci
[2], we obtain

γ(y(Em
µ )
⋂

∂Bσ ) = dim(Em
µ ) = m, for every y ∈ Γ,

which implies that i(Em
µ ) = m. Hence, cm ≤ supu∈Em

µ
Iµ(u). By (4.22), one has

α ≤ c1 ≤ c2 ≤ ·· · ≤ cm ≤ sup
u∈Em

µ

Iµ(u)≤ ρµ

τQ∗
λ

Q∗
λ
−τ p ,
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where ρ > 0 is a constant defined in Lemma 4.2. As can be seen from Lemma 4.2 that Iµ(u)

satisfies the (PS)c condition at all levels c ∈ (0,ρ(m0µτHτ

Q∗
λ

)

Q∗
λ

Q∗
λ
−τ p ). Finally, by using the gen-

eral critical point theory, we obtain that all c j of 1 ≤ j ≤ m are critical values of Iµ(u). Since
Iµ(u) is even, one sees that Iµ(u) has at least m pairs of critical points. Therefore, Iµ(u) has at
least m pairs of critical points as the solutions of problem (1.1). The proof of Theorem 1.2 is
thus complete. �
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