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1. Introduction and the main result

Let 2 C RN (N > 2) be a bounded domain with C? boundary. Throughout this paper we assume that 1 < p < oo,
a: £2 — (0, 00) is a Hélder potential, and f : [0, c0) — [0, 0co) is a C! function.
We are concerned with the study of solutions u € Wl'p(.Q) N Ch#(£2) of the following quasilinear elliptic problem:

loc
Apu =aX)f(u) ing2
{u(x) — 400 as dist(x, 02) — 0 (1)
u>0 in £2.

Under appropriate assumptions, the existence of a solution for problem (1) has been proved in [1]. Our objective in this
paper is to establish the first two terms of the boundary blow-up rate for solutions of (1), under appropriate conditions on
the nonlinearity f and the variable potential a.

This problem can be regarded as a model of a steady-state single species inhabiting £2, so u(x) stands for the population
density. In fact, if f(u) = u9 (g > p — 1), problem (1) is a basic population model and it is also related to some prescribed
curvature problems in Riemannian geometry. We refer the reader to Li et al. [2] for a study of problem (1) in the case of
multiply connected domains and subject to mixed boundary conditions.

The study of singular problems with blow-up on the boundary was initiated in the case p = 2, a = 1, and f (u) = exp(u)
by Bieberbach [3] (if N = 2) and Rademacher (if (N = 3). Problems of this type arise in Riemannian geometry, namely if a
Riemannian metric of the form |ds|?> = exp(2u(x))|dx|? has constant Gaussian curvature —c? then Au = c? exp(2u). Such
problems also appear in the theory of automorphic functions, Riemann surfaces, as well as in the theory of the electric
potential in a glowing hollow metal body. Lazer and McKenna [4] extended the results of Bieberbach and Rademacher
for bounded domains in RV satisfying a uniform external sphere condition and for exponential-type nonlinearities.
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An important development is due to Keller [5] and Osserman [6], who established a necessary and sufficient condition
for problem (1) to have a solution, provided that p = 2, a = 1, and f is an increasing nonlinearity. In a celebrated paper
connected with the Yamabe problem, Loewner and Nirenberg [7] linked the uniqueness of the blow-up solution to the
growth rate at the boundary. Motivated by certain geometric problems, they established the uniqueness for the case
f(u) = uN+D/W=2 'N > 2 For related results we refer the reader to Bandle and Marcus [8], Bandle et al. [9], Lépez-Gémez
[10], Marcus and Véron [11], Mohammed [12], Repovs [13], etc. The case of nonmonotone nonlinearities was studied by
Dumont et al. [14].

In order to describe our main result, we need to recall some basic notions and properties in the theory of functions with
regular variation at infinity and of functions belonging to the Karamata class. We point out that Karamata [ 15] introduced this
theory in relation to Tauberian theorems. This theory was then applied to the analytic number theory, analytic functions,
Abelian theorems, and probability theory (see Feller [16]). We refer the reader to the works by Bingham et al. [17] and
Seneta [18] for details and related results. The combined use of the regular variation theory and the Karamata theory has
been introduced by Cirstea and Radulescu [19-22] in the study of various qualitative and asymptotic properties of solutions
of nonlinear partial differential equations. In particular, this setting becomes a powerful tool in describing the asymptotic
behavior of solutions for large classes of nonlinear elliptic equations, including singular solutions with blow-up boundary
and stationary problems with either degenerate or singular nonlinearity.

We say that a positive measurable function f defined on some interval [B, co) is regularly varying at infinity with index
q € Rifforall £ > 0,

Jim f(gu)/f @) = £°.

When the index of regular variation q is zero, we say that the function is slowly varying.

If RV, denotes the class of functions with regular variation with index q then the function f (u) = u? belongs to RV;. The
functions In(14+u), InIn(e+u), exp{(Inu)*}, ¢ € (0, 1) vary slowly, as well as any measurable function with positive limit at
infinity. Using the definition of RV,, a straightforward computation shows thatifp > 1and f € RV, withq > pis continuous
and increasing on [B, oo) then its anti-derivative F(t) := thf(s)ds satisfies F € RV,.4, and hence F7UP ¢ RV_(gs1)/p-
According to [19] (see also [12]), we deduce that F~1/P € L'(B, co), that is, f satisfies the Keller-Osserman condition

foo [F(O]™VP < 0. (2)

An important subclass of RV, contains the functions f such that u~9f (u) is a renormalized slowly varying function. More

precisely, we denote by NRV the set of functions f having the form f (u) = Au? exp (fB” w(t)/tdt) forallu > B > 0, where A
is a positive constant and ¢ € C[B, 0o) satisfies lim;_, o, ¢ (t) = 0. Then, by the Karamata representation theorem (see [17]),
we have NRV,; C RV,.

Next, we denote by X the class of all positive, increasing C'-functions k defined on (0, v), for some v > 0, which satisfy

(i)
% = {;fori € {0, 1}, where K(t) = fO[ k(s) ds. A straightforward computation shows that £, = 0 and

¢, €[0,1],forallk € X.
Let Ko 1 denote the set of all functions k € X satisfying

lim t7 [(K(@©) k() — 1] ==L1 €R.

limrﬁ0+

We study problem (1) provided that the nonlinear term f satisfies
f eclo, co), f() =0, f > 0and fis increasing on (0, 00). (3)

We now describe the growth of f at infinity. We assume that f € NRV,{ for some o > p — 2. This means that f can be
written as

F () = Ao exp ( / "oyt dt) ,
B

for some Ay > 0, where ¢ € C![B, 0o) and lim;_, o, ¢(t) = 0. Moreover, we assume that there is some "sz —l<a<o+2
such that
te'(t
lim 2O _ . (4)
t—00 (p(t)
We also assume thata : 2 — (0, co) satisfies a € C%#(£2) for some 0 < u < land k € Ky 1,
a(x) = kP (d(x)) (1 +Ad(x) + o(d(x))) asd(x) — 0, (5)

where A > 0 and d(x) := dist (x, 0£2).



80 D. Repovs/J. Math. Anal. Appl. 395 (2012) 78-85

For any x € §2 near the boundary of £2 we denote by x € 942 the unique point such that d(x) = |x — X|. We also denote
by #¢(x) the mean curvature of 02 at the point x.

Our main result extends to a quasilinear setting the results given in [20,12,23]. Our asymptotic development also relies
on the geometry of the domain, as developed by Bandle and Marcus [24].

Theorem 1.1. Assume that f € NRV,,; (6 > p — 2) satisfies hypotheses (3) and (4). Suppose that a € C%*(2) satisfies
condition (5). Then any solution of problem (1) satisfies

ux) = §h(K(dXx))) (1+ Gdx) + GHX)d(x) + o(d(x))) asd(x) — 0,
where h is uniquely defined by
<P—1>]/’J ) (F) VPdt =t
p h(t)
and
p+lic+2-p]"P
e
¢ _he+2-p —Ap+ @ +2-pt)
o[li(o +2 —p) +pl
LH(N—-1)(0 +2—p)
T h@+2-p+ @+ Do +2) —p

& = |:(P— 1)

)

G

2. Auxiliary results

The proof of the main result strongly relies on the maximum principle for quasilinear equations in the following form.
We refer the reader to [25] for a detailed proof and related results.

Lemma 2.1. Let 2 be a bounded domain in RN with smooth boundary. Assume that V; and V, are continuous functions on £2
such that V; € L®°(£2) and V, > 0. Let uy, u, € WP(£2) be positive functions such that

Aptty + Vil 4 Vof (uy) <0 <

Aptty + Vil 4 Vof (uy)  in D'(2) (6)
and
lim sup(u(x) — u1(x)) <0, (7)
Xx—>082

where f is continuous on [0, oo) such that the mapping f (t)/tP~" is increasing for infg (U, uz) < t < supg (uy, uy).
Then u; > uy in £2.

The proof of Lemma 2.1 relies on some ideas introduced by Benguria et al. [26] (see also Marcus and Véron
[11, Lemma 1.1], Cirstea and Radulescu [27, Lemma 1], and Du and Guo [28]).

Our growth rate of f expressed by the assumptions f € NRV,,;and o > p—2implies that f satisfies the Keller-Osserman
condition (2) and

im & = 2.
t—o00 F(t)
Next, we set
_ 1/p poo
F(t) = <u> / (F(x))~Pdx.
p t

Since

_ 1/p
Ft) = — (’”T]) ()",

we deduce that
tF'(t) o+2
m = — -1
t—00 37([) p




D. Repovs/J. Math. Anal. Appl. 395 (2012) 78-85 81

F@O®-VP 1 p \' p
llm —_— - _ 1— .
oo f(OF @) p (P—1> ( <7+2)

These estimates enable us to deduce the following auxiliary result.

and

Lemma 2.2. Under the assumptions of Theorem 1.1, the following properties hold:

g F©) 1
: : t H tf (t +2 .
(i) lim_s oo MW = limy— 0o f”ﬂt‘; =0;

. (P=D/p (F(r))P—1/p __o42-p
FOF© (p—D+2) __ 0:
- ’

. . p—1
(i) fim o -

f(at) _qot+2-p

(iii) lime— o % =0, foralla > 0.

Proof. The proofs of (i) and (ii) follow directly by the previous considerations about f, F, and ¥.
(iii) If a = 1 the property is obvious. Let us now assume that a # 1. We have

f(at) _ 0+2—p _ o+2—p |: (/at M ) _ ]
T a =a exp T dx 1].

Our hypotheses on ¢ imply that

[» t.
lim () _ 0 and lim ¢ (&) =x!
t—>o00 X t—>o00 X(/)(X)

uniformly for either x € [a, 1] or x € [1, a]. This implies that

at a
L.
lim Mx=/ gz)(X)dx=0
1

t—o0 J, X X

and

a tX a
lim / M) v tim [ x Ay = — 101 — 0%,
t—o0 Jq xgp(t) t—oo Jy

We conclude that
a p(tx)
/ dx

fa)  ovap _ got2p iy D
aP=1f (t) t>oo  F(t)
t ot
— o fim 29 jim / ¢ 4o
oo F () = )y xp(D)

This completes the proof. O

We conclude this section with some properties of the function h that describes the blow-up rate of solutions of problem
(1) in the statement of Theorem 1.1.

Lemma 2.3. Assume that the hypotheses of Theorem 1.1 are fulfilled and let h : (0, c0) — (0, 00) be the function defined
implicitly by

-1 1/p poo
(p—> (F(t) P dt =t.
p h(t)

Then the following properties hold:

(i) limp o th'(€) /h(t) = —p/(0 + 2 — p);

(i) limp o B'(6)/(th"(t)) = —(0 +2 — p)/(0 + 2);
(iii) limeo h() /(€1 (1)) = (0 +2 — p)*/[p(o +2)1;
(iv) limeo ( LG "”“’) It =0;
)

th” () o+2
(v) forallk € Ko,

lime (14 KOK@©) — WEEe) 1 fEhK®) ) _ (@ +2-pl
£\0 k2(t) KON K®©) p—1 g7'FhEK(t))) o o+2
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Proof. We first observe that lim,_,¢ h(t) = 400 and h'(t) = —p'/P(p — 1)~ V/PF(t) /7.
(i) We have
th'(t) i (F(s)'P [(F(v))~"/Pdv p
= m =

0 h(t) s—-+00 s o+2-p
(ii) A straightforward computation shows that forallt > 0,
W'(©) = (p = DPp@PRF () (F(h(6) PP
Therefore

H'(t)
im =
£\0 th”(t)
(iii) We have

1
o — 1. i EOT__o*2-p
s=+oo f($)F (s) o+2

h(t) . h(ty . HW(@®) (0+2-p)?
im = lim - lim = .
N0 F2R7(t)  e\oO th/(t) ©\0 th'(t) plo +2)

(iv) The proof follows by combining the previous results.
(v) The proof follows after combining Lemma 2.2 with the previous results. O

3. Proof of Theorem 1.1
For fixed n > 0 small enough, we define
2, ={xeR:0<dX <n}.

For any x € 2, we setr = d(x) = |x — x|. Define

S = 1! (1 L KOK) W) 1 fEhKM)) )

R KOWKD)  p—1 & FhEKr))

Then, by Lemma 2.3, we have lim\ o S1(r) = Li(o +2 —p)/(c + 2).

Fix ¢ > 0 small enough. Since 2 has smooth boundary, there exists § = §(£2) > 0 such thatd € C?(£2;) and for all
X € £25,|Vd(x)| = 1.Set, forall x € £2;,

z4 (x) = &h(K(d(x))) (14 (C; £ e)d(x) + GHX)A(X)) .
Then, by the mean value theorem, there exists A+ € (0, 1) depending on x such that for all x € £2;,
fz() = f K X)) + Eh (K (d(x))f (h+(d(x))) (C1 £ &)d(x) + CLHX)d(X))
where
hi(d(x)) = §o(h(K(d(x)))) (1 4+ 2+ ((C1 £ &)d(x) + CH(X)d(X))) .

Define the mapping

Spu(r) = (C; + &) [1+ (K (r)) (K(r)k G 21((r))]

K(r)h"(K(r)) k2(r) rk(r)

_ Gxe fl(he(K(r)) hK@)f (h(K(@)) 1 ATe) f(&oh(K(r)))
p—1 fi(hKM)) g7 fhKr) p—1 P (K ()

where 0 < n < min 1, p — 2. Using Lemma 2.3 we deduce that the asymptotic behavior of S, near the origin is given by

¢ 2— 2 ¢ 2—
lingsﬁ(r):—(q o+2-plo+2)+p ,ptblo+ p))
r—

o+2 o+2

<£1(a+2—p)(a+2)+p p+€1(0+2—p)>
Fe +n .
o+2 o+2
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We also define the mappings

500 = GH® [1+ R&(r) (K(r)’<(r)+21<(r))]

K(r)h"(K(r)) k2(r) rk(r)
HX) f'(he®(r))) hK(r)f (h(K(r))) _ WX @) K@)
_ / -~ —(N=1DHE) v ,
p—1 fr(h(K(T)) & °f(h(K(r))) KR (K(r)) tk(r)
s _ KO L e ad
4+ (X) = TW( 1 e+ GH(X))A(X)
2
(G e+ GHE) oK) KD 4y

K2(r)h" (K (r)) rk(r)
f'(he(K (1)) hK ()" (h(K (1))

—(A G+ GH (X :
AT G E e QL Gk & 2 k)

Applying again Lemma 2.3 we deduce that
lim S3;(x) = lim S4+(x) = 0.
d(x)—>0 dx)—0

Therefore

lim (S1(r) + S2+(r) + S3(x) + Sax. (%)) = HFL [p+ (o +2—=p)o+2)+np+Li(o+2-p)l.
d(x)—0 o+2

Finally, we define

Ss+(x) =

k(r) K(r)h'(K(r))
We observe that our hypotheses imply

lim Ss+(x) =0.
d(x)—0

_ _ K@) h&K(r))
[(1 + (G £+ GHEON + (G +e) + GHE) — } Vd(X)‘ :

83

Our hypotheses imply that there are positive numbers &1, and §,, such that 0 < K(t) < 2§, forall t € (0, 28,.) and for

allx € £2y5,,,

K (dx)(1+ (A — ne)d(x) < a®) < K (dx))(1+ (A+ ne)d(x)).

At the same time, restricting eventually §;, and 8,., we can assume that for all x € §2,5,, with [x — x| < 25,

S1(r) +S24.(r) + S3(X) +S41.(%) <0 < 51(r) + S (1) + S3(%) + S4—(%).
Next, for some fixed p € (0, 2§1.), we define d;(x) = d(x) — p, d2(x) = d(X) + p, and
R, ={(xeR2; p<dx) <28} 2F={xeR; dx) <28, —p}
Set
Us (x) = §oh(K(d1(x))) (1 + (G + &)d1(x) + GHX)d (X)) x € 2,
and

u, (x) = &h(K(d2(x))) (1+ (G — &)d2(X) + GHX)d2(x)  x € 27

Our main purpose in what follows is to show that u, is a supersolution of Eq. (1) in 2, and u, is a subsolution of (1) in

.Qp*. We first observe that the mean value theorem implies

f@e) = f(Eh(K(d1(x)))) + Eoh(K (di (¥)))f ' (hy (d1 (X)) [(C1 + £)d1 (%) + CH (X)d1(x)]
forallx € 22, where, for some ¢ € (0, 1) depending onx,

hy (di(x)) = &K (d1(x))[1+ £(Cr + &)di(x) + GHX)d1(x)].
Combining these results, we deduce that forallx € 2,

Aple(X) — K (d1(x) (1 + (A — &)d1(0)f (Ue))

= (p — DET K (d1(0)d1 () |1 (K (d1(x))) P> b (K (d1 (%)) -
X S54.(%) (S1(1) + S24.(r) + S3(X) + S41. (%)) < 0,
wherer = dy(x) + p.
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We now deduce uniform estimates for the solution of problem (1) in terms of #i, and u,. For this purpose we follow the
method introduced in [19]. Assume that u is an arbitrary solution of problem (1). Thus, for allx € 952,

u(x) < ug(x) +Mq(81,), where M;(81,) = max u(x).

d(x)=81¢

Thus, by the maximum principle,

u(x) <u.(x) +M;(81.), forallxe 2,. (8)

Next, since the function h is decreasing, we have for all x € £2 with d(x) = 2§:, — p,

u, (x) < §h(K(2810)) = M (81c).
The maximum principle implies that

u, (x) < u(x) +My(8) forallx e 2. (9)
Taking p — 0 in relations (8) and (9) we obtain, for all x € 22, N .Q;,

M;(81)

&oh(K(d(x)))

u(x) _ M3 (81¢)
< EhK A0 <14 (C +8)dx) + GHE)d(x) + EhKA0)

This implies that

1+ (G —e)dx) + GHE)d(X) —

Ci—e+GHEX) < liminfi (L — 1)
~ dx—0 d(x) \ Eh(K(d(x)))

IA

. 1 ( u(x) )
limsup — ————— — 1
dx—o d(x) \ &h(K(d(x)))

C] + e+ Cz]f(?)

IA

Taking now ¢ — 0 we conclude that
u(x) = &h(K(d(x))) (1+ Cid(x) + GHX)d(x) +o(d(x))) asd(x) — 0.
This completes the proof. O
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