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ABSTRACT
We study the following singular problem involving the p(x)-Laplace
operator �p(x)u = div(|∇u|p(x)−2∇u), where p(x) is a nonconstant
continuous function,

(Pλ)

⎧⎪⎨
⎪⎩

−�p(x)u = a(x)|u|q(x)−2u(x) + λb(x)

uδ(x)
in �,

u > 0 in �,
u = 0 on ∂�.

Here, � is a bounded domain in RN≥2 with C2-boundary, λ is a posi-
tive parameter, a(x), b(x) ∈ C(�̄) are positive weight functions with
compact support in �, and δ(x), p(x), q(x) ∈ C(�̄) satisfy certain
hypotheses (A0) and (A1). We apply the Nehari manifold approach
and some new techniques to establish the multiplicity of positive
solutions for problem (Pλ).
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1. Introduction

The aim of this paper is to study the following inhomogeneous equation

(Pλ)

⎧⎪⎪⎨
⎪⎪⎩

−�p(x)u = a(x)|u|q(x)−2u(x) + λb(x)
uδ(x) in�,

u > 0 in �,
u = 0 on ∂�.

Here, operator �p(x)u := div(|∇u|p(x)−2∇u) is the p(x)-Laplacian, p(x) is a nonconstant
continuous function, � is a bounded domain in RN (N ≥ 2) with C2-boundary, λ is a
positive parameter, a(x), b(x) ∈ C(�) are positive weight functions with compact support
in �, and δ(x), p(x), q(x) ∈ C(�) satisfy the following conditions

(A0) 0 < 1 − δ(x) < p(x) < q(x) < p∗(x);
(A1) 0 < 1 − δ− ≤ 1 − δ+ < p− ≤ p+ < q− ≤ q+.

CONTACT Dušan D. Repovš dusan.repovs@guest.arnes.si

© 2021 Informa UK Limited, trading as Taylor & Francis Group

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/17476933.2021.1980878&domain=pdf&date_stamp=2022-12-05
http://orcid.org/0000-0002-6643-1271
http://orcid.org/0000-0002-7647-4814
mailto:dusan.repovs@guest.arnes.si


136 D. D. REPOVŠ AND K. SAOUDI

Here, p∗(x) := Np(x)/(N − p(x)), δ+ := ess sup δ(x), δ− := ess inf δ(x), and analo-
gous definitions hold for p−, p+, q−, and q+.

Partial differential equations with variable exponents are very interesting and active top-
ics. Themotivation for this type of problemswas stimulated by their various applications in
physics – for more details, see [1,2], and in particular the book by Rădulescu–Repovš [3],
and the references therein.

Before stating our main result, we review the key literature concerning singular partial
differential equations with variable exponents. Zhang [4] proved the existence of solutions
for the purely singular problem.Using variationalmethods, Saoudi [5] proved the existence
of a superlinear singular equation with variable exponent. Fan [6] investigated the multi-
plicity of solutions using topological methods. In [7,8], variational methods were used to
establish the multiplicity of solutions for singular problems with Dirichlet and Neumann
conditions, respectively (see also [9]).

The case when p is constant in problem (Pλ) has received more attention and has been
approached by different techniques. For a more general presentation, we refer to [10–16]
and the references therein.

Some interesting papers on the applications of theNeharimanifoldmethod in a variable
exponent problemhave recently been published (see, e.g. [17–19]). In the present paper, we
generalize the results of Giacomoni et al. [14] and Saoudi [15] to the problemwith variable
exponent, by using topological methods. Here is the main result of this paper.

Theorem 1.1: Suppose that conditions (A0) and (A1) are fulfilled. Then there exists λ0 > 0
such that for every λ ∈ (0, λ0), problem (Pλ) has at least two positive solutions.

This paper is organized as follows. In Section 2, we briefly review the properties of gener-
alized Lebesgue–Sobolev spaces. In Section 3, we prove the necessary lemmas. In Section 4,
we prove the existence of a minimum for the functional energy Eλ inN+

λ . In Section 5, we
prove the existence of aminimum for the functional energy Eλ inN−

λ . Finally, in Section 6,
we present the proof of our main result.

2. Generalized Lebesgue–Sobolev spaces

In this section, we recall definitions of functional spaces with variable exponents and prop-
erties of the p(x)-Laplacian operator which will be used later (for more on this topics, see
[3], and for other additional information, see [20]). Let

Lp(·)(�) =
{
u ∈ S(�) :

∫
�

|u(x)|p(x) dx < ∞
}
,

with the norm

|u|p(·) = |u|Lp(·)(�) = inf

{
λ > 0 :

∫
�

∣∣∣∣u(x)λ

∣∣∣∣
p(x)

dx ≤ 1

}
.

Then (Lp(·)(�), | · |p(·)) is a reflexive, uniform convex Banach, separable space – for details,
see [3,21].
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The variable exponent Sobolev space

W1,p(·)(�) =
{
u ∈ Lp(·)(�) : |∇u| ∈ Lp(·)(�)

}
,

can be equipped with the norm

‖u‖ = |u|p(·) + |∇u|p(·), for all u ∈ W1,p(·)(�).

Note thatW1,p(·)
0 (�) is the closure of C∞

0 (�) inW1,p(·)(�).
We denote by Lq(x)(�) the conjugate space of Lp(x)(�), where 1

q(x) + 1
p(x) = 1. For u ∈

Lp(x)(�) and v ∈ Lq(x)(�), the Hölder-type inequality∣∣∣∣
∫

�

u(x)v(x) dx
∣∣∣∣ ≤

(
1
p− + 1

q−

)
|u|p(x)|v|q(x) (1)

holds. Recall the following result.

Lemma 2.1: Consider the mapping ρp(x) : Lp(x)(�) → R defined by

ρp(x)(u) =
∫

�

|u|p(x) dx,

where (un), u ∈ Lp(x)(�), and p+ < ∞. Then the following relations hold

‖u‖Lp(x) > 1 ⇒ ‖u‖p−
Lp(x) ≤ ρp(x)(u) ≤ ‖u‖p+

Lp(x) , (2)

‖u‖Lp(x) < 1 ⇒ ‖u‖p+
Lp(x) ≤ ρp(x)(u) ≤ ‖u‖p−

Lp(x) , (3)

‖un − u‖Lp(x) → 0 if and only if ρp(x)(un − u) → 0. (4)

We state the Sobolev embedding theorem.

Theorem 2.1 (see [22,23]): Let p ∈ C(�̄) with p(x) > 1 for each x ∈ �̄ where � ⊂ RN

is an open bounded domain with Lipschitz boundary and suppose that p(x) ≤ r(x) ≤ p∗(x)
and r ∈ C(�̄), for all x ∈ �. Then the embedding W1,p(x)(�) ↪→ Lr(x)(�) is continuous.
Also, if r(x) < p∗(x) almost everywhere in �, then this embedding is compact.

Let ρ(x, s) be a Carathéodory function satisfying the following condition

|ρ(x, s)| ≤ A for a.e. x ∈ � and all s ∈ [−s0, s0], (5)

where s0 > 0 and A is a constant. Recall the following comparison principle.

Lemma 2.2 ([24, Lemma 2.3]): Let ρ(x, t) be a function satisfying (5) and increasing in t.
Let u, v ∈ W1,p(·)(�) satisfy

−�p(x)u + ρ(x, u) ≤ −�p(x)v + ρ(x, v), for all x ∈ �,

and assume that u ≤ v on ∂�. Then u ≤ v in �.
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Next, we recall the following strong maximum principle.

Theorem 2.2 ([7, Theorem 3.2]): Suppose that for some 0 < α < 1, u, v ∈ C1,α(�) we
have 0 � u, 0 � v, and

− �p(x)u − λ

uδ(x) = h(x) ≥ g(x) = −�p(x)v − λ

vδ(x) , (6)

with u = v = 0 on ∂�, where g, h ∈ L∞(�) are such that 0 ≤ g < h pointwise everywhere
in �. Assume that

∂u
∂n

> 0
∂v
∂n

> 0 on ∂�, (7)

where n is the inward unit normal on ∂�. Then the following strong comparison principle
holds:

u > v in �, and there is a positive ε such that
∂(u − v)

∂n
≥ ε on ∂�. (8)

We shall now prove the following result.

Theorem 2.3: Suppose that the domain � has the cone property and consider p ∈
C(�). Assume that b ∈ Lα(x), b(x) > 0 for x ∈ �, α ∈ C(�) and α− > 1, α−

0 ≤ α0(x) ≤
α+
0 ( 1

α(x) + 1
α0(x) = 1), δ ∈ C(�), and

0 < 1 − δ(x) <
α(x) − 1

α(x)
p∗(x), for all x ∈ �. (9)

Then the embedding W1,p(x)(�) ↪→ L1−δ(x)
b(x) (�) is compact. Moreover, there is a constant

c2 > 0 such that the following inequality holds

∫
�

b(x)|u|1−δ(x) dx ≤ c2(||u||1−δ− + ||u||1−δ+
). (10)

Proof: The proof of the first assertion is adopted from [6]. Let u ∈ W1,p(x)(�) and

r(x) = α(x)
α(x) − 1

(1 − δ(x)) = α0(x)(1 − δ(x)).

Hence, (9) implies that r(x) < p∗(x). Therefore, using Theorem (2.1), we obtain
W1,p(x)(�) ↪→ Lr(x)(�). So, for u ∈ W1,p(x)(�), we get |u|1−δ(x) ∈ Lα0(x)(�). By (1),

∫
�

b(x)|u|1−δ(x) dx ≤ c1|b|α(x)

∣∣∣|u|1−δ(x)
∣∣∣ < ∞.

This means thatW1,p(x)(�) ⊂ L1−δ(x)(�).
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On the other hand, if un ⇀ 0 weakly in W1,p(x)(�), then we have that un → 0
strongly in Lr(x)(�). Therefore,∫

�

b(x)|un|1−δ(x) dx ≤ c1|b|α(x)

∣∣∣|un|1−δ(x)
∣∣∣ → 0,

hence |un|1−δ(x),b(x) → 0 and we can conclude that

W1,p(x)(�) ↪→ L1−δ(x)
b(x) (�).

Next, we shall prove inequality (10). First, we have from above∫
�

b(x)|u|1−δ(x) dx ≤ c1|b|α(x)

∣∣∣|u|1−δ(x)
∣∣∣ < ∞.

Since 1 − δ− ≤ 1 − δ(x) ≤ 1 − δ+ and |u|1−δ(x) ≤ |u|1−δ− + |u|1−δ+
, we obtain∫

�

b(x)|u|1−δ(x) dx ≤
∫

�

b(x)|u|1−δ−
dx +

∫
�

b(x)|u|1−δ+
dx.

On the other hand, using (1), (2), (3), (4), and condition p(x) < (1 − δ−)α0(x) ≤ (1 −
δ+)α0(x) < p∗(x), we get∫

�

b(x)|u|1−δ−
dx ≤ c2|b|α(x)

∣∣∣|u|1−δ(x)
∣∣∣
α0(x)

= c2|b|α(x)|u|1−δ−
(1−δ−)α0(x)

≤ c3||u||1−δ−
.

(11)
In the same way, one gets ∫

�

b(x)|u|1−δ+
dx ≤ c4||u||1−δ+

. (12)

Hence, using (11) and (12), we have∫
�

b(x)|u|1−δ(x) dx ≤ c5(||u||1−δ− + ||u||1−δ+
)

which completes the proof of Theorem 2.3. �

Theorem 2.4: Let p ∈ C(�), suppose the boundary of domain � has the cone property and
let u ∈ W1,p(x)(�). Then there exist nonnegative constants c6, c7, c8, c9 > 0 such that the
following inequalities hold:

∫
�

a(x)|u|q(x) dx ≤
{

c6||u||q+
if ||u|| > 1,

c7||u||q−
if ||u|| < 1,∫

�

b(x)|u|1−δ(x) dx ≤
{

c8||u||1−δ−
if ||u|| > 1,

c9||u||1−δ+
if ||u|| < 1.

Proof: Theorem 2.4 follows immediately by Mashiyev et al. [17, Theorem 2.3] and
Theorem 2.3. �
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3. Some necessary lemmas

Let us define the functional Eλ : W1,p(x)
0 (�) → R by

Eλ(u)
def=

∫
�

|∇u|p(x)
p(x)

dx −
∫

�

a(x)|u|q(x)
q(x)

dx − λ

∫
�

b(x)(u+)1−δ(x)

1 − δ(x)
dx. (13)

Definition 3.1: We say that u ∈ W1,p(x)
0 (�) is a generalized solution of the equation

− �p(x)u = a(x)|u|q(x)−2u(x) + λb(x)
uδ(x) (14)

if for all ϕ ∈ C∞
0 (�) and ess inf

K
u > 0 for every compact set K ⊂ �,

∫
�

|∇u|p(x)−2∇u∇ϕ dx =
∫

�

a(x)|u|q(x)−1ϕ dx + λ

∫
�

b(x)u−δ(x)ϕ dx (15)

for all ϕ ∈ C∞
0 (�).

Obviously, every weak solution of problem (Pλ) is also a generalized solution of
Equation (14).

In many problems, such as (Pλ), Eλ is not bounded below on W1,p(x)
0 (�), but it is

bounded below on the corresponding Nehari manifold which is defined by

Nλ := {u ∈ W1,p(x)
0 (�) \ {0} : 〈E′

λ(u), u〉 = 0}.

Then u ∈ Nλ if and only if
∫

�

|∇u|p(x)
p(x)

dx −
∫

�

a(x)|u|q(x)
q(x)

dx − λ

∫
�

b(x)|u|1−δ(x)

1 − δ(x)
dx = 0. (16)

We note thatNλ contains every solution of problem (Pλ).
It is well known that the Nehari manifold is closely related to the behaviour of the func-

tions u : [0,∞) → R defined as u(t) = Eλ(tu). Such maps are called fibre maps and
were introduced by Drabek–Pohozaev [25]. For u ∈ W1,p(x)

0 (�) \ {0}, we define

u(t) =
∫

�

tp(x)|∇u|p(x)
p(x)

dx −
∫

�

a(x)tq(x)

q(x)
|u|q(x) dx − λ

∫
�

b(x)t1−δ(x)|u|1−δ(x)

1 − δ(x)
dx,

′
u(t) =

∫
�

tp(x)−1|∇u|p(x) dx −
∫

�

a(x)tq(x)−1|u|q(x) dx − λ

∫
�

b(x)t−δ(x)|u|1−δ(x) dx,

′′
u(t) =

∫
�

(p(x) − 1)tp(x)−2|∇u|p(x) dx −
∫

�

a(x)(q(x) − 1)tq(x)−2|u|q(x) dx

+ λ

∫
�

b(x)δ(x)t−δ(x)−1|u|1−δ(x) dx.

It is easy to see that tu ∈ Nλ if and only if ′
u(t) = 0 and in particular, u ∈ Nλ if and only

if′
u(1) = 0. Thus it is natural to splitNλ into three parts corresponding to local minima,
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local maxima and points of inflection defined as follows:

N+
λ := {u ∈ Nλ : ′′

u(1) > 0} =
{
tu ∈ W1,p(x)

0 (�) \ {0} : ′
u(t) = 0,′′

u(t) > 0
}
,

N−
λ := {u ∈ Nλ : ′′

u(1) < 0} =
{
tu ∈ W1,p(x)

0 (�) \ {0} : ′
u(t) = 0,′′

u(t) < 0
}
,

N 0
λ := {u ∈ Nλ : ′′

u(1) = 0} =
{
tu ∈ W1,p(x)

0 (�) \ {0} : ′
u(t) = 0,′′

u(t) = 0
}
.

Our first result is the following.

Lemma 3.1: Eλ is coercive and bounded below onNλ.

Proof: Let u ∈ Nλ and ||u|| > 1. Then, using (2)–(4) and the embeddings from
Theorem 2.1, we estimate Eλ(u) as follows:

Eλ(u) =
∫

�

|∇u|p(x)
p(x)

dx −
∫

�

a(x)|u|q(x)
q(x)

dx − λ

∫
�

b(x)|u|1−δ(x)

1 − δ(x)
dx

≥
(

1
p+ − 1

q−

) ∫
�

|∇u|p(x) dx − λ

(
1

1 − δ+ − 1
q−

) ∫
�

b(x)|u|1−δ(x) dx

≥
(

1
p+ − 1

q−

)
‖ u ‖p− −λc8

(
1

1 − δ+ − 1
q−

)
||u||1−δ+

.

Note that since 0 < δ+ < 1 and 1 − δ+ < p−, it follows that Eλ(u) → ∞ as ||u|| → ∞.
Therefore, Eλ is coercive and bounded below. �

Lemma3.2: Let u be a localminimizer for Eλ on subsetsN+
λ orN−

λ ofNλ such that u �∈ N 0
λ .

Then u is a critical point of Eλ.

Proof: Recall u is a local minimizer for Eλ under the constraint

Iλ(u) := 〈E′
λ(u), u〉 = 0. (17)

Hence, using the theory of Lagrange multipliers, we obtain the existence of μ ∈ R such
that

E′
λ(u) = μI′λ(u).

Therefore,

〈E′
λ(u), u〉 = μ〈I′λ(u), u〉 = μ′′

u(1) = 0.

So, u �∈ N 0
λ , hence ′′

u(1) �= 0. Consequently, μ = 0. The proof of Lemma 3.2 is thus
complete. �

Lemma 3.3: There exists λ0 such that for every 0 < λ < λ0, we have N±
λ �= ∅ and N 0

λ =
{0}.
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Proof: First, by Lemma 3.2, we deduce that N±
λ are nonempty for λ ∈ (0, λ0). Now,

suppose that there exists u ∈ N 0
λ such that ||u|| > 1. Using the definition ofN 0

λ , we obtain∫
�

|∇u|p(x) dx −
∫

�

a(x)|u|q(x) dx − λ

∫
�

b(x)|u|1−δ(x) dx = 0.

Combining the above equality with (17) and Theorem 2.3 in [17], we get

0 = 〈I′λ(u), u〉 =
∫

�

p(x)|∇u|p(x) dx −
∫

�

a(x)q(x)|u|q(x) dx

− λ

∫
�

b(x)(1 − δ(x))|u|1−δ(x) dx

≥ p−
∫

�

|∇u|p(x) dx − q+
∫

�

a(x)|u|q(x) dx

− (1 − δ+)

(∫
�

|∇u|p(x) dx −
∫

�

a(x)|u|q(x) dx
)
.

≥ (p− − (1 − δ+))

∫
�

|∇u|p(x) dx + (1 − δ+ − q+)

∫
�

a(x)|u|q(x) dx.

It now follows from Theorem 2.4 that

(p− − (1 − δ+))||u||p− + c10(1 − δ+ − q+)||u||q+ ≥ 0,

hence

||u|| ≥ c10
(
p− + δ+ − 1
1 − δ+ − q+

) 1
q+−p−

. (18)

In the same way, since u ∈ Nλ, we obtain∫
�

|∇u|p(x) dx −
∫

�

a(x)|u|q(x) dx − λ

∫
�

b(x)|u|1−δ(x) dx = 0

and since u ∈ N 0
λ , we have

p+
∫

�

|∇u|p(x) dx − q−
∫

�

a(x)|u|q(x) dx − λ(1 − δ+)

∫
�

b(x)|u|1−δ(x) dx ≥ 0.

Therefore,

p+
∫

�

|∇u|p(x) dx − q−
∫

�

a(x)|u|q(x) dx

− λ(1 − δ+)

(∫
�

|∇u|p(x) dx − λ

∫
�

a(x)|u|q(x) dx
)

≥ 0.

= (p+ − q+)

∫
�

|∇u|p(x) dx + λ(q+ + δ+ − 1)
∫

�

b(x)|u|1−δ(x) dx ≥ 0.

Now since ||u|| > 1, by Theorem 2.4, one has

(p+ − q+)||u||p− + c11λ(q+ + δ+ − 1)||u||1−δ+ ≥ 0,
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and therefore,

||u|| ≤ c11
(

λ
q+ + δ+ − 1
q+ − p−

) 1
p−+δ+−1

. (19)

Using (18) and (19),

c11
(

λ
q+ + δ+ − 1
q+ − p−

) 1
p−+δ+−1 ≥ c10

(
p− + δ+ − 1
1 − δ+ − q+

) 1
q+−p−

.

we get

λ ≥ c10
c11

(
p− + δ+ − 1
1 − δ+ − q+

) p−+δ+−1
q+−p−

(
q+ + δ+ − 1
q+ − p−

)
.

Then, if λ is small enough,

λ = c10
c11

(
p− + δ+ − 1
1 − δ+ − q+

) p−+δ+−1
q+−p−

(
q+ + δ+ − 1
q+ − p−

)
,

we obtain ||u|| < 1, which is impossible. Therefore, N 0
λ = {0} for all λ ∈ (0, λ0). Hence,

this completes the proof of Lemma 3.3. �

4. Existence of minimizers onN+
λ

In this section, we shall prove the existence of a minimum for the functional energy Eλ in
N+

λ . We shall also prove that this minimizer is a solution to problem (Pλ).

Theorem 4.1: There exists uλ ∈ N+
λ satisfying

Eλ(uλ) = inf
u∈N+

λ

Eλ(u),

for all λ ∈ (0, λ0).

Proof: Suppose that λ ∈ (0, λ0). Now, Eλ is bounded below on Nλ and hence also on
N+

λ . Therefore, there exists a sequence {un} ⊂ N+
λ , satisfying Eλ(un) → infu∈N+

λ
Eλ(u),

as n → ∞.
Since Eλ is coercive, {un} is bounded in W1,p(x)

0 (�). Therefore, we can assume that
un ⇀ u0 weakly inW1,p(x)

0 (�) and by the compact embedding, we obtain

un ⇀ u0 in L1−δ(x)
b(x) (�)

and

un ⇀ u0 in Lq(x)a(x)(�).

Now, we shall show that un → u0 strongly inW1,p(x)
0 (�). First, we shall prove that

inf
u∈N+

λ

Eλ(u) < 0.



144 D. D. REPOVŠ AND K. SAOUDI

Let u0 ∈ N+
λ . Then φ′′

u0(1) > 0 which gives

p+
∫

�

|∇u|p(x) dx − q−
∫

�

a(x)|u|q(x) dx − λ(1 − δ+)

∫
�

b(x)|u|1−δ(x) dx > 0. (20)

Moreover, by the definition of the functional energy Eλ, we can write

Eλ(u) ≤ 1
p−

∫
�

|∇u|p(x) dx − 1
q+

∫
�

a(x)|u|q(x) dx − λ

1 − δ+

∫
�

b(x)|u|1−δ(x) dx. (21)

Now, we multiply (17) by (−(1 − δ+)) and get

− (1 − δ+)

∫
�

|∇u|p(x) dx + (1 − δ+)

∫
�

a(x)|u|q(x) dx

+ λ(1 − δ+)

∫
�

b(x)|u|1−δ(x) dx = 0.

Invoking the above equality and (20), one gets

∫
�

a(x)|u|q(x) dx <
p+ + δ+ − 1
q− + δ+ − 1

∫
�

|∇u|p(x) dx. (22)

On the other hand, from (17) and (21), we obtain

Eλ(u) ≤ (
1
p− − 1

1 − δ+ )

∫
�

|∇u|p(x) dx − (
1
q− − 1

1 − δ+ )

∫
�

a(x)|u|q(x) dx. (23)

Then, by (22) and (23), we get

Eλ(u) < − (p− + δ+ − 1)(q+ − p−)

p−q+(1 − δ+)
||u||p−

< 0.

Now, let us assume that un � u0 strongly inW1,p(x)
0 (�). Then

∫
�

|∇u0|p(x) dx ≤ lim inf
n→∞

∫
�

|∇un|p(x) dx.

Using the compactness of embeddings, we obtain∫
�

a(x)uq(x)0 dx = lim inf
n→∞

∫
�

b(x)uq(x)n dx,∫
�

b(x)u1−δ(x)
0 dx = lim inf

n→∞

∫
�

a(x)u1−δ(x)
n dx.

Now, by (17) and Theorem 2.3 in [17], one has

Eλ(un) ≥
(

1
p− − 1

q+

) ∫
�

|∇un|p(x) dx + λ

(
1
q+ − 1

1 − δ+

) ∫
�

b(x)|un|1−δ(x) dx.
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Passing to the limit when n goes to ∞, we obtain

lim
n→∞Eλ(un) ≥

(
1
p− − 1

q+

)
lim
n→∞

∫
�

|∇un|p(x) dx

+ λ

(
1
q+ − 1

1 − δ+

)
lim
n→∞

∫
�

b(x)|un|1−δ(x) dx.

Hence, using Theorem 2.3 in [17], we get

inf
u∈N+

Eλ(u) >

(
1
p− − 1

q+

)
||u0||p− + λc5

(
1
q+ − 1

1 − δ+

)
(||u0||1−δ− + ||u0||1−δ+

)

> 0

since p− > 1 − δ+ ≥ 1 − δ− and ||u0|| > 1, which gives a contradiction. Therefore, un →
u0 strongly in W1,p(x)

0 (�) and Eλ(u0) = infu∈N+
λ
Eλ(u). This completes the proof of

Theorem 4.1. �

5. Existence of minimizers onN−
λ

In this section, we shall prove the existence of a minimum for the functional energy Eλ in
N−

λ . We shall also prove that this minimizer is a solution to problem (Pλ).

Theorem 5.1: There exists vλ ∈ N−
λ such that

Eλ(vλ) = inf
v∈N−

λ

Eλ(v),

for all λ ∈ (0, λ0).

Proof: Suppose that λ ∈ (0, λ0). Since Eλ is bounded below on Nλ hence also on N−
λ .

Therefore, there exists a sequence {vn} ⊂ N−
λ , satisfying Eλ(vn) → infu∈N−

λ
Eλ(u), as

n → ∞. Since Eλ is coercive, {vn} is bounded inW1,p(x)
0 (�).

Therefore, we can assume that vn ⇀ v0 weakly in W1,p(x)
0 (�) and by the compact

embedding, we get

vn ⇀ v0 in L1−δ(x)
b(x) (�)

and

vn ⇀ v0 in Lq(x)a(x)(�).

Now, we shall show vn → v0 strongly inW1,p(x)
0 (�). First, we shall prove that

inf
v∈N−

λ

Eλ(v) > 0.

Let v0 ∈ N−
λ . Then we have from (17),∫

�

|∇u|p(x) dx −
∫

�

a(x)|u|q(x) dx − λ

∫
�

b(x)|u|1−δ(x) dx = 0. (24)
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Moreover, by the definition of the functional energy Eλ, we can write

Eλ(v) ≥ 1
p−

∫
�

|∇v|p(x) dx − 1
q+

∫
�

a(x)|v|q(x) dx − λ

1 − δ+

∫
�

b(x)|v|1−δ(x) dx. (25)

Hence, from (24) and (25), one has

Eλ(v) ≥ 1
p−

∫
�

|∇v|p(x) dx − λ

1 − δ+

∫
�

b(x)|v|1−δ(x) dx

− 1
q+

(∫
�

|∇v|p(x) dx − λ

∫
�

b(x)|v|1−δ(x) dx
)

≥
(

1
p− − 1

q+

) ∫
�

|∇v|p(x) dx +
(

1
q+ − 1

1 − δ+

) ∫
�

b(x)|v|1−δ(x) dx

≥
(

1
p− − 1

q+

)
||v||p− + λc8

(
1
q+ − 1

1 − δ+

)
||v||1−δ+

≥
[(

1
p− − 1

q+

)
+ λc8

(
1
q+ − 1

1 − δ+

)]
||v||p−

since p− > 1 − δ+.
Hence, if we choose

λ <
(1 − δ+)(p− − q+)

c8p+(1 − δ+ − q+)
,

we obtain Eλ(v) > 0. Moreover, sinceN+
λ ∩ N−

λ = ∅ and infv∈N+
λ
Eλ(v) < 0, we see that

v ∈ N−
λ .

In the same way, if v0 ∈ N−
λ , there exists t0 satisfying t0v0 ∈ N−

λ and so Eλ(t0v0) ≤
Eλ(v0). Moreover, since

I′λ(v) =
∫

�

p(x)|∇v|p(x) dx −
∫

�

a(x)q(x)|v|q(x) dx − λ

∫
�

b(x)(1 − δ(x))|v|1−δ(x) dx,

we get

I′λ(t0v0) =
∫

�

p(x)|∇t0v0|p(x) dx −
∫

�

a(x)q(x)|t0v0|q(x) dx

− λ

∫
�

b(x)(1 − δ(x))|t0v0|1−δ(x) dx

≤ tp
+

0 p+
∫

�

|∇v0|p(x) dx − tq
−

0 q−
∫

�

a(x)|v0|q(x) dx

− λ(1 − δ+)t1−δ+
0

∫
�

b(x)|v0|1−δ(x) dx,

since 1 − δ+ < p+ < q−. By the conditions on a and b, it follows that I′λ(t0v0) < 0, so by
definitionN−

λ t0v0 ∈ N−
λ .
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Now, let us assume that vn � v0 strongly inW1,p(x)
0 (�). Using the fact that

∫
�

|∇v0|p(x) dx ≤ lim inf
n→∞

∫
�

, |∇vn|p(x) dx

one gets

Eλ(tv0) ≤
∫

�

tp(x)|∇v0|p(x)
p(x)

dx −
∫

�

tq(x)

q(x)
|v0|q(x) dx − λ

∫
�

t1−δ(x)|v0|1−δ(x)

1 − δ(x)
dx,

≤ lim
n→∞

[
tp+

p−

∫
�

|∇vn|p(x) dx − tq−

q+

∫
�

|vn|q(x) dx − λ
t1−δ+

1 − δ+

∫
�

|vn|1−δ(x) dx

]
,

≤ lim
n→∞Eλ(tvn) ≤ lim

n→∞Eλ(vn) = inf
v∈N−

λ

Eλ(v),

which contradicts with the fact that tv0 ∈ N−
λ . Hence, vn → v0 strongly inW

1,p(x)
0 (�) and

Eλ(v0) = infv∈N−
λ
Eλ(v). This completes the proof of Theorem 5.1. �

6. Proof of Theorem 1.1

Proof: ByTheorem4.1 andTheorem5.1, for allλ ∈ (0, λ0), there existu0 ∈ N+
λ , v0 ∈ N−

λ

such that

Eλ(u0) = inf
u∈N+

λ

Eλ(u)

and

Eλ(v0) = inf
v∈N−

λ

Eλ(v).

On the other hand, since Eλ(u0) = Eλ(|u0|) and |u0| ∈ N+
λ and in the same way, Eλ(v0) =

Eλ(|v0|) and |v0| ∈ N−
λ , we suppose that u0, v0 ≥ 0. Using Lemma 3.2, u0, v0 are critical

points of Eλ onW1,p(x)
0 (�) and thus weak solutions of (Pλ).

Finally, by the Harnack inequality and by Zhang–Liu [26], we obtain that u0, v0 are
nonnegative solutions of (Pλ).

It remains to prove that the solutions we obtained for Theorem 4.1 and Theorem 5.1
are distinct. Indeed, since N−

λ ∩ N+
λ = ∅, it follows that u0 and v0 are different. This

completes the proof of Theorem 1.1. �
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