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Abstract

We introduce a class of proper posets which is preserved under countable support
iterations, includes w®-bounding, Cohen, Miller, and Mathias posets associated to
filters with the Hurewicz covering properties, and has the property that the ground
model reals remain splitting and unbounded in corresponding extensions. Our results
may be considered as a possible path towards solving variations of the famous Roitman
problem.
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1 Introduction

The famous Roitman problem asks whether it is consistent that 0 = w; < a. Here, 0 is
the minimal cardinality of a subfamily of w® which is dominating with respect to the
preorder relation <* on w®, where a <* b for a, b € w® means that a(n) < b(n) for
all but finitely many n, and a is the minimal cardinality of an infinite mad subfamily
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A of [w]?, i.e., an infinite subfamily whose distinct elements have finite intersection
and which is maximal with respect to this property.

Without the restriction 9 = w1, the consistency of 0 < a has been established in a
breakthrough work of Shelah [14]. Regarding the original Roitmann problem, even its
weaker version stated in [4] remains open: Is it consistent thats = b = w; < a? Here,
s is the minimal cardinality of a splitting family, i.e., a family S C [w]® such that for
every X € [w]® there exists S € S for which both S N X and X\S are infinite, and
b is the minimal cardinality of a subfamily of w® which is unbounded with respect
to <*. It is well-known that max{b, s} < 0 and the strict inequality holds, e.g., in
the Cohen model (see [2, 15] for more information on these and many other cardinal
characteristics of the continuum).

In this paper we isolate the class of well-splitting posets (see the next section for
the definition) with properties described in the abstract, aiming at the solution of the
aforementioned weak version of Roitman’s problem. This class includes among others,
Mathias posets associated to filters on w with the Hurewicz covering property. This
motivates the following

Question 1.1 (CH) Can every mad family be destroyed by a well-splitting poset? In
particular, given a mad family A, is there a well-splitting poset P such that in V¥,
{w\A : A € A} can be enlarged to a Hurewicz filter, or more generally to a filter,
whose Mathias forcing is well-splitting ?

By our Theorem 2.8, proved in the next section, the affirmative answer to Ques-
tion 1.1 would allow one to construct a model of b =5 = w| < a = w».

Recall from [8] that a topological space X is said to have the Hurewicz covering
property (or is simply called a Hurewicz space) if for every sequence (U, : n € w)
of open covers of X there exists a sequence (), : n € w) such that each V), is a
finite subfamily of U4, and the collection {UV, : n € w} is a y-cover of X, i.e., the
set {n € w : x ¢ UV,} is finite for each x € X. It is clear that o-compact spaces
are Hurewicz, but by [9, Theorem 5.1] there also exist non-o-compact sets of reals
having the Hurewicz property. We consider each filter on @ with the subspace topology
inherited from P(w), the latter being a topological copy of the Cantor space 2¢ via
characteristic functions. As it was proved in [7], the Mathias forcing associated to a
filter F is almost w®”-bounding in terminology of [13] if and only if F is Hurewicz. It
is worth mentioning here that in general, almost w®-bounding posets can make ground
model reals non-splitting, see, e.g., [13, Lemma 1.14], so by our Lemma 2.1, almost
w®-bounding posets do not have to be well-splitting.

Building on the proof of [3, Theorem 3.1], it was established in [16] that under CH,
for every mad family A, the collection {w\A : A € A} can be enlarged to an ultrafilter
F with a certain covering property which is weaker (but similar) to the Hurewicz
one, and whose Mathias forcing does not produce any new real dominating the given
ground model unbounded subset. The construction in [16] cannot be directly used to
answer Question 1.1 since by Lemma 2.1, the Mathias forcing for ultrafilters cannot
be well-splitting because it adds an unsplit real. However, it is natural to ask how far
can one weaken the Hurewicz property of a filter so that its Mathias forcing is still
well-splitting.
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Question 1.2 Let F be a filter on w whose Mathias forcing is well-splitting. Is then F
Hurewicz? In other words, are well-splitting and almost w®-bounding equivalent for
such posets?

2 Well-splitting posets

Throughout this section we denote by Eg and E the sets of all even and odd natural
numbers, respectively. A strictly increasing function f € w® is said to well-split a set
M ifthesets {n € E; : |[f(n), f(n+1)) NY| > 2} are infinite forall ¥ € M N[w]®
and j € 2. A simple diagonalization argument shows that for every countable M there
is a function well-splitting M.

We shall say that a poset P is well-splitting if the following is satisfied: Whenever
P € M, where M is a countable elementary submodel of H(6) for any sufficiently
large 6, p € M N P, and f well-splits M, then there is some ¢ < p which is (M, P)-
generic and such that ¢ forces f to well-split M[I'], where I is the canonical name
for P-generic filter.

Lemma 2.1 Supose that P is well-splitting and G is P-generic. Then V N [w]? is
splitting and V N o® is unbounded in V[G].

Proof To see that w® N V is unbounded, let us fix a P-name /i for an element of w™®
(the family of all strictly increasing functions in w®), p € P, and pick a countable
elementary submodel M of H(6) such that P, h, p € M. Suppose that f well-splits
M and g < pis any (M, P)-generic condition which forces f to well-split M[I']. Let
hi € M be a P-name for the following function: hi(0)=1,hi(n+1)=h(hi(n)+1
for all n € w. It follows from the above that g forces the set

[:={ne€Eo:|[f(n), f(n+ 1)) Nrange(hy)| > 2}

to be infinite. Let G > g be P-generic and set [ = fG, h = sz, and h| = hf Let us
note that |[ f(min /), f(min / + 1)) Nrange(h)| > 2 yields

f(min/ +1) > f(minl) +2>minl/ +2 = (min/ + 1) + 1,

and therefore f(i) > i + 1 for every i > min 7, because f is strictly increasing.
In V[G], foreveryi € I\{min I} we can find n; € wsuchthathi(n;), hi(n;+1) €

[f @), f@i +1)). Thus!
hii+1) = h(n@)) +1 < fi+1) = @),
i.e.,

{hi(ni) i € IN{min I}} C {k : h(k) < f(K)},

I The second inequality follows from iy (n;) > f(i) =i+ 1.
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and hence & does not dominate f. Summarizing the above, we conclude that for any
p € P and P-name / for some element of w!®, there is a stronger condition ¢ and
f e ®1® NV such that q forces the set {k : fz(k) < f(k)} to be infinite. This means
precisely that o N V is unbounded in V[G] for any P-generic filter G.

To prove that [w]® NV is splitting, let us fix a P-name Y for some element of [w]®,
p € PP, and pick a countable elementary submodel M of H (6) such that P, Y, pEM.
Suppose that f well-splits M and g < p is any (M, IP)-generic condition which forces
f to well-split M[I"]. Then g forces the sets

Ij=JIfo. fo+n)yny

I’ZEE/'

to be infinite for all j € 2. Since the sets UneEj [f(n), f(n+ 1)), j €2, are disjoint,
infinite, and are both in V, this completes our proof. O

The converse of Lemma 2.1 does not hold. To get the corresponding counterexample
we shall use the standard Mathias forcing M r associated to a filter F on w defined as
follows: M r consists of pairs (s, F) suchthats € [w]=*, F € F,andmaxs < min F.
A condition (s, F) is said to be stronger than (¢, G) if F C G, s is an end-extension of
t,and s\t C G. M is easily seen to introduce a generic subset X € [w]® such that
X C* Fforall F € F, thus turning the ground model subsets of  into an unsplitting
family if F is an ultrafilter.

Each filter F on w gives rise to the filter (F)<% on fin = [w]<*\{#} generated by
{[F1=“\{#} : F € F} as abase. Standardly, by ((F)=®)" we denote the family of all
subsets X of fin such that X NY # @ forall Y € (F)=®.

Example 2.2 There exists a ccc non-well-splitting poset which preserves ground model
reals as a splitting and unbounded family. Indeed, let C,,, be the poset obtained by
adding wi-many Cohen reals by an iteration with at most countable supports and G
a C,,-generic. Let Y € V be an ultrafilter on w and U’ = {X € P(w)V0l . 3U €
UU C X)} be the filter in V[G] generated by U/ as its base. We claim that in V[G]
the poset Q := My preserves ground model reals (i.e., ([w]®)"1¢7) as a splitting and
unbounded family in V[G % H], where H is Q-generic over V[G]. Indeed, by a rather
standard argument similar to that in the proof of [12, Theorem 11], one can check that
(U")=* is +-Ramsey in V[G]in the sense of [10], i.e., for every sequence (X, : n € w)
in (U")=®)* thereisaselector (a, € X, : n € w)suchthat{a, : n € w} € (U)=*)T.
By [6, Prop. 1 and Th. 19], we get that (w®) V¢! is non-meager in (©®)"1¢*H1, This
implies that (w®)"1°1 is unbounded in V[G % H], and ([w]®) V1] is a splitting family
in V[G % H]. Indeed, if there existed b € (w®)"[9*H] bounding (w®)"1¢!, then
(@)1 € U,e Kn» Where K, = {x € @® : Vm > n(x(m) < b(m))}, and each
K, is a closed and nowhere dense subset of w®. Similarly, if B € ([w]®)VIG*H] were
unsplit by ([w]®)"1¢], then

([a)]w)V[G] C U L,V U M,,

new new
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where L, ={X Cw: XNB Cn}and M, ={X C w: B\n C X}, and each L, and
M, is easily seen to be closed and nowhere dense subset of P(w).

On the other hand, C,,, *Q adds a pseudointersection to { and hence ([w]*) V is not
a splitting family in V[G % H]. Since C,,, is well-splitting by Lemma 2.3 combined
with Corollary 2.6, we conclude that Q is not well-splitting in V[G]: If it were well-
splitting in V[G], then C,,, * Q would be well-splitting in V by Lemma 2.3, and hence
([w]®)Y would be a splitting family in V[G % H] by Lemma 2.1. ]

It is clear that each well-splitting poset is proper and an iteration of finitely many
well-splitting posets is again well-splitting. Next, we shall establish that being well-
splitting is also preserved by countable support iterations. The proof of the following
lemma is similar to that of [1, Lemma 2.8], with some additional control on the
sequence (p; : i € w).

Let us make a couple of standard conventions regarding our notation. Whenever
(Py,Qy : @ < &) is an iterated forcing construction, we denote by Piyy.a;) @ Pyq-
name for the quotient poset Py, /Py, , viewed naturally as an iteration over the ordinals
£ e a1 \og. For a Py,-generic G and a Py, -name 7, where g < o, we denote by 7@
the IP’ [otg.cey) “AME in V[G] obtained from t by partially interpreting it with G. This

allows us to speak about, e.g., IP’ lo1.2) for ag < @1 < ap < 6 and a Py, -generic filter
G. For a poset [P we shall denote the standard P-name for PP- -generic filter by I'p. We
shall write Iy, instead of I'p, whenever we work with an iterated forcing construction
which will be clear from the context. Also, I'|4(.«,) 1 @ Py, -name whose interpretation
with respect to a [Py, -generic filter G is FP(;O . , which is an element of V[G].
Lemma 2.3 [f(P,, Qq : @ < 8) € M isa countable support iteration of well-splitting
(hence proper) posets, then P is also well-splitting.

Proof The proof is by induction on §. The successor case is clear. So assume that §
is limit, p € Ps, and M > P, p is a countable elementary submodel of H(6) for a
sufficiently large 6. Pick an increasing sequence (§; : i € w) cofinal in § N M, with
8; € Mforalli € w. Letalso {D; :i € w} and {Yi 1 i € w} be an enumeration of
all open dense subsets of Ps and all Ps-names for some infinite subset of w which are
elements of M, respectively. We can assume without loss of generality, that for every
Ps-name Y € M for an element of [w]® the set {i € w : Y = Y } is infinite. Suppose
that f well-splits M. By induction on i € w we will define a condition g; € Ps; and
Ps;-names p;, ﬁ?, ﬁil such that

(i) p; is a name for an element of Ps, go -5, po < p, and gi41 k5., piv1 < pis
(i) gi+1 [ 6; = qi;
(iii) ¢; is (M, Ps,)-generic;
@iv) 1'1?, r'z} are P5,-names for natural numbers bigger than i; and
(v) gq; forces over Ps; that “p; [ 8; € I's,, p; € D; N M, and p; forces over [Ps that
il € Ejand |[f(2)), f(A! + 1)) NY;| > 2forall j € 2”.

Suppose now that we have constructed objects as above and set ¢ = | J;,, gi. Since
gi = q | &; forces over Py, that p; [ 6; € I'5; and g; 41 IF5,,, piy1 < p; foralli, a
standard argument yields that g is (M, Ps)-generic and ¢ IF5 p; € T's for all i € w,
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1000 D.Repovs, L. Zdomskyy

see, e.g., the proof of [1, Lemma 2.8] for details. Then g forces that ty := {n € Ej :
ILf (). f(r+1)NY| =2} and 7y == {n € Ey : |[[f(n), f(n+ 1) N Y| = 2} are
infinite for any Ps-name Y for an infinite subset of w: Given Ps-generic G > ¢, note
that p; := p € G for all i. Now (v) implies n?
that Y = Y;, where nl] = (ﬁ{)G.

Returning now to the inductive construction, assume that g; € Ps;, Ps,-names
Dis 1'1?, nll satisfying (i)-(v) have already been constructed. Let G5, be Ps;-generic

er;;forallj € 2and i € w such

Gs,
containing g; and p; = p; e PsNM.By (v) we know that p; | §; € Gs,. In V[Gy;, ]
let p! € MND; 4 besuchthat p! < p;and p; [ §; € G5,. By the maximality principle
we get a Ps;-name p; for a condition in Ps such that ¢; IF5, “p! < p;, pi € MN Djq,
and p; [ & € [y,

Given a s, -generic filter R, construct in V[R] a decreasing sequence (ry, : m €
w) € M][R] of conditions in Pfgmﬁ) below (15; [ [8i+1, 8)% such that 'for some
a,;, € [w]™ we have ry, H_Pffs N “ay, is the set of the first m elements of Y;41”. By

i1
the maximality principle we get a sequence (o, : m € w) € M of Ps, -names for

elements of Ps,, , s5) such that

||_8,~+1 [pm+1 < pm AJvy € [w]m (om H_PI(Y,*H,S)

“vp 1s the set of the first m many elements of fG.H ”)].

In the notation used above, let Z be a P, ,1-name for  J v, and note that Z is a
IPs;, ,-name for an infinite subset of w.
Let again G5, be Ps;-generic containing ¢; and p; = ([3;)05:’ e PsNMN Djy.

It also follows from the above that p; [ §; € Gs,. For a while we shall be working in

mew

Gs.
VI[Gs,]. Since by our inductive assumption P[aff 5141 is well-splitting in V[Gyg, |, there

) Gs; . ..
exists a (M[Gs, 1, IP’[;”SM))-genenc condition 7 < plf [ [8i, (SH_I)G%‘ such that

mlk 6, Ti={neE;|[f(), fln+1)NZ%|>2}

[8:8i+1)

Gs, .
is infinite for all j € 2. Let H be ]P’[;’ am)—generic over V[Gs,;] containing 7, and

nljﬂ € r]H\(i +2), where j € 2.In V[Gs, * H] pick m € w such that

Gs;xH  Gs. i - Gs;xH i
= pm I Gyen 290 f(max(nl ) + D=Y,2 N f(max(nl, ) +1).
87-11.8) je2 je2

In M[Gs,] pick a condition s € M[G]N H below p; [ [8i, 8,'+1)G5i , forcing the above
J

properties of n;  ;,

7j, and p,,, where j € 2. By the maximality principle we obtain

Gs; . . Gs; Gs;
P[ai’gm)-‘names s and p in M[Gs,] for some elements of P[S;,5i+1) and P[8i+1,8)’ and
names 7, , for natural numbers such that

i+1
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On well-splitting posets 1001

7l Gy § € M[G,g]ﬂF AS <P I8 8ia)C% ASIF

P[5i~5i+1) 8 8+I)

Gs
Prs;.8i41)

5/ . Gs;
PP T, O Apleg 56 (D
Vj€20f Gl ). fG, +D)NYi] = 2.

Using the maximality principle again, we can find P5,-names for the objects appearing
in Eq. (1) such that g; forces this equation. We shall use the same notation for these
names. It remains to set q,_H =g, mand pj11 = p, | §;"5"p and note that they

together with the names n 410 J € 2, satisfy (i)-(v) fori + 1. m|

By a Miller tree we understand a subtree T of w=® consisting of increasing finite
sequences such that the following conditions are satisfied:

e Every ¢t € T has an extension s € T which is splitting in T , i.e., there are more
than one immediate successors of s in T;
e If s is splitting in 7', then it has infinitely many successors in 7.

The Miller forcing is the collection M of all Miller trees ordered by inclusion, i.e.,
smaller trees carry more information about the generic. This poset was introduced in
[11]. For a Miller tree T we shall denote the set of all splitting nodes of T by Split(T').
Split(T) may be written in the form [ J ico SPlit; (T), where

Split; (T) = {r € Split(T) : |{s € Split(T) : 5 C 1}| = i}.

If To, Ty € M, then 71 <; To means T < Tp and Split; (77) = Split; (Tp). It is easy
to check that for any sequence (T; : i € w) € M?, if T;;1 <; T; for all i, then
miew Ti € ML

For a node ¢ in a Miller tree T we denote by T; the set {s € T : s is compatible
with ¢}. It is clear that T; is also a Miller tree.

Lemma 2.4 The Miller forcing M is well-splitting.

Proof Let N be an elementary submodel of H(#) and T € M N N. Let {Yi 1l € w}
be an enumeration of all M-names for infinite subsets of w which are elements of
N, in which every such name appears infinitely often. Let also {D; : i € w} be
an enumeration of all open dense subsets of M which belong to N. Suppose that
f € w® well-splits N. We shall inductively construct a sequence (7; : i € w) such
that 7,41 <; T; and Too = ();, i is as required. Set Ty = T and suppose that
T; has already been constructed. Moreover, we shall assume that (7;); € N for all
t € Split;(T;). Let {t; : j € w} be a bijective enumeration of Spht (T;). For every j

and k € w such that t;"k € T; fix a decreasing sequence (Sy TR e w) € N of
elements of D; below (T;);, -4 such that each SEIK decides some ai e [w]” to be

the set of the first n many elements of ¥;. Thus Y*-/'F := (., ay* e NN w,
and hence there are E,, 5 mjy 5 > i such that

LF i35, FomimE 4 1) Ny *) > 2
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1002 D.Repovs, L. Zdomskyy

for all p € 2. Let n(i, j, k) be such that

i,j.k
n(i,j.k),p

i,j.k i,j.k
Y© Pt Nmax f(m) nGi. k)

pe2

+1)Ca

and set
k . N
T =0 et ke T,

This completes our inductive construction of the fusion sequence (7; : i € w). We
claim that Ty, is as required. First of all, Ty, is (N, M)-generic because the collection

U{Si’(é’]; o j € w,t;"k € T;}is a subset of D; and predense below T;41 (and hence

also below Tw). Now fix a M-name ¥ € N for an element of [w]® and suppose to the
contrary, that there exist i € w, p € 2, and R < T that forces |[ f(m), f(m + 1)) N
Y| < 1 for all E, > m > i. Enlarging i, if necessary, we may assume that Y =Y.

Passing to a stronger condition, if necessary, we may assume that R < (7; )tk for
i j k ’

ik and the latter

some i, j € w and k such that t;"k € T;. But then R < S,
condition forces

ILF Oms), £t +10) N0 = Ui, fomplt + )0 ¥ = 2,
which leads to a contradiction since m'n’pk has been chosen to be above i. This con-
tradiction completes our proof. O

In the proof of the next lemma we shall work with clopen subsets of P(w) of the
form 1t s ={X Cw:s C X}, where s € [w]=“.

Lemma 2.5 Suppose that F is a Hurewicz filter. Then M r is well-splitting.

Proof Suppose that f well-splits M < H(0), and F € M. We shall prove that
any (so, Fo) € Mx N M forces that f well-splits M[I']. This suffices because all
conditions in M £ are (M, M r)-generic. Suppose, contrary to our claim, that there
exists (s1, F1) < (sg, Fp) such that

(s1, F1) IF 3o3j3ng (U EMN[w®ANjE2ANR)EDA
AVn € Ej\ng (I[f(n), f(n+ 1)) No| < 1))~

Replacing (s1, F1) with a stronger condition, if necessary, we may fix j € 2, ng € w,
and a M r-name Y € M for an infinite subsets of @ such that

(s1, F1) I Vn € Ej\no (ILf (), f(n+ D) NY| < 1).
Let ¢ € M be a name for a function such that g(n) is forced to be the nth element of
Y. For every m € w let S, be the set of all s € [Fp\(max s; + 1)]=“ such that there

exist Fy € F with the property that (s; U s, Fy) forces g(m + 1) to be equal to some
ls.m € w. Itis clear that for every F' € F there exists s € S, such that s C F. In
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On well-splitting posets 1003

other words, Uy, := {1 s: s € S, } is an open cover of F. Since F is Hurewicz, there
exists for every m, a finite V,, C Uy, such that {{JV,,: m € w} is a y-cover of F. Let
T € [Sp]=¢ besuch that V,, = {1 s: s € T} and h(m) = max{l; p,: s € Ty} + 1.
By elementarity, we can in addition assume that (Uy,, Vi, S, Ty : m € 0) € M as
wellash € M.

Set 4/(0) = h(0) and h'(m + 1) = h(h'(m)) for all m € w. Let mg be such that
for every m > my there exists s € S,, N P(F}). Set n; = max{ng, h'(mg)}. Since f
well-splits M, the set I :={n € E; : |[f(n), f(n+ 1)) Nrange(h')| > 2} is infinite.
In particular, it contains some n> > n1. Thus there exists m € w such that

) < h'(m) < W'(m+1) = h(h'(m)) < f(n2).

Now, f is strictly increasing, hence by the definition of n1, we have that m > m, and
therefore there exist s € Sp/(,) N P(F1). Thus there exists Fy € F such that

(s1Us, Fs) 1= g(h' (m) + 1) = Ly wmy < h(h'(m)) < f(n2).

Also, {s1 Us, Fy) IF g(h'(m)) > h'(m) > f(ny). It follows from the above that
(s1Us, Fy) forces that [ f(n2), f(n2)+ 1) contains at least two elements of Y, namely
the h’'(m)-th and h'(m) + 1-st. On the other hand, (s; U s, Fy) is compatible with
(s1, F'1) because s C F1 and max sy < mins, np > ng, h2 € Ej, and (s1, F) forces
If(n), fr4+1)N Y| < 1foralln e E j\ng. In this way two compatible conditions
(s1, F1) and (s; Us, F) force contradictory facts, which is impossible. This completes
our proof. O

Let us mention that there is another property of posets M £ for Hurewicz filters F
which is preserved by finite support iterations and which guarantees that the ground
model reals remain splitting and unbounded, see [5, Prop. 84].

Corollary 2.6 The Cohen forcing is well-splitting.

Proof The Cohen forcing is isomorphic to any countable atomless poset, in particular
to Mz, where §r is the Fréchet filter consisting of all cofinite subsets of w. It remains
to note that §r is Hurewicz. O

Recall that a poset P is w®-bounding if w® NV is dominating in V¥
Lemma 2.7 Every proper w®-bounding poset P is well-splitting.

Proof Let us fix a P-name Y for an element of [@]®, p € P, and pick a countable
elementary submodel M of H (6) such that P, ¥, p € M. Suppose that f well-splits
M and g < pis any (M, IP)-generic condition. Let ¢ € M be a name for the function
in w® which is the increasing enumeration of Y. Since P is w®-bounding and g is
(M, P)-generic, there exist kg € w and h € M N w'® such that ¢ IF “g(k) < h(k)
for all k > ko”. Let h1 € M be the following function: 71(0) = 0, h1(n + 1) =
h(h(h1(n))) + 1 for all n € w. Let G be P-generic containing ¢ and Y, g be the
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evaluations of ¥, ¢ with respect to G, respectively. It follows from the above that the
set

I:={i € Eo:|[f@),fG+1)Nrange(hi)| =2}

is infinite. For every i € [ we can find n; € o such that hi(n;),h1(n; + 1) €
[f@), fG+1)). Thusifi > ko then we have

f@) = hi(ni) < g(hi(ni)) < h(hi(n;)) < g(h(hi(n;)))
< h(h(h1(ni))) = hi(ni +1) < f(@),

and hence |[f (i), f(i + 1)) N Y| > 2 because g(h1(n;)), g(h(hi(n;))) belong to the
latter intersection. Therefore in V[G]wehave I C {i € Eo : |[[f(i), fG+1))NY| >
2}. Since G > g was chosen arbitrarily, we can conclude that g forces the set

{neEg:|lfm), fa+1)NY|=2)

to be infinite. Analogously, we can conclude that g forces also the set
neEr:llf@), fa+1))NY| =2}

to be infinite, which completes our proof. O

Summarizing the results proved in this section, we get the main result of this paper.

Theorem 2.8 The class of all well-splitting posets preserves ground model reals split-
ting and unbounded, is closed under countable support iterations, and includes
w®-bounding, Cohen, Miller, and Mathias forcing associated to filters with the
Hurewicz covering properties.
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