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We consider a class of nonautonomous cellular neural networks (CNNs) with mixed delays, to study the solutions of these systems
which are type pseudo almost periodicity. Using general measure theory and the Mittag-Leffler function, we obtain the existence
of unique solutions for cellular neural equations and investigate the Mittag-Leffler stability and attractiveness of pseudo almost
periodic functions. We also present numerical examples to illustrate the application of our results.

1. Introduction

Due to the many applications of neural cell networks in var-
ious fields, these systems have been extensively studied.
Image processing, robotics, optimization, etc. are among
the fields used by these differential systems [1–4]. Due to
the importance of network systems, stability analysis and
synchronization control for these systems have always been
considered by many researchers who have studied these sys-
tems with different tools. For example, we can mention
[5–8], where Lyapunov functions have been used as a tool
for these synchronization analyses.

We shall introduce a neural cellular system and
investigate the solutions of this differential equation,
which are of the ϕ-pseudo almost periodic type (for
more details, see [9–11]). Assume that ϕ is a measure,
η is a positive measurable function in ℝ, and ϕ1 is sin-
gular Lebesgue measure. Here, measure ϕ is defined by
dϕðyÞ = ηðyÞdy + dϕ1ðyÞ:

The cellular neural system with mixed delay is described by

zp′ yð Þ = −ep yð Þzp yð Þ + 〠
n

q=1
�ϑpq yð Þ�Θq zq yð ÞÀ Á

+ 〠
n

q=1
ϑpq yð ÞΘq zq y − ζpq

À ÁÀ Á

+ 〠
n

q=1
hpq yð Þ

ð∞
0
ψpq rð Þ bΘq zq y − rð ÞÀ Á

dr + Lp yð Þ, for y ∈ℝ:

ð1Þ

This system with the initial value is expressed as follows:

zp′ yð Þ = −ep yð Þzp yð Þ + 〠
n

q=1
�ϑpq yð Þ�Θq zq yð ÞÀ Á

+ 〠
n

q=1
ϑpq yð ÞΘq zq y − ζℓj

À ÁÀ Á

+ 〠
n

q=1
hpq yð Þ

ð∞
0
ψpq rð Þ bΘq zq y − rð ÞÀ Á

dr + Lp yð Þ, for y ≥ 0,

ð2Þ

zp yð Þ = ξp yð Þ, for y ≤ 0: ð3Þ
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The parameters in this equation are as follows:

(i) zpðyÞ is the p-th neuron state

(ii) epðyÞ represents the rate of decay,

(iii) Real functions �Θp,Θp, bΘp are activation functions
of the p-th neuron

(iv) LpðyÞ is the input

(v) ζpq are the delays that are constant

(vi) ψpq is the transmission delay kernel

Considering a special case of the stated measure, i.e.,
dϕðyÞ = ηðyÞdðyÞ, ϕ1 = 0, the ϕ-pseudo almost periodic
solutions of the above system are of the weighted pseudo
almost periodic functions type.

In the present paper, we shall derive some sufficient
conditions for existence and uniqueness results for cellular
neural equations [3, 12–14]. We first state the basic con-
cepts and then obtain the unique solution for equation
(1). In the sequel, we prove our main results, i.e., the
Mittag-Leffler stability and attractiveness of ϕ-pseudo
almost periodic solutions of equation (2), which improves
upon and extends [11, 15–20].

We conclude the introduction by describing the struc-
ture of the paper. In Section 2, we collect the preliminary
information. In Section 3, we present several examples of
interesting measures. In Section 4, we prove our first main
result (Theorem 19). In Section 5, we prove our second
main result (Theorem 21). In Section 6, we prove our
third main result (Theorem 23). In Section 7, we present
some applications.

2. Preliminaries

We denote the space of all positive measures on Lebesgue
ψ-field A with N . If μ is a positive measure, then we have

(i) ϕðℝÞ = +∞

(ii) ϕð½ℓ, j�Þ <∞, for all ℓ, j ∈ℝðℓ ≤ jÞ
Considering BCðℝ,YÞ as the space of all continuous

and bounded functions, as well as the supremum norm
kgk∞ = supy∈ℝkgðyÞk, we have a Banach space.

Definition 1. The Mittag-Leffler function is defined by

Eλ gð Þ = 〠
∞

ς=0

gς

Γ ςλ + 1ð Þ , ð4Þ

where λ is a real number, λ ≤ 0, and g is a complex variable.

The generalization of EλðgÞ is defined as

Eλ,μ gð Þ = 〠
∞

ς=0

gς

Γ ςλ + μð Þ , ð5Þ

where λ, μ ∈ℂ, Re ðλÞ > 0, Re ðμÞ > 0:

Definition 2. If 0 < λ ≤ 1 and ν is a complex number, then

coshλ νxλ
� �

= 〠
∞

ς=0

ν2ςx2ςλ

Γ 2ςλ + 1ð Þ ð6Þ

is called the λ-order fractional hyperbolic cosine function
and

sinhλ νxλ
� �

= 〠
∞

ς=0

ν2ς+1x 2ς+1ð Þλ

Γ 2ς + 1ð Þλ + 1ð Þ ð7Þ

is called the λ-order fractional hyperbolic sine function.

Proposition 3. Assume that 0 < λ ≤ 1: Then,

coshλ νxλ
� �

= Eλ νxλ
À Á

+ Eλ −νxλ
À Á

2
,

sinhλ νxλ
� �

= Eλ νxλ
À Á

− Eλ −νxλ
À Á

2
:

ð8Þ

Definition 4. A continuous function g : ℝ⟶Y is said to be
almost periodic if kgðy + ζÞ − gðyÞk < ϖ, for all y ∈ℝ, ϖ > 0,
ζ ∈ ½ℓ, j�.

Definition 5. Let ϕ ∈N . A bounded continuous function
g : ℝ⟶Y is said to be ϕ-ergodic if

lim
u⟶+∞

1
ϕ −u, u½ �ð Þ

ðu
−u

g yð Þk kdϕ yð Þ = 0: ð9Þ

Definition 6. Suppose that ϕ ∈N , k, and ω are almost
periodic and ϕ-ergodic functions, respectively. Then,
g : ℝ⟶Y is a ϕ-pseudo almost periodic function,
provided that g = k + ω:

We denote the space of all almost periodically functions
by AP ðℝ,YÞ, the space of all ϕ-ergodic functions by
Eðℝ,Y , ϕÞ, and the space of all ϕ-pseudo almost periodic
functions by PAP ðℝ,Y , ϕÞ. All these spaces, equipped
with the supremum norm, are Banach spaces. Also, we
have AP ðℝ,YÞ ⊂PAP ðℝ,Y , ϕÞ ⊂BCðℝ,YÞ; for more
details, see [9].

Definition 7. Let z∗ðyÞ = fz∗p ðyÞgnp=1 be a solution of equation

(2), with initial value fz∗p ðyÞ: y ≤ 0g. Suppose that for every
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solution zðyÞ = fzpðyÞgnp=1 of equation (2) with initial value

ξ = fξpðyÞg, there exist constants γ > 0 and Wξ > 1 such that

zp yð Þ − z∗y yð Þ
��� ��� ≤Wξ ξ − z∗k k1 〠

∞

ς=0

−γyð Þς
Γ ςλ + 1ð Þ , ð10Þ

for all y > 0, p = 1, 2, 3,⋯, n, where

ξ − z∗k k1 = sup
−∞≤c≤0

max
p=1,2,3,⋯,n

ξp cð Þ − z∗p cð Þ
��� ���: ð11Þ

Then, the property of Mittag-Leffler stability holds for z∗.

We can derive the Mittag-Leffler attractiveness from the
Mittag-Leffler stability; for more details, see [21–27].

Definition 8. Let z∗ðyÞ = fz∗p ðyÞgnp=1 be a solution of equation

(2), with initial value fz∗p ðyÞ: y ≤ 0g. Suppose that there
exists ρ > 0 such that

lim
y⟶+∞

〠
∞

ς=0

ϱyð Þς
Γ ςλ + 1ð Þ z yð Þ − z∗ yð Þk k = 0, ð12Þ

for any solution zðyÞ = fzpðyÞgnp=1 of equation (2). Then, the

property of Mittag-Leffler attractiveness holds for z∗.
If the Mittag-Leffler stability for any solution of equation

(2) is established, then z depends on its initial value fzðyÞ:
−∞<y ≤ 0g.

Definition 9. The convolution of functions v and x from ℝ to
ℝ, if any, is defined as follows:

v⋆xð Þ yð Þ≔
ð+∞
−∞

v rð Þx y − rð Þdr, ð13Þ

where ϕ ∈N and for p, q = 1, 2, 3,⋯, n, �ϑpq, ϑpq, hpq, Lp ∈
PAP ðR,ℝ, ϕÞ, and ep ∈AP ðR,ℝÞ.

Definition 10 (see [28]). Let ðG,AÞ be a Borel space. If ϕ and
τ are measures on ðG,AÞ, we say that ϕ and τ are mutually
singular, if there exist disjoint sets R and D in A such that
G = R ∪D and τðRÞ = ϕðDÞ = 0:

Definition 11 (see [28]). Assume that ϕ and τ are measures
on the Borel space ðG,AÞ. We say that τ is absolutely contin-
uous relative to ϕ, provided that ðϕðRÞ = 0Þ⇒ ðτðRÞ = 0Þ, for
each R ∈A .

Following Lebesgue-Radon-Nikodym [28], we assume
that dϕðyÞ = ηðyÞdy + dϕ1. We impose the following
assumptions for every p = 1, 2, 3,⋯, n:

(I1) �Θq,Θq,Θq are globaly Lipschitzian with Lipschitz

constants T
�Θ
q ,T Θ

q , and T
bΘ
q , respectively

(I2) ψpq : ℝ
+ ⟶ℝ is bounded and continuous

(I3) There exists n > 0 such that

ψpq yð Þ
��� ���〠∞

ς=0

nyð Þς
Γ ςλ + 1ð Þ ð14Þ

is integrable on ℝ+

(I4) For the bounded interval L and all ζ ∈ℝ, there exists
ε > 0 such that ϕðR + ζÞ ≤ εϕðRÞ, when R ∈A
satisfies R ∩ L =∅

(I5) There exist êp ∈BCðℝ, ½0,+∞ÞÞ,Op > 0, such that

〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ ≤Op 〠
∞

ς=0

−
Ð y
bêp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ , for all y, b ∈ℝ, y ≥ b,

ê+p = sup
y∈ℝ

êp yð Þ, ê−p = inf
y∈R

êp yð Þ > 0

ð15Þ

(I6) There exist êp ∈BCðℝ, ½0,+∞ÞÞ,Op > 0, κp > 0 and
σp > 0 such that

(I7) There exist êp ∈BCðℝ, ½0,+∞ÞÞ,Op > 0, κp > 0 and
σp > 0 such that

0 < max
p=1,2,3,⋯,n

ê+p
ê−p

−
κp
ê+p

( )
< 1 ð17Þ

(I8) For all ℓ, j, i ∈ℝ such that 0 ≤ ℓ < j ≤ i, there exist
ζ0 ≥ 0 and λ0 > 0 such that

ζj j ≥ ζ0 ⟹ ϕ ℓ + ζ, j + ζð Þð Þ ≥ λ0ϕ ζ, i + ζ½ �ð Þ ð18Þ

sup
r∈ℝ

−êp yð Þ +Op σ−1
p 〠

n

q=1
�ϑp yð Þ�� ��T �Θ

q + ϑpq yð Þ�� ��T σ
q + T̂

bΘ
q hp yð Þ�� ��ð∞

0
ψp rð Þ
��� ���dr� �

σq

" #( )
≪−κp < 0 ð16Þ
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Hypothesis ðI4Þ implies hypothesis ðI8Þ, whereas the
converse is not true. Also, if hypothesis ðI8Þ holds, then
ðPAP ðℝ,ℝn, ϕÞ, k·k∞Þ is a Banach space. If hypothesis
ðI4Þholds, then for any g ∈PAP ðℝ,ℝn, ϕÞ,ζ ∈ℝ, gðy − ζÞ
∈PAP ðℝ,ℝn, ϕÞ,U ∈Eðℝ,ℝ, ϕÞ, and E ∈ L1ðℝÞ, we have
E⋆U ∈Eðℝ,ℝ, ϕÞ. The proofs can be found in [9].

Theorem 12 (see [29]). For any integrable function g :
ℝ⟶ℝsuch thatg ∈AP ðℝ,ℝÞ, we haveg⋆k ∈AP ðℝ,ℝÞ:

Theorem 13 (see [30]). For any ζ on the interval with posi-
tive length lϱ and any ϱ > 0, we have

g y − ζð Þ − g yð Þk k < ϱ, k y − ζð Þ − k yð Þk k < ϱ, ð19Þ

where g, k ∈AP ðℝ,ℝÞ, for all y ∈ℝ. In particular, kg ∈
AP ðℝ,ℝÞ:

Remark 14. For a globally Lipschitzian mapping Q :
Y ⟶Zsuch that Y and Z are Banach spaces and every
almost periodic functions ω, we have Q ∘ ω ∈AP ðℝ,YÞ,
which means that Q ∘ ω is an almost periodic function.

3. Examples of Measures Satisfying Hypotheses
ðI4Þ and ðI8Þ

Next, we shall introduce three examples of measures which
satisfy hypotheses ðI4Þ and ðI8Þ.

Example 15 (see [9]). We consider a measure ϕ ∈N which is
not absolutely continuous and satisfies ðI8Þ. This measure is
defined as dϕðyÞ = dy + dx, where dy is a measure of the
Lebesgue type. Also, x is the measure on ðℝ,AÞ, which in
A is the ψ-field of the Lebesgue type. This measure is
defined as follows:

x Rð Þ =
card R ∩ℤð Þ, if R ∩ℤ is finite,
∞, if R ∩ℤ is infinite:

(
ð20Þ

Example 16. Consider the following measure:

dϕψ,ϰ yð Þ = 〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy + ϰ 〠

∞

n=−∞
〠
∞

ς=0

ψnð Þς
Γ ςλ + 1ð Þ

 !
δn,

ð21Þ

where ψ ≥ 0, ϰ > 0, and according to the integer n, δn is a
Dirac measure (DM), and

〠
∞

n=−∞
〠
∞

ς=0

ψnð Þς
Γ ςλ + 1ð Þ

 !
δn ð22Þ

is a generalized Dirac comb (GDC). When ψ = 0, this mea-
sure is called a Dirac comb (DC).

Since ½ζ, b + ζ� ⊂ ½ζ, ½b� + 1 + b�, we shall show that ðI8Þ is
satisfied for b > 0, such that b ≥ j :

ϕψ,ϰ ζ, b + ζ½ �ð Þ =
ði+ζ
ζ

〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy + ϰ 〠

n∈ ζ,b+ζ½ �
〠
∞

ς=0

ψnð Þς
Γ ςλ + 1ð Þ

 !

≤ 〠
∞

ς=0

ψς b + ζð Þς+1/ς + 1 − ζς+1/ς + 1
� �

Γ ςλ + 1ð Þ

+ ϰ 〠
b+ζ

n= ζ½ �
〠
∞

ς=0

ψnð Þς
Γ ςλ + 1ð Þ

 !

= 〠
∞

ς=0

ψς b + ζð Þς+1/ς + 1 − ζς+1/ς + 1
� �

Γ ςλ + 1ð Þ

+ ϰ〠
∞

ς=0

ψζð Þς
Γ ςλ + 1ð Þ〠

b

z=0
〠
∞

ς=0

ψzð Þς
Γ ςλ + 1ð Þ

 !

= 〠
∞

ς=0

ψð Þς
Γ ςλ + 1ð Þ

b + ζð Þς+1
ς + 1 −

ζ

ζ + 1

 !"

+ ϰ ζð Þς 〠
b

z=0
〠
∞

ς=0

ψzð Þς
Γ ςλ + 1ð Þ

 !#
:

ð23Þ

We also have that

ϕψ,ϰ ℓ + ζ, ȷ + ςð Þ ≥
ðȷ+ζ
ℓ+ζ

〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy

= 〠
∞

ς=0

ψð Þς
Γ ςλ + 1ð Þ

ȷ + ςð Þς+1
ς + 1 −

ℓ + ζð Þς+1
ς + 1

 !
:

ð24Þ

The conclusion follows with ζ0 = 0 and

ϱ0 =
∑∞

ς=0 ψð Þ/Γ ςλ + 1ð Þð Þ ȷ + ζð Þς+1/ ς + 1ð Þ
� �

− ℓ + ζð Þς+1/ ς + 1ð Þ
� �� �

∑∞
ς=0 ψð Þ/Γ ςλ + 1ð Þð Þ b + ζð Þς+1/ ζ + 1ð Þ

� �
− ζ/ ζ + 1ð Þð Þ

� �
+ ϰ ζð Þς∑b

z=0 ∑∞
ς=0 ψzð Þς/Γ ςλ + 1ð Þð ÞeÀ Áh i : ð25Þ
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This means that ðPAP ðℝ,ℝn, ϕψ,uÞ, k:k∞Þ is a Banach
space.

The measure ϕψ,u does not satisfy ðI4Þ. In the sequel, we
shall prove this. Let

D = ∪∞
n=−∞ n −

1
2 − ϱn, n −

1
2 + ϱn

� �
,

ϱ = 1
ψ

sinh−1 1
2 nj j+1∑∞

ς=0 ψnð Þς/Γ ςλ + 1ð Þ

 !
,

ζ = 1
2 :

ð26Þ

Then, D + ζ = ∪∞
n=−∞ðn − ρn, n + ρnÞ contains ℤ and

ϕψ,ϰ D + ζð Þ = 〠
∞

n=−∞

ðn+ϱn
n−ϱn

〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy + 〠

∞

n=−∞
〠
∞

ς=0

ψnð Þς
Γ ςλ + 1ð Þ

= 〠
∞

n=−∞

1
2 nj j+1 +∞ =∞,

ð27Þ

provided that D ∩ℤ =∅. Now,

ϕψ,u Dð Þ = 〠
∞

n=−∞

ðn+1/2+ρn
n−1/2+ρn

〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy + 0

= 〠
∞

ς=0

ψ/2ð Þς
Γ ςλ + 1ð Þ 〠

∞

n=−∞

1
2 nj j+1 <∞:

ð28Þ

Therefore, if R =D/L, where L is a bounded interval,
we obtain

ϕψ,ϰ R + ζð Þ ≥ 〠
n∈ℤ/L

〠
∞

ς=0

ψnð Þς
Γ ςλ + 1ð Þ =∞, ð29Þ

provided that ϕψ,ϰðRÞ ≤ ϕψ,ϰðDÞ <∞.

Example 17. We consider the following measure for ϕ ∈N ,
ψ ⩾ 0, ϰ > 0,

dϕψ,ϰ yð Þ = 〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ d y + ϰ〠

∞

n=1

1
n2

δ1/n, ð30Þ

where δ1/n is the Dirac measure at 1/n and satisfying ðI4Þ.

For ζ ∈ℝ, let L = ð−1 − jζj, 1 + ζ�. We can easily see that
R ∩ L =∅, R ∩ ½0, 1� =∅ and also ðR + ζÞ ∩ ½0, 1� =∅. Then,

ϕ R + ζð Þ =
ð
R+ζ

〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy + 0

= 〠
∞

ς=0

ψð Þς
Γ ςλ + 1ð Þ

ð
R+ζ

yςdy
� �

= 〠
∞

ς=0

ψð Þς
Γ ςλ + 1ð Þ

R + ζð Þς+1
ς + 1

= 〠
∞

ς=0

ψð Þς
Γ ςλ + 1ð Þ

R + ζð Þς+1
ς + 1ð Þ R + ζð Þς+1ζ−ςR− ς+1ð Þ

= 〠
∞

ς=0

ψζð Þς
Γ ςλ + 1ð Þ

Rς+1

ς + 1 = ϕ Rð Þ:

ð31Þ

The conclusion now follows with ϑ = 1:

4. On the Integral Solution of Equation (34)

Proposition 18. Assume that ðI1Þ and ðI2Þ hold. If zq ∈
BCðℝ,ℝÞ, then

ϑpq yð ÞΘq zq y − ζpq
À ÁÀ Á

∈BC ℝ,ℝð Þ, �ϑpq yð Þ�Θq zq yð ÞÀ Á
∈BC ℝ,ℝð Þ,

hpq yð Þ
ð∞
0
ψpq rð Þ bΘq zq y − rð ÞÀ Á

dr ∈BC ℝ,ℝð Þ,

ð32Þ

for p, q = 1, 2, 3⋯ , n:
Assume further that ðI1Þ, ðI2Þ, and ðI4Þ hold. If zq ∈

PAP ðℝ,ℝ, ϕÞ, then

ϑpq yð ÞΘq zq y − ζpq
À ÁÀ Á

∈PAP ℝ,ℝ, ϕð Þ, �ϑpq yð Þ�Θq zq yð ÞÀ Á
∈PAP ℝ,ℝ, ϕð Þ,

hpq yð Þ
ð∞
0
ψpq rð Þ bΘq zq y − rð ÞÀ Á

dr ∈PAP ℝ,ℝ, ϕð Þ:

ð33Þ

Proof. This follows from [15] (Theorem 4.1).
In the sequel, we set �zpðyÞ = σ−1y zðyÞ. Then, equation (1)

is transformed into the following system:

�zp yð Þ = −ep yð Þ�zp yð Þ + σ−1p 〠
n

q=1
ϑp yð Þ�Θq σ�zp yð ÞÀ Á

+ σ−1p 〠
n

q=1
ϑpq yð ÞΘq σ�zq y − ζpq

À ÁÀ Á

+ σ−1p 〠
n

q=1
hpq yð Þ

ð∞
0
ψpq vð Þ bΘq σp�zq y − vð ÞÀ Á

dv

+ σ−1p Lp yð Þ:

ð34Þ

Now we show that the integral solutions of equation (34)
are mappings of PAP ðℝ,ℝn, ϕÞ to itself.
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Theorem 19. Assuming that ðI1Þ, ðI2Þ, and ðI5Þ hold, we
define the nonlinear mapping P on BCðℝ,ℝnÞ for p = 1, 2,
3,⋯, n as follows:

PUð Þp yð Þ =
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ σ−1 〠
n

q=1
�ϑpq bð Þ�Θq σqUq bð ÞÀ Á"

+ σ−1p 〠
n

q=1
ϑpq bð ÞΘq σqUq b − ζq

À ÁÀ Á

+σ−1p 〠
n

p=1
hpq bð Þ

ð∞
0
ψpq vð Þ bΘq σqUq b − vð ÞÀ Á

dv

+ σ−1p Lp bð Þ
#
db:

ð35Þ

If we assume condition ðI4Þ along with the other three con-
ditions, then P ∈PAP ðℝ,ℝn, ϕÞ.

Proof. We have PU ∈BCðℝ,ℝnÞ (see [29]). Accord-
ing to Proposition 18, for p = 1, 2, 3,⋯, n, there exist Δp ∈A
P ðℝ,ℝÞ and Ψp ∈Eðℝ,ℝ, ϕÞ such that

σ−1p 〠
n

q=1
�ϑpq yð Þ�Θq σqUq yð ÞÀ Á

+ σ−1p 〠
n

q=1
ϑpq yð ÞΘq σqUq y − ζpq

À ÁÀ Á

+ σ−1p 〠
n

q=1
hpq yð Þ ×

ð∞
0
ψpq vð Þ bΘq σqUq y − vð ÞÀ Á

dv

+ σ−1p Lp yð Þ = Δp +Ψp ∈PAP ℝ,ℝ, ϕð Þ:
ð36Þ

(1) We claim that

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Á

Γ ςλ + 1ð Þ Δp bð Þdb ∈AP ℝ,ℝð Þ, p = 1, 2, 3,⋯, n:

ð37Þ

In fact,

Λp yð Þ≕
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp bð Þdb, p = 1, 2, 3,⋯, n:

ð38Þ

According to Theorem 13, and since Δp, ep ∈AP ðℝ,ℝÞ,
for every ϖ > 0, there exists a number such as ζ belonging to
an interval of positive length lϖ such that jΔpðy + ζÞ − ΔpðyÞj
< ϖ, and

〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr
Γ ςλ + 1ð Þ ep y + ζð Þ − 〠

∞

ς=0

−
Ð y
α
ep rð Þdr

Γ ςλ + 1ð Þ ep yð Þ
�����

����� < ϖ, ð39Þ

for all y ∈ℝ (see [30]). Then,

Λp y + ζð Þ −Λp yð Þ�� ��
=
ðy+ζ
0

〠
∞

ς=0

−
Ð y+ζ
b ep rð Þdr

� �ς
Γ ςλ + 1ð Þ Δp bð Þdb −

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp bð Þdb
������

������
=
ðy
0
〠
∞

ς=0

−
Ð y+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ Δp b + ζð Þdb −

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp bð Þdb
������

������
=
ðy
0
〠
∞

ς=0

−
Ð y+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ Δp b + ζð Þdb −

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp b + ζð Þdb
������
+
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp b + ζð Þdb −
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp bð Þdb
�����

≤
ðy
0
〠
∞

ς=0

−
Ð y+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ − 〠

∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

������
������ Δp b + ζð Þ�� ��db

+
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp b + ζð Þ − Δp rð Þ�� ��dr:
ð40Þ

Let

J = 〠
∞

ς=0

−
Ð y+ζ
b+ϖep rð Þdr

� �ς
Γ ςλ + 1ð Þ − 〠

∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

������
������: ð41Þ

Since

〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

 !
y

′ = ς −
ðy
b
ep rð Þdr

� �ς−1
−ep rð ÞÀ Á

, ep ∈AP ℝ,ℝð Þ, ð42Þ

using assumption ðI8Þ, we obtain that

J = 〠
∞

ς=0

−
Ð y
α
ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ 〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ

2
4

3
5
y

α+b

������
������

=
ðy
b
〠
∞

ς=0

−
Ð y
α
ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ 〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ

0
@

1
A

α

′dα

2
4
������
+
ðt
s

〠
∞

ς=0

−
Ð y
α
ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

 !
α

′〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr

� �ε
Γ ςλ + 1ð Þ dα

3
5
������

=
ðy
b
〠
∞

ς=0

−
Ð yep rð Þdr
α

� �ς
Γ ςλ + 1ð Þ 〠

∞

ς=0

ς −
Ð α+ζ
b+ζep rð Þdr

� �ς−1
−ep α + ζð ÞÀ Á

Γ ςλ + 1ð Þ dα

0
B@

1
CA

2
64
�������
+
ðy
b
〠
∞

ς=0

ς −
Ð y
α
ep rð ÞdrÀ Áς−1 −ep αð ÞÀ Á
Γ ςλ + 1ð Þ 〠

∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr
Γ ςλ + 1ð Þ dα

3
75
�������

=
ðy
b
〠
∞

ς=0

−
Ð y
α
ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ 〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ

������
Á 〠

∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr
Γ ςλ + 1ð Þ ep α + ζð ÞÀ Á

− 〠
∞

ς=0

−
Ð y
α
ep rð Þdr

Γ ςλ + 1ð Þ ep αð ÞÀ Á !
dα

�����
≤
ðy
b
〠
∞

ς=0

−
Ð y
α
ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ 〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr

� �ς
Γ ςλ + 1ð Þ

Á 〠
∞

ς=0

−
Ð α+ζ
b+ζep rð Þdr
Γ ςλ + 1ð Þ ep α + ζð ÞÀ Á

− 〠
∞

ς=0

−
Ð y
α
ep rð Þdr

Γ ςλ + 1ð Þ ep αð ÞÀ Á !�����
�����dα

≤ Op

À Á2 ∈ ðy
b
〠
∞

ς=0

−ê− y−bð Þ
p

� �ς
Γ ςλ + 1ð Þ dα ≤O2

pρ〠
∞

ς=0

−ê− y−bð Þ
p

� �ς
Γ ςλ + 1ð Þ y − bð Þ:

ð43Þ
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Then,Δp is a continuous and bounded function, given that
Δp ∈AP ðℝ,ℝÞ. Now, by putting equation (39) in equation
(38), we have

Λp y + ζð Þ −Λp yð Þ�� ��
≤O2

pρ
ðy
0
〠
∞

ς=0

−ê−p y − bð Þ
� �ς
Γ ςλ + 1ð Þ y − bð Þ Δp b + ζð Þ�� ��db + ρ

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ db

≤O2
pρ Δp

 
∞

ðy
0
〠
∞

ς=0

−ê−p y − bð Þ
� �ς
Γ ςλ + 1ð Þ y − bð Þdb+Opρ

ðy
−∞

〠
∞

ς=0

−
Ð y
bêp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ db

≤O2
pρ Δp

 
∞

ðy
0
〠
∞

ς=0

−ê−p y − bð Þ
� �ς
Γ ςλ + 1ð Þ y − bð Þdb +Opρ

ðy
0
〠
∞

ς=0

−ê−p y − bð Þ
� �ς
Γ ςλ + 1ð Þ dλ

≤ Op

À Á2ρ Δp

 
∞
〠
∞

ς=0

ê−p
� �ς

yς+2

Γ ςλ + 1ð Þ ς + 2ð Þ +Opρ〠
∞

ς=0

ê−p
� �ς

yς+1

Γ ςλ + 1ð Þ ς + 1ð Þ :

ð44Þ

We obtain that

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp bð Þdb ∈AP ℝ,ℝð Þ: ð45Þ

(2) Let us show that

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Ψp bð Þdb ∈E ℝ,ℝ, ϕð Þ: ð46Þ

According to hypothesis ðI4Þ, for Ψp ∈Eðℝ,ℝ, ϕÞ and
for p = 1,⋯, n, we have

0 = lim
u⟶+∞

1
ϕ   −u, ujð Þð Þ

ðu
−u

ðy
0
〠
∞

ς=0

−ê−p r
� �ς
Γ ςλ + 1ð Þ Ψp y − rð Þ�� ��drdϕ yð Þ

= lim
u⟶+∞

1
ϕ   −uujð Þ

ðu
−u

ðy
0
〠
∞

ς=0

−ê−p y − bð Þ
� �ς
Γ ςλ + 1ð Þ Ψp bð Þ�� ��dbdϕ yð Þ:

ð47Þ

Then, by ðI5Þ,

0 ≤ lim
u⟶+∞

1
ϕ −u, uj Þð Þ

ðu
−u

ðy
0
〠
∞

ς=0

−
Ð y
bep ξð ÞdξÀ Áς

Γ ςλ + 1ð Þ Ψp bð Þ�� ��dbdϕ yð Þ

≤Op lim
u⟶+∞

1
ϕ −u, uj �ð Þ

ðu
−u

ðy
0
〠
∞

ς=0

−ê−p y − bð Þ
� �ς
Γ ςλ + 1ð Þ Ψp bð Þ�� ��dbdϕ yð Þ = 0:

ð48Þ

Hence,

ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Ψp bð Þdb ∈E ℝ,ℝ, ϕð Þ, ð49Þ

for p = 1, 2, 3,⋯, n. Combined with (37), we have

PUð Þp yð Þ =
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Δp bð Þdb

+
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ Ψp bð Þdb ∈PAP ℝ,ℝ, ϕð Þ:

ð50Þ

5. Existence and Uniqueness of ϕ-
Pseudo Almost Periodic Solutions

Assuming that the solution of equation (1) is of the ϕ-pseudo
almost periodic type, we shall prove the existence and
uniqueness of these solutions.

Theorem 21. ð1Þ Given assumptions ðI1Þ, ðI2Þ, and ðI5Þ,
there is a unique solution z∗ ∈BCðℝ,ℝnÞ for equation (1).

ð2Þ Given assumptions ðI1Þ, ðI2Þ, ðI5Þ, ðI4Þ, ðI6Þ, and ðI7Þ,
we have z∗ ∈PAP ðℝ,ℝn, ϕÞ.

Proof. Let U ,G ∈BCðℝ,ℝnÞ (resp., U ,G ∈PAP ðℝ,ℝn,
ϕÞ). Then, in view of Theorem 19, we have that PU ,
PG ∈BCðℝ,ℝnÞ (resp. PU ,PG ∈PAP ðℝ,ℝn, ϕÞ).

Let S = jðPUÞpðyÞ − ðPGÞpðyÞj:Using ðI1Þ and ðI5Þ, ðI6Þ,
we get that

S =
ðy
0
〠
∞

ς=0

−
Ð y
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ σ−1
p 〠

n

q=1
�ϑpq bð Þ �Θq σqUq bð ÞÀ ÁÀ �����

− �Θq σqGq bð ÞÀ ÁÁ
+ σ−1p 〠

n

q=1
ϑpq bð Þ Θq σqUq b − ζpq

À ÁÀ ÁÀ

−Θq σqGq b − ζpq
À ÁÀ ÁÁ

+ σ−1
p 〠

n

q=1
hpq bð Þ

ð∞
0
ψpq vð Þ bΘq σqUq b − vð ÞÀ Á�

− bΘq σqUq b − vð ÞÀ ÁÁ
dv

!
db

�����
≤Opσ

−1
p

ðy
0
〠
∞

ς=0

−
Ð y
bêp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ 〠
n

q=1
�ϑpq bð Þ�� ��T �Θ

q

+ ϑpq bð Þ�� ��T Θ
q +T

bΘ
q hpq sð Þ�� ��ð∞

0
ψpq rð Þ
��� ���dr�σqdb

�
U − Gk k∞

≤
ðy
0
〠
∞

ς=0

−
Ð y
bêp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ êp bð Þ − κp
Â Ã

db U −Gk k∞

≤ ê+p

ðy
0
〠
∞

ς=0

−
Ð y
bêp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ db − κp

ðy
0
〠
∞

ς=0

−
Ð y
bêp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ db

" #
U −Gk k∞

≤ max
p=1,2,3,n

ê+p
ê−p

−
κp
ê+p

( )
U −Gk k∞,

ð51Þ

so

PUð Þp yð Þ − PGð Þp yð Þ
��� ��� ≤ max

p=1,2,3,⋯,n

ê+p
ê−p

−
κp
ê+p

( )
U −Gk k∞:

ð52Þ
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Invoking condition ðI7Þ and 0 <maxp=1,2,3,⋯,nfðê++/e−p Þ −
ðκ1/e+p Þg < 1, we conclude that P ∈BCðℝ,ℝnÞ is a contrac-
tion (since PAP ðℝ,ℝn, μÞ is a Banach space, according to
condition ðI3Þ it is also a contraction on this space). Therefore,
we conclude that �z∗ ∈BCðℝ,ℝnÞ (or �z∗ ∈PAP ðℝ,ℝn, ϕÞÞ
is a unique fixed point for P. Also, given (34), z∗ ∈BCðℝ,
ℝnÞ (or z∗ ∈PAP ðℝ,ℝn, ϕÞ) is a unique solution of type
ϕ-PAP for equation (1).

In the sequel, we shall investigate the Mittag-Leffler sta-
bility and the Mittag-Leffler attractiveness for the unique
solution of equation (2), which is of type ϕ-PAP . First,
we state Lemma 22.

Lemma 22. Assuming conditions ðI3Þ and ðI6Þ, we define
Z = fZpgnp=1 : ½0,m�⟶ℝn by ZpðwÞ = sup

y∈ℝ
Zpðw, yÞ, where

Zp w, yð Þ =w − êp yð Þ +Opσ
−1
p

〠
n

q=1
�ϑpq yð Þ�� ��T �Θ

q + ϑpq yð Þ�� ��T Θ
q 〠

∞

ς=0

wζpq
À Áς
Γ ςλ + 1ð Þ

 

+T
bΘ
q hpq yð Þ�� ��ð∞

0
ψpq rð Þ
��� ���〠∞

ς=0

wrð Þς
Γ ςλ + 1ð Þ dr

!
σq:

ð53Þ

Then ZpðνÞ < 0 for all 0 < ν0 <m and 0 < ν < ν0.

Proof. According to condition ðI3Þ, function y↦Zpðw, yÞ is
defined on the interval ½0,m�. Then according to condition
ðI6Þ, we have

Zp 0ð Þ = sup
y∈ℝ

Zp 0, yð Þ = sup
y∈ℝ

−êp yð Þ + Opσ
−1
p

n

〠
n

q=1
�ϑpq yð Þ�� ��T �Θ

q + ϑpq yð Þ�� ��T Θ
q

�

+T
bΘ
q hpq yð Þ�� ��ð∞

0
ψpq rð Þ
��� ���dr�σq

)
< −κp < 0:

ð54Þ

Next, we shall show that there exists 0 < ν0 <m such that
ZpðνÞ < 0, for all 0 < ν < ν0. Also, we have

Zp w, yð Þ −Zp 0, yð Þ

=w +Opσ
−1
p 〠

n

q=1
ϑpq yð Þ�� ��T Θ

q 〠
∞

ς=0

wζpq
À Áς
Γ ςλ + 1ð Þ − 1

 ! 

+T Θ
q hpq yð Þ�� �� ð∞

0
ψpq rð Þ
��� ���〠∞

ς=0

wrð Þς
Γ ςλ + 1ð Þ dr −

ð∞
0

ψpq rð Þ
��� ���dr

 !!
σq:

ð55Þ

If we take ϑp and hp nonnegative numbers

ϑp = sup
q=1

n
ϑpq yð Þ�� ��T Θ

q , hp = sup
q=1

n
hpq yð Þ�� ��T bΘq , ð56Þ

then

Zp w, yð Þ −Zp 0, yð Þ�� �� ≤w +Opσ
−1
p ϑp 〠

n

q=1
〠
∞

ς=0

wζpq
À Áς
Γ ςλ + 1ð Þ − 1

 !
σq

+Oqσ
−1
p hp 〠

n

q=1

ð∞
0

ψpq rð Þ
��� ���〠∞

ς=0

wrð Þς
Γ ςλ + 1ð Þ dr −

ð∞
0

ψpq rð Þ
��� ���dr

 !
σq,

ð57Þ

for all w ∈ ð0,m� and y ∈ℝ. Now, for every ρ > 0, by conti-
nuity, there exists 0 < δ1p <m such that the following holds:

w < δ1p ⇒w +Opσ
−1
p ϑp 〠

n

q=1
〠
∞

ς=0

wζpq
À Áς
Γ ςλ + 1ð Þ − 1

 !
σq <

ρ

2 :

ð58Þ

In the sequel, invoking condition ðI3Þ, the Lebesgue
dominated convergence theorem (LDCT), and the integra-
bility of the function jψpqðrÞ∑∞

ς=0ðςrÞς/Γðςλ + 1Þj on the

interval ð0,∞Þ, we get 0 < δ2p <m such that w < δ2p implies

Opσ
−1
p hp 〠

n

q=1

ð∞
0

ψpq rð Þ
��� ���〠∞

ς=0

wrð Þς
Γ ςλ + 1ð Þ dr −

ð∞
0

ψpq rð Þ
��� ���dr

 !
σq <

ρ

2 :

ð59Þ

If we now take 0 < ν <min ðδ1p, δ2pÞ and ρ < κp/2, we can
conclude that for every y ∈ℝ,

Zp ν, yð Þ ≤Zp 0, yð Þ + Zp ν, yð Þ −Zp 0, yð ÞÀ Á
< −κp + ρ < −

κ

2 :

ð60Þ

6. On the Mittag-Leffler Stability and
Attractiveness of Unique Solutions

Theorem 23. If we assume conditions ðI1Þ, ðI3Þ, ðI5Þ and ðI6Þ,
then theMittag-Leffler stability for any solution z∗ of equation
(2) is established by the initial condition fz∗ðyÞ: y ≤ 0g. If we
add condition ðI2Þ, then the Mittag-Leffler stability for the
solution z∗ ∈BCðℝ,ℝnÞ of equation (2) is also established.
Also, if we add condition ðI7Þ to conditions ðI1Þ, ðI3Þ, ðI5Þ,
ðI6Þ, and ðI2Þ, then the Mittag-Leffler stability for the solution
z∗ ∈PAP ðℝ,ℝn, μÞ of equation (2) is also established.
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Proof. Let zðtÞ = fzpðyÞgnp=1 be a solution of equation (2)

with initial value ξðyÞ = fξpðyÞgnp=1: Set

f yð Þ = f p yð Þ
n on

p=1
= σ−1i zp yð Þ − z∗p yð Þ

� �n on

p=1
: ð61Þ

Then,

f p′ bð Þ + ep bð Þf p bð Þ = σ−1p 〠
n

q=1
�ϑpq bð Þ �Θq zq bð ÞÀ Á

− �Θq z∗q bð Þ
� �� �

+ σ−1p 〠
n

q=1
�ϑpq bð Þ × Θq zq b − ζpq

À ÁÀ ÁÀ

−Θq zq′ b − ζpq
À Á� ��

+ σ−1p 〠
n

q=1
hpq bð Þ

×
ð∞
0
ψpq vð Þ bΘq zq b − vð ÞÀ Á�

− bΘq z∗q b − vð Þ
� ��

dv:

ð62Þ

Let kξ − z∗kσ = supy∈ð−∞,0� maxp=1,2,3,⋯,nσ
−1
p jξpðyÞ −

z∗p ðyÞj, and ℵ > 0 be such that

ℵ > 〠
n

p=1
Op + 1: ð63Þ

Then, for all y ∈ ð−∞,0�, we have

f yð Þk k ≤ ξ − z∗k kσ: ð64Þ

Given ν0 in Lemma 22, we assume that 0 < ν <min
fminp=1,2,⋯,nê

+
p , ν0g. Then for all y, ρ > 0, we have

f yð Þk k <ℵ ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νyð Þς
Γ ςλ + 1ð Þ : ð65Þ

Otherwise, for p = 1, 2, 3,⋯, n and u > 0, given the
continuity, we have

f p ϰð Þ
��� ��� =ℵ ξ − z∗k kσ + ρ

À Á
〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ ,

f yð Þk k <ℵ ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νyð Þς
Γ ςλ + 1ð Þ , for all y∈ −∞,ϰð Þ:

8>>>><
>>>>:

ð66Þ

Now, first, we multiply both sides of (62) by

〠
∞

ς=0

Ð b
0ep rð Þdr

� �ς
Γ ςλ + 1ð Þ : ð67Þ

Then, we integrate the obtained equation with respect
to b on ½0, u�. Finally, we multiply by

〠
∞

ς=0

−
Ð y
0ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ : ð68Þ

Therefore, we have

f p ϰð Þ = f p 0ð Þ〠
∞

ς=0

−
Ð ϰ
0ep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

+ σ−1p

ðϰ
0
〠
∞

ς=0

−
Ð ϰ
bep rð ÞdrÀ Áς

Γ ςλ + 1ð Þ 〠
n

q=1
�ϑpq bð Þ �Θq zq bð ÞÀ Á

− �Θq z∗q bð Þ
� �� �h

+ ϑpq bð Þ Θq zq b − ζpq
À ÁÀ ÁÀ

−Θq z∗q b − ζpq
À Á� ��

+ hpq bð Þ
ð∞
0
ψpq vð Þ bΘq zq b − vð ÞÀ Á�

− bΘq z∗q b − vð Þ
� ��

dv
i
db:

ð69Þ

Next, by ðI1Þ and ðI5Þwe obtain that

f p ϰð Þ
��� ��� ≤Op

 
f p 0ð Þ
��� ���〠∞

ς=0

−
Ð ϰ
0 êp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ + σ−1p

ðϰ
0
〠
∞

ς=0

−
Ð ϰ
b êp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

Á 〠
n

q=1

"
�ϑpq bð Þ�� ��T �Θ

q σq f q bð Þ
��� ��� + ϑpq bð Þ�� ��T Θ

q σq f q b − ζpq
À Á��� ���

+T
bΘ
q hpq bð Þ�� ��ð∞

0
ψpq vð Þ
��� ���σq f q b − vð Þ

��� ���dv�db
!
:

ð70Þ

Now, by (64) and (66), we get

f p ϰð Þ
��� ��� ≤Op ξ − z∗k kσ + ρ

À Á
〠
∞

ς=0

−
Ð ϰ
0 êp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

(

+ℵσ−1p

ðϰ
0
〠
∞

ς=0

−
Ð ϰ
b êp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

Á 〠
n

q=1
σq

�ϑpq bð Þ�� ��T �Θ
q 〠

∞

ς=0

−νbð Þς
Γ ςλ + 1ð Þ

"

+ ϑpq bð Þ�� ��T Θ
q 〠

∞

ς=0

−ν b − ζq
À ÁÀ Áς

Γ ςλ + 1ð Þ

+T Θ
q hpq bð Þ�� ��ð∞

0
ψpq rð Þ
��� ���〠∞

ς=0

−ν b − rð Þð Þς
Γ ςλ + 1ð Þ dr

#
db

)

ð71Þ

Since b > 0 and 0 < ν < ν0, we have by virtue of
Lemma22,
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f p ϰð Þ
��� ��� ≤Op ξ − z∗k kσ + ρ

À Á
〠
∞

ς=0

−
Ð ϰ
0 êp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ

(

+ℵO−1
p

ðu
0
〠
∞

ς=0

−
Ð ϰ
b êp rð ÞdrÀ Áς

Γ ςλ + 1ð Þ êp bð Þ − ν
À Á

〠
∞

ς=0

−νbð Þς
Γ ςλ + 1ð Þ

)

=Op ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νϰ −
Ð ϰ
0 êp rð Þ − ν
À Á

dr
À ÁÀ Áς

Γ ςλ + 1ð Þ

(

+ℵO−1
p −νϰð Þς

ðϰ
0
〠
∞

ς=0

−
Ð ϰ
b êp rð Þ − ν
À Á

dr
À Áς

Γ ςλ + 1ð Þ êp bð Þ − ν
À Á

db

)

=Op ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ −

ðϰ
0
êp rð Þ − ν
À Á

dr
� �ς�

+ℵO−1
p

ðϰ
0

−
ðϰ
b
êp rð Þ − ν
À Á

dr
� �ς

êp bð Þ − ν
À Á

db
�

=Op ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ −

ðϰ
0
êp rð Þ − ν
À Á

dr
� �ς�

+ℵO−1
p −

ðϰ
b
êp rð Þ − ν
À Á

dr
� �ς� �ϰ

0

�

=Op ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ −

ðϰ
0
êp rð Þ − ν
À Á

dr
� �ς�

+ℵO−1
p 0 − −

ðϰ
0
êp rð Þ − ν
À Á

dr
� �ς� ��

=ℵ ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ

Á − 1 −
Op

ℵ

� �
〠
∞

ς=0

−
Ð ϰ
0 êp rð Þ − ν
À Á

dr
À Áς

Γ ςλ + 1ð Þ

( )
:

ð72Þ

We recall that ν < ê−p . This implies that êpðrÞ − ν > 0
for all r ∈ ð0,∞Þ. Hence, by (61), we see that

f p ϰð Þ�� �� <ℵ ξ − z∗k kσ + ρ
À Á

〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ , ð73Þ

which contradicts (66) and we can conclude that what
was claimed in (65) is true.

We now assume that y is constant and ρ tends to zero.
Then we get

f yð Þk k ≤ℵ ξ − z∗k kσ 〠
∞

ς=0

−νϰð Þς
Γ ςλ + 1ð Þ : ð74Þ

so the proof is complete.

Corollary 24. If we assume that conditions ðI1Þ, ðI2Þ, ðI3Þ,
ðI5Þ, and ðI6Þ hold, then the Mittag-Leffler attractiveness
for unique solution z∗ ∈BCðℝ,ℝnÞ of equation (2) holds.

Corollary 25. If we assume that conditions ðI4Þ, and ðI7Þ
hold, then the Mittag-Leffler attractiveness for unique solu-
tion z∗ ∈PAP ðℝ,ℝnÞ of equation (2) holds.

7. Applications

We shall provide two examples (see Figures 1–3).

Example 26. Let n = 2, p, q = 1, 2,

(P1) We consider Lipschitz functions �ΘpðrÞ = 0,ΘpðrÞ
= bΘpðrÞ = 2/5 arctan r, with the Lipschitz con-

stants T
�Θ
p = 0,T Θ =T Θ

p = 2/5.

(P2) Then, ψpq is bounded and continuous,

ψpq yð Þ = 2
5〠

∞

ς=0

−8yð Þς
Γ ςλ + 1ð Þ ð75Þ

(P3) Furthermore, the next sum is integrable on ½0, +∞Þ
for n = 1,

ψpq

��� ���〠∞
ς=0

nyð Þς
Γ ςλ + 1ð Þ ð76Þ

(P4) (see [1]) If ϕ ∈N , where dϕðyÞ = ηψðyÞdy, and

ηψ yð Þ = 〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ , ψpq yð Þ = 〠

∞

ς=0

−8yð Þς
Γ ςλ + 1ð Þ ,

ð77Þ

with ϑ0 ≔ 2 − ψ > 0, −u ≤ b < y ≤ u, then for ω = 1
we have that L =∅.

(P5) For e1ðyÞ = ð2/5Þð1 + ð3/2Þ sin yÞ, e2ðyÞ = ð2/5Þð1 +
ð7/6Þ cos yÞ, êpðyÞ = ð2/5Þ, we have

Op = 〠
∞

ς=0

4/15ð Þς
Γ ςλ + 1ð Þ ð78Þ

(P6) For σp = 1, R = π, ζpq = 3/ðp + qÞ, �ϑpqðyÞ = 0, ϑpqðyÞ
= ð8/10Þ sin y, hpqðtÞ = ð9/10Þ cos 2y, ζℓ = 9/100,
we have

sup
y∈ℝ

−êp yð Þ +Op σ−1 〠
n

q

�ϑpq yð Þ�� ��T Θ
q + ϑσ yð Þj jT Θ

q + T̂
bΘ
q hp yð Þ�� ��ð∞

0
ψpq rð Þ
��� ���dr� �

σq

" #( )
, ≤ −κp ≤ 0 ð79Þ
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Figure 1: Graphs related to numerical solutions of CNNs (1) for different values.
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Figure 2: Graphs related to numerical solutions of CNNs (1) for different values.

12 Journal of Function Spaces



(P7) Also,

0 < max
p=1,2,3,n,n

ê+p
ê−p

−
κp
ê+p

( )
< 1: ð80Þ

Let LpðyÞ = ð20 + pÞjcos yj +UðyÞ, where

U bð Þ = e−b, b ≤ 0
1, b < 0,

(
ð81Þ

and Lp ∈PAP ðℝ,ℝ, ρÞ. Then, all solutions of (1) are in the
Mittag-Leffler form and they converge to a unique solution
of equation (1) such that z∗ðyÞ ∈PAP ðℝ,ℝ2, ϕÞ, when
y⟶ +∞ with convergence rate ν ≈ 0:05 < ê−p :

Example 27. Assume conditions ðP1Þ to ðP7Þ hold and con-
sider functions from Example 26. For ψ > 1, ν > 0 and Dirac
measure δ1/n, define the following measure:

dϕψ,ν yð Þ = 〠
∞

ς=0

ψyð Þς
Γ ςλ + 1ð Þ dy + ν〠

∞

n=1

1
n2

δ1/n: ð82Þ
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Figure 3: Graphs related to numerical solutions of CNNs (1) for different values.
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Consider the interval I = ð−1 − jζj, 1 + jζjÞ, for ζ ∈ℝ and
ϑ = 1. Then for all R ∈A and ζ ∈ℝ, there exist ϑ > 0 and a
bounded interval L such that ϕðR + ζÞ ≤ ϑϕðRÞ and R ∩ L =∅.

Let LpðyÞ = ð20 + pÞjcosyj +UðyÞ, where

U bð Þ = e−b, b ≤ 0
0, b > 0,

(
ð83Þ

and Lp ∈PAP ðℝ,ℝ, ρÞ. Then, all solutions of (1) are in the
Mittag-Leffler form and they converge to a unique solution
of equation (1) such that z∗ðyÞ ∈PAP ðℝ,ℝ2, ϕÞ, when
y⟶ +∞ with convergence rate ν ≈ 0:05.

8. Conclusion

In this work, we considered differential systems of cellular
neural networks (CNNs) with mixed delays. We also
considered general measurement theory whose general form
is dϕ = ηðyÞdy + dϕ1. We first investigated the existence of a
unique solution of this system and proved that the solutions
of equation (1) are ϕ-pseudo almost periodic. Then we
studied the Mittag-Leffler stability and the Mittag-Leffler
attractiveness of these solutions. We obtained our results
by considering new conditions and using the fixed point
contraction mapping theorem. Also, two examples were
given to illustrate our results.
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