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Classification of knotted tori in 2-metastable dimension

M. Cencelj, D. Repovs and M. B. Skopenkov

Abstract. This paper is devoted to the classical Knotting Problem: for
a given manifold N and number m describe the set of isotopy classes of
embeddings N — S™. We study the specific case of knotted tori, that
is, the embeddings S? x S¢ — S™. The classification of knotted tori up
to isotopy in the metastable dimension range m > p + %q + 2, p < ¢, was
given by Haefliger, Zeeman and A. Skopenkov. We consider the dimensions
below the metastable range and give an explicit criterion for the finiteness
of this set of isotopy classes in the 2-metastable dimension:

Theorem. Assume that p+ %q—|—2 <m<p+ %q—|—2 and m > 2p+q+2.
Then the set of isotopy classes of smooth embeddings S* x S? — S™ 1is
infinite if and only if either ¢+ 1 or p+ q + 1 is divisible by 4.
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§ 1. Introduction

This paper is devoted to the classical Knotting Problem: for a given manifold
N and a number m describe the set of isotopy classes of embeddings N — S™. For
recent surveys see [1], [2]. This subject was actively studied in the 1960s [3]-[6],
and there has been a renewed interest in it in the last years [7]-[10]. In this paper
the results announced in [11], [12] are proved.

This problem generalizes the subject of classical knot theory. In contrast with
knots in R3, a complete answer can sometimes be obtained in higher dimensions.
We work in the smooth category except when explicitly indicated otherwise. Let
us list some known results.

1.1. Knots. The classification of knots S? — S™ in codimension at least 3, that
is, for m > g + 2, has been reduced to a homotopy problem [4], [13]. In particular,
the following complete rational classification is known.
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Theorem 1 ([4], Corollary 6.7). Assume that ¢ +2 < m < 3q+ 2. Then the set
of isotopy classes of smooth embeddings ST — S™ is infinite if and only if ¢+ 1 s
divisible by 4.

1.2. Links. The classification of links SP LU S9 — S™ is the next natural problem
after knots. In codimension at least 3 there is an exact sequence involving the set of
links up to isotopy and certain homotopy groups [5]. In a certain dimension range,
called 2-metastable, there is an explicit description of the isotopy classes of links
SPUS? — S™ modulo knots SP — S™ and S? — S™ in terms of homotopy groups
of spheres and Stiefel manifolds [4]. A short proof of this result was given in [10].

1.3. Knotted tori. In this paper we study the classification of knotted tori, that
is, smooth embeddings SP x S9 — S™. This theory generalizes the theory of
2-component links of the same dimension (see Fig. 1). The investigation of knotted
tori is a natural next step (after link theory) towards the classification of embeddings
of arbitrary manifolds [14], [15], by the handle decomposition theorem. This subject
is also interesting because of many interesting examples [6], [16], [17]. Its systematic
investigations began in [17].

SO x gt — g3 St x gt — g3
Figure 1

There exists an explicit description of the set of isotopy classes of knotted tori in
the metastable dimension m > p+3¢+2, p < ¢ [3], [17] (up to small indeterminacy
for m < %p + %q + 2); see Fig. 2. This dimension restriction is a natural limit
for classical classification methods for a (p — 1)-connected (p + ¢)-manifold. In
spite of many interesting approaches [18]-[20], little is known below the metastable
dimension: all known explicit classification results concern knots and links (listed
above), knotted tori in dimension m = p+ 3¢ + 2 [21], 3-manifolds in R® [22] and
4-manifolds in R” [9].

Now let us state the main ‘practical’ result of the paper announced in [11]. It is
an explicit criterion for finiteness of the knotted tori set in the 2-metastable range
(see the shaded domain in Fig. 2, in which the number p is fixed, whereas the
numbers ¢ and m vary):

Theorem 2. Assume that p+ %q+2 <m<p+ %q+2 andm > 2p+q+2. Then
the set of isotopy classes of smooth embeddings SP x S — S™ is infinite if and
only if either ¢+ 1 or p+ q+ 1 is divisible by 4.

Ezample 1. The set of isotopy classes of knotted tori S' x §® — S0 is finite. All
dimensions in the range p =1, 1 < ¢ < 13, m > p+ %q + 2, such that the set
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of isotopy classes of knotted tori is infinite, are shown in Fig. 3. Information in
the figure is obtained from Theorem 2, the results in [2] (Theorems 3.10 and 2.9),
Proposition 8 and Remark 2 below.

Our approach to the classification of embeddings is based on an analogue of the
Koschorke exact sequence (Theorem 3 below), involving a new S-invariant of almost
embeddings SP x S?7 — S™. The exactness is proved using the Habegger-Kaiser
techniques of studying the complement of an almost embedding.

1.4. Organization of the paper. In §2 we state our main ‘theoretical’ result —
Theorem 3. In §3 we define the new (-invariant. In §4, which is the main part of
the paper, we prove the completeness of the g-invariant. In § 5 we prove Theorem 3,
using the results in §4. In § 6 we deduce Theorem 2 from Theorem 3. In § 7 we state
some open problems. In §8 we consider the embedded surgery of self-intersection
sets which is used in §4.

In a subsequent publication [23] we are going to generalize Theorem 2 for arbi-
trary m > 2p+q+2 by reducing the classification of knotted tori to the classification
of links. A finiteness criterion for links is required for this purpose; we plan to obtain
the criterion in [24].

§ 2. The main idea

In this section we state our main ‘theoretical’ result. We present an exact
sequence, which reduces the classification of embeddings SP x S7 — S™ to an
easier classification of all almost embeddings S? x S?7 — S™.

We recall several well-known definitions required to state the result.

2.1. Isotopies and concordances. An embedding f: X x I — S™ x [ is a con-
cordance if X x 0= f~1(S™ x 0) and X x 1 = f~1(8™ x 1). A concordance is an
isotopy if f(X xt) C S™ x t for each t € I. A concordance or isotopy is ambient
if X = S™. We tacitly use the well-known facts that in codimension at least 3
existence of concordance implies existence of an isotopy and any concordance or
isotopy extends to an ambient one [25].

2.2. Almost embeddings. Informally, an almost embedding is a map admitting
only ‘local’ self-intersections; see Fig. 4. To give a formal definition, fix a base point
* € SP and a codimension 0 ball BPT? C SP x S? such that BPT4 N (x x S9) = &;
see Fig. 1, right-hand side.

A map f: SP x S — S™ is an almost embedding if the following two conditions
hold:

(i) f is an embedding outside BPTY;

(ii) fBPTIN f(SP x S9— BPT9) = &.

An almost concordance is defined analogously, except that the ball BPTY is
replaced by BPT4 x I.

2.3. Commutative group structure. The parametric connected sum operation
gives a natural commutative group structure on the set of embeddings S? x S?7 — S™
up to concordance; see Fig. 5. This structure is well-defined for m > 2p 4+ ¢ + 2
[21]. We shall give the formal definition in § 5.
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2.4. Action of knots on knotted tori. For m > p+ ¢+ 2 the set of embeddings
SPT4 — S™ up to concordance is a group with respect to the connected sum
operation [4]. The same operation gives an action of this group on the set of
embeddings SP x S? — S™ up to concordance. In §5 we shall prove that this
action is injective for m > 2p + ¢ + 2. Notice that the set of orbits of the action is
in a one-to-one correspondence with the set of embeddings S? x S?7 — S™ up to
concordance smooth outside a finite set; see Fig. 6.

2.5. Notation. E™(S? x S%)/E™(SP*9) denotes the group of all embeddings
SPx 89 — S™ up to concordance and connected sums with embeddings SP*4 — S™.
E™(SP x S9) denotes the group of all almost embeddings SP x S9 — S™ up to
almost concordance (with the parametric connected sum group structure).
vy = Tpr2g—mt1(VNtm—p—q-1,n), where V; ; is the Stiefel manifold of j-
frames at the origin of R? and N is a large number. Equivalently, for m > p+ %q—i— 2
the group ', is the normal bordism group Qa1 3;—2m+2(P>, (m—p—qg—1)\) [26].
Many of the groups ', are known [27], [28].

2.6. Let us state the main ‘theoretical’ result of the paper.

Theorem 3. For every m > p+ %q + 2 and m > 2p + q + 2 there exists an exact
sequence

E™(SP x §7)/E™(SPH) — B (sP x 59) L oam
N Em—l(Sp % Sq—l)/Em—l(Sp+q—l) N Em—l(sp x Sq—l) N QZq_—ll O
This theorem has a list of immediate corollaries. First, it provides estimates of
the order or the rank of the group E™(S? x §9)/E™(SP*9) given such estimates for
the group E™(SP x S?). Theorem 3 also easily implies the Haefliger formula for the
group of links S7 1/ S? — S™ in the 2-metastable range [5]. A short proof of this
classical result (together with Theorem 3 for p = 0) was given in [10]. The exact

sequence in Theorem 3 for p = 0 is analogous to the Koschorke exact sequence: cf.
Theorems 3.1 and 3.5 in [10] and Theorem 3.1 in [29].

2.7. The beta-invariant. The map §: E™(S? x S7) — Q" in Theorem 3 is
a new invariant and it is the main tool of the present paper. It generalizes both

e the normal bordism F-invariant of link maps [30]-[32];

e the f-invariant of knotted tori [14], [21]; cf. also [5], [6].

The idea of this invariant is the following. For any almost embedding f: SP x
S9 — S™ we have by definition fBPT4N f(x x S¢) = @&. The S-invariant measures
the ‘linking’ of f(* x S%) and (a certain retract of) fBPTI.

The main idea of our paper is that from this point of view the study of almost
embeddings S? x S? — S™ is similar to the study of link maps S% LU SPT4 — S™,
So we can apply the full strength of the Habegger-Kaiser technique from link map
theory to our problem. Now let us concentrate on what is done in addition to the
technique of the Habegger-Kaiser paper [30].

2.8. Sketch of the proof of Theorem 3. Let us outline the proof of exactness at
the term E™(SP x S?). We need to prove that any almost embedding f: S? x S —
S™ such that G(f) = 0 is almost concordant to an embedding.
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It suffices to construct a ball B™ C S™ such that f~!B™ = BP9, Indeed, then
the knot f: OBPT? — @B™ is trivial by smoothing theory. Thus one can deform
the restriction f: BPT¢ — B™ to an embedding and obtain the desired embedding
SP x §1 — §™.

To construct the ball B™ it suffices to span the meridians f(x x .S?) and f(S? X x)
by two discs D9t and DP*! (called webs), whose interiors are disjoint and do not
intersect the image f(SP x S9). Then the required ball B™ is the complement of
a small tubular neighborhood of DIt U DP*! in S™.

The existence of the web DP*! is guaranteed by general position and the inequal-
ity m > 2p + ¢ + 2. Let us show how to construct the web D9t under some addi-
tional assumptions. This is the most difficult step, which requires the conditions
B(f) =0and m > p+ %q + 2. By the results of Habegger-Kaiser [30] we may
assume that f|,.x g« is null-homotopic outside fBPT4. So we can span f(x x S%) by
a (not necessarily embedded) disc D9*! in §™ — fBPT4. Then we can remove the
self-intersection of the disc using Hudson’s embedding theorem.

This completes the proof under the assumption that the interior of D9t does
not intersect also f(SP x S9 — BPT?) and the disc is smooth. The proof without
these assumptions uses an appropriate relative version of this argument; see §4.
Let us emphasize that a relative version of the above construction is used in the
formal proof of Theorem 3.

8 3. The beta-invariant

In this section we shall give a detailed construction of the S-invariant of almost
embeddings SP x S?7 — S™.

3.1. Idea of the B-invariant. The visualization of this idea is based on an anal-
ogy of low-dimensional almost embeddings f U g: S*' LS — §2.

Fix an arc B! ¢ S'. Amap fUg: S'US% — S?is an almost embedding if it is
an embedding outside the arc B! and fB' N (f(S* — B')UgSY) = @. An almost
isotopy fi U g,: S'LS? — S? is a homotopy in the class of almost embeddings.

A simple almost isotopy invariant of an almost embedding f L g: S' U S° —
S? is the linking number 1k(f, g) which assumes its values in Z,. This invariant is
incomplete: for example, the almost embedding in Fig. 7 is not almost isotopic to
the ‘unlink’, although 1k(f, g) = 0.

1A fCa

Ca — A

AN

Figure 7
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In the situation of Fig. 7 the following [-invariant of almost isotopy is useful.
Take a double point A of the map f: S' — S2. Generically f~'A consists of two
points. Join these two points by an arc Ca C S'. The image fCa is a cycle, and
the number

B(f,9) =Y _Ik(fCa,g) (mod2),

A

where the summation is over all double points of f, is an almost isotopy invariant.
It is well-defined only if 1k(f,g) = 0. For example, for the almost embedding in
Fig. 7 we have (f, g) = 1 which proves that the shown almost embedding is indeed
not almost isotopic to an ‘unlink’.

3.2. Construction. To realize this idea in higher dimensions we construct:
(i) an analogue of the cycle fCa, see Definition 2 below;
(ii) a generalization of the linking number lk(fCx, f(* x S7)), see Definition 5
below.

Definition 1 [27]. Let f: SP x S7 — S™ be an almost embedding. Make f a gen-
eral position immersion by an almost isotopy. Consider the diagram

A 47> BPta

|

A—L s gm

2:1

Here A = Cl{(z,y) € BPT9 x Brta | g + y, fr = fy} and A = A/Zy are the
double point manifolds, where Zy acts on A by interchanging the factors. The
immersions 7: A — B”+q and i: A — S™ are given by the formulae i(z,y) = 2 and
i{xz,y} = fx. Denote by (f) = Im7 the singular set of the map f.

Definition 2 [30]. Denote by T(Aa) the mappmg cone of the double covering
A — A. Takea mapi: CA - B extending the map i: A — B. Define f T(Aa) —
S™ to be the quotient map of the composition fi: CA — S™.

Now let us define the generalized linking number. This is the announced step (ii)
of the construction of the invariant. Extend f|.xga to a general position immersion
f: DL — S™ (web). Informally, the desired ‘linking number’ is the bordism class
of the ‘intersection’ Im f N Im f with a natural ‘skew framing’. It assumes values
in the normal bordism group ', generalizing the group of framed links!.

Definition 3 [27]. Let | and s be integer numbers. An [A-manifold is a triple
consisting of

1) a manifold M (‘link’);

2) a linear bundle Ay on M;

IThe construction of all framings below is obvious, so the reader may ignore the awkward steps
2) and 3) in all the definitions below. In fact these steps are not used in the paper except in the
proof of Proposition 3 essentially borrowed from [30].
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3) a stable isomorphism

I I/(M)glAM =AM DB Ay
—_—
l

(‘skew framing’), where v(M) is the stable normal bundle of M.
The normal bordism group Qs(P>°,1I\) is the set of s-dimensional [A-manifolds
up to bordism (with analogous ‘skew framing’ structure). The disjoint union com-
mutative group structure is evidently defined on this set.

Hereafter set s =2p+3¢—2m+2,l=m—p—q—1and n =p+q. By [27] we
have Qg (P>, I\) = 7 (Vv n) = ), for s < and a large integer N. Denote
by N(X,Y) the normal bundle of a manifold X immersed into a manifold ¥ and
by e the trivial line bundle.

Definition 4 [27]. The double-point (m — n)A-manifold is a triple (A, Aa,Ga),
where
1) A is the double point manifold;
2) Aa is the line bundle associated with the double cover A— A;
3) Ga: N(A,8™) = (m—n)Aa @™ ™ is constructed as follows. For each point
{z,y} € A we have canonical isomorphisms

N(A,S™) 2y 2 N(A,B)(py) & N(A, B)(y) = N(B,S™), ® N(B,S™),.

(z,y)
Let vectors {ek}?_ln form a trivialization of N(B,S™) at the point z € B.
Then {eX, e y} form a ‘skew framing’ of the manifold A. Interchanging the

pomts z and y in a pair (z,y) € A implies interchanging the vectors e”

and e . Thus the bundle N (A, S m) can be decomposed into the sum of all line
bundles (eh +efy=e and (ef —el)= A for k=1,...,m —n. This decompo-
sition defines the required 1somorphism Ja: (A S m) (m—n)Aa Ge™ ™.

Notice that the bundle Ax can be identified with a subset of the mapping cone
T(Aa) of the covering A — A. Denote the restriction of the cycle f: T(Ap) — S™
to the subset still by f Aa — S™. Denote by f: Aa — S™ a_general position
smooth map (not necessarily an immersion ) sufficiently close to f: Aa — S™.

Definition 5. The beta-invariant 3(f) of an almost embedding f: SP x S9 — S™
is the bordism class of the [A-manifold (3, Ag,gs) defined as follows.
1) The manifold g is defined by

B={(z,y) € DI x \a: fz = fy}.

2) To construct the line bundle Ag on the manifold 3 denote by pr: 3 — A the
obvious composition  — D7 x Aa — 0 x A = A. Put Ag = pr*(\a).

3) To construct the stable isomorphism gg: v(3) = [\ restrict the stable iso-
morphism ga : ¥(A)2 (I 4 1)Aa, in Definition 4, step 3) to the bundle (e} —e})*.
We get an isomorphism v(Ax) 2 IAa @ /1. Identify v(Aa) and v(DIT! x Ap).
Restricting the previous isomorphism to the manifold 3 we get an isomorphism

I/(Dq+1 X Aa)lp =g @ ettt
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Take a trivialization of the normal bundle N (D91 S™). The trivialization gives
an isomorphism
g2 (B) = v(DH x Aa)|g @ ™11,

Put g5 = (g1 @id) o ga.

Proposition 1. There is a well-defined map E™(SP x S9) — Q. given by the
formula f— B(f).

Proof. We need to check the following:

1) The class of B(f) does not depend on the choices in the construction. Indeed,
we made the following four choices. In the definition of the cycle f we took an
extension i: CA — DPF4, In Definition 4, step 3), we took a trivialization of the
bundle N(DP*4 S™). In Definition 5, step 1), we took an extension f: DIt — g™,
And in step 3) of the same definition we took a trivialization of N(D+1 §™).
Clearly, these extensions and trivializations are unique up to homotopy, hence the
class of B(f) is well-defined.

2) If f1 and fy are almost concordant, then B(f1) = B(f2). Indeed, let f: SP x
S9x I — S™ x I be a general position almost concordance between f; and fy. One

can construct analogously as above the S-invariant G(f) of this almost concordance.
It will be a bordism between §(f1) and 5(f2). Thus 5(f1) = B(f2).

Now we give a relative version of the above construction; see Fig. 8. A map
f: X =Y is proper if f710Y = 0X.

Figure 8

Definition 6. Fix a ball BPt? C SP x Int D? such that BPT9 N (x x DY) = @.
A proper map f: SP x D? — D™ is said to be a proper almost embedding if the
following conditions hold:

(i) f is an embedding outside BPT4;

(ii) fBPTIN f(SP x DI — BPYY) = .

A proper almost concordance is defined analogously, except that the ball BP*4 is
replaced by BPT4 x I. The standard embedding SP x DI — D™ is the composition
SP x D9 C DPt! x D=~ prtratl ¢ pm,

Hereafter f: SP x D? — D™ will be assumed to be a proper almost embedding,
unless stated otherwise.
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Definition 7. A proper almost embedding DPT9 — D™ is a proper map whose
restriction to the boundary is an embedding.

Definition 8. Fix the standard equatorial decomposition

dD4 =0D? =9D1

1
oDt = DY U DY,

A web for a proper almost embedding f: SPx D? — D™ isamap f: DIt! — D™
satisfying the following two conditions, see Fig. 8:

(i) flps = flixpa;

(ii) fDL c oD™.
Definition 9. The definition of the (relative) S-invariant B3(f) of a proper almost
embedding f: SP x D? — D™ is completely analogous to the definition of the
invariant B(f) above, except that the map f|.xss is replaced by fl.xpa.

Given a proper map g: DY — D™ missing the image f(SP x DY), define the
B-invariant B(f, g) analogously to 8(f), only replace the map by the map g.

An obvious consequence of the definitions is:

Proposition 2. The map g — p(f,g9) induces a homeomorphism of groups
(D™ —Im f,0D™ — Im f) — Q. Moreover, if a proper map g: D? — D™
is sufficiently close to f|.xpa, then B(f,qg) = B(f).

§ 4. Completeness of the beta-invariant

In this section we prove the completeness of the relative S-invariant:
Theorem 4. Assume that m > p + %q + 2. Then any proper almost embedding
f: 8P x DT — D™ such that B(f) = 0 is properly almost concordant to a con-

nected sum (relatively the boundary) of the standard embedding SP x D1 — D™
and a proper almost embedding DPT4 — D™,

4.1. First let us state our central lemma which describes the homotopy groups of
the complement of a proper almost embedding; cf. [30], Corollary 4.4.

Lemma 1 (Complement Lemma). Assume that m > p + %q + 2. Then any proper
almost embedding f: SP x DY — D™ s properly almost concordant to a general
position proper almost embedding f': SP x DY — D™ such that

Tg(D™ —Tm f',0D™ —Im f') = Q" .
This isomorphism is given by the formula g — B(f',g).

In particular, if 5(f) = 0 then any proper map g: D? — D™ — Im f’ sufficiently
close to f'|«xpa is properly null-homotopic (outside Im f’). This remark follows
from Proposition 2 above and forms the basis of the following argument.

Proof of Theorem 4 (modulo Lemma 1). The proof consists of 3 steps.
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1) Construction of a web, whose interior misses Im f. Take a proper almost
embedding f: SP x D? — D™. Let f': SP x D9 — D™ be a proper almost embed-
ding (properly almost concordant to f) such that the isomorphism of Lemma 1
holds.

Without loss of generality assume that f'(S? x D?) is orthogonal to 9D™. Since
the restriction of the normal bundle N(f'(SP x D?), D™) to the disc f'(x x D?)
is trivial, there exists a unit vector field on f’(x x DY) orthogonal to f'(SP x D?).
Attach a collar neighbourhood to f’(x x D7) along this vector field. One boundary
component of this collar forms a proper map ¢g: D¢ — D™ — Im f.

By Lemma 1 (and the paragraph after its statement) the map g: D?— D™ —Im f’
is properly null-homotopic. Hence one can attach a disc (possibly with self-
intersections, missing Im f’ and with boundary in Im g U dD™) to the boundary
component of the collar. The union of the disc and the collar is the image of the
desired web f: DIt — D™,

2) Removing self-intersections of the web. By [33], Theorem 2.1 there exists
a piecewise smooth homeomorphism h: D™ — D™ such that fI’)1 := hf’ and
fo1 := hf are piecewise linear. Denote by M™ the complement of a regular neigh-
bourhood of Im f}, in D™. Then the pair (M™,0M™ N9D™) is sufficiently highly
connected (see Proposition 5 below). The following theorem allows one to remove
the self-intersection of the web:

Theorem 5 (Embedding Theorem moving a part of the boundary). Let
(M™, M™1)

be a pair of piecewise linear manifolds such that M™~1 C OM™. Suppose this pair
is (2¢ — m + 3)-connected and m > q + 4. Let

?pl: (Dq+1aDZ) - (MmaMmil)

be a piecewise linear map which embeds DY into OM™ — Int M™= 1. Then ?pl 18
homotopic rel Di to a piecewise linear embedding

f . (Dq-&-l’Dg) N (Mm7Mm—1).

emb *

This theorem is proved completely analogously to Theorem 9.2.1 in [25]. Since
all the obstructions to smoothing the embedding h~!f,,, belong to trivial groups
HF (DI, DY ; Cy",) it follows by smoothing theory [33] that the piecewise linear
embedding h ' f_,.,,, is properly homotopic rel D to a web T: D1 — D™ which
is a smooth embedding.

3) Decomposition of f' into a connected sum. Let B™ be the complement in
D™ of the union of tubular neighbourhoods of f/(SP x DY —Int BP*4) and f' D+,
Then B™ is a smooth ball such that (f’)~!B™ = BPT4. Denote the restriction
f': BPT4 — B™ by ¢': BP9 — B™ It is easy to see that f’ is properly almost
concordant to a connected sum (relative to the boundary) of ¢’: BP*4 — B™ and
an embedding SP x D? — D™. The latter is properly ambient concordant to the
standard one (by easy Proposition 9, (a) below). Thus Theorem 4 modulo Lemma 1
follows.

The rest of §4 is devoted to the proof of Complement Lemma 1. Our argument
is parallel to [30], §§ 3, 4.
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4.2. Hereafter we shall identify the disc D™ with the upper half-sphere of S™ and
we shall fix the decomposition S™ = D™ U CS™~!. Denote by {X,Y} the set of
stable homotopy classes of maps X — Y.

Ezample 2. {(D%;S971), (D™ —Im f,0)} = {59, 8™ — f(S? x D7)} (because a pair
(X,Y) is stably homotopy equivalent to the space X UCY).

The following proposition shows how to express the g-invariant via the homotopy
class of a map g: D? — D™ —Im f in the group 7,(D™ — Im f,0). This can be
considered as an alternative definition of the S-invariant 8(f, g).

Proposition 3 (cf. [30], Proposition 3.2). Under the composition

(D™ —Im £,8) = {59,5™ —Im f} 2% {Im f,§™~9"1}
L), §7m7171) B o (P, 1) )

the homotopy class of a proper map g: D! — D™ —Im f is sent to B(f,g).

Here the first arrow is the iterated suspension map. The second map is the
Spanier-Whitehead duality. The third arrow is induced by the map f defined in § 3.
The fourth map is given by the Pontryagin-Thom construction (see [27] for details).
This proposition is proved by a direct verification. In fact, it suffices to prove it for
amap f: BPTY — S™ which can be done analogously to [30], Proposition 3.2.

This assertion suggests that it is helpful to find the homotopy type of Im f:

Proposition 4 (cf. [30], §4). Denote by C' the mapping cone of f: L(f) — fX(f).
Then Im f ~ C Vv SP.

The proof of this proposition immediately follows from the observation that both
of these spaces can be obtained from Cyl(X(f) — fE(f)) Us(p)csrxpa (57 x D)
by appropriate contractions (see Fig. 9).

E(f)

Brt+a

Im f
Figure 9

Let us begin the study of the homotopy type of the pair (D™ — Im f, 9).

Proposition 5 (cf. [30], Lemma 4.2). For a general position proper almost embed-
ding f the pair (D™ —Im f,0) is c-connected, where ¢ = min{m —p —2,2m — 2p —
2q — 3}.
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Proof. In codimension at least 3 the pair (D™ —1Im f, ) is generically 1-connected.
By the homology excision theorem

H;(D™ —Tm f,9) = Hy(S™ —Im f).

By the Alexander duality H;(S™ — Im f) = H™*"1(Im f). By Proposition 4 we
have H™~%~1(Im f) = 0 for i < ¢ because generically dim C' = 2p+2q —m + 1. So
by the Hurewicz theorem the pair (D™ — Im f, d) is c-connected.

Proof of Lemma 1. It suffices to show that for an appropriate choice of proper
almost embedding f’ all maps in Proposition 3 are bijective. We need to modify
the initial proper almost embedding f only in step 4) below.

1) The first map is bijective by Proposition 5 and the Suspension Theorem,
because the assumption m > p + %q + 2 implies ¢/2 < c.

2) The second map is bijective by the Spanier-Whitehead duality.

3) The third map is bijective. By Proposition 4 {Im f, S™~971} = {C, §m~a~1}
hence it remains to check that {C,S™~ 971} = {T(A\aA),S™ 971}. Denote by A
the restriction of Aa to the triple points, by Cr the image of T'(Ar) under the map
T(Aa) — C, and by R the mapping cone of the map T'(Ar) — Cp. Then R is
a deformation retract of the mapping cone of the map T (Aa) — C. Consider the
Puppe exact sequence of the pair (Cyl(T'(Aa) — C),T(Aa)):

{R7 Smiqil} - {Cv Smi(]il} - {T()‘A)’ Smiqil} - {R7 Smiq}'

Since R has dimension at most 3qg + 3p — 2m + 2, it follows by the assumption
m 2 p+ 3¢+ 2 that {C,S™ 771} = {T(\a),S™" 771}, Clearly, the obtained
isomorphism {Im f, S™~971} =2 {T(\a), S™ 971} is induced by the map

f:T(Aa) — Im f.

4) Making the fourth map bijective. One can see that the fourth map is bijective
if the map A — P classifying the bundle Aa is (s + 1)-connected. Indeed, by
the Thom-Pontryagin construction {T'(Aa), S™ 971} = Q. (A,IAA) and by homo-
topy lifting the induced map Qs(A,IAa) — Qs(P%°,I\) is an isomorphism. (The
definition of the group Q(A,IAa) and the details can be found in [30], § 3 and [27].)

So it remains to make the classifying map A — P> (s+1)-connected by a proper
almost concordance of f. This is made by the following theorem (applied here for
s=2p+3¢g—2m+2and n =p+q).

Theorem 6 (Surgery Theorem; cf. [30], Theorem 4.5). Let M™ be an (s + 1)-
connected manifold and let f: B™ — M™ be a proper immersion such that the
restriction flopn is an embedding. Assume that 2s < 2n —m — 2 and 0 < s <
m—n—3. Then by a regular homotopy rel 9B™ of the immersion f: B™ — M™ the
classifying map A — P> of the covering A — A can be made (s + 1)-connected.

The proof of Theorem 6 is completely analogous to the proof of Theorem 4.5
in [30]. We present it in §8.

Thus we have proved, modulo Theorem 6, the completeness of the (-invariant
(Theorem 4).
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8§ 5. The exact sequence

In this section we deduce Theorem 3 from the completeness of the g-invariant.
Formally, Theorem 3 follows from Theorems 4 and 7, Lemma 2 and Proposition 7.

Theorem 7. Assume that m > p + %q + 2. Then for each x € S, there exists
a proper almost embedding w,: SP x D9 — D™ such that f(w,) = x.

Proof. The construction of w, proceeds in 3 steps:

1) Construction of a map f' U g: SP x D91 DY — D™ such that 8(f',g) = x.
Start with the standard embedding f: SP x D? — D™. By Complement Lemma 1
the map f is properly almost concordant to a proper almost embedding f':
SP x DT — D™, such that B(f', -): mg(D™ —1Im f’,0) — Q' is an isomorphism.
Take a proper map g: D9 — D™ —Im f’ such that 5(f’, g) = =.

2) Homotopical extension of g: DY — D™ — Im f’ to a proper embedding g':
SP x D9 — D™ —Im f’. Since (D™ —Im f’, 9) is sufficiently highly connected (see
Proposition 5), it follows by the embedding theorem ([25], Theorem 8.2.1) that one
can remove the self-intersection of g: D? — D™ —Im f’. By Hirsch theory one can
make g: D? — D™—Im f’ a smooth embedding with a trivial normal bundle. So one
can extend g: D? — D™ —1Im f’ to a proper embedding ¢': S? x D? — D™ —1Im f’
such that the image Im ¢’ is contained in a tubular neighbourhood of Im g.

3) Making the SP-parametric connected sum of f’ and ¢'. Fix a point * € 9D1.
By construction it follows that f’|s is concordant to the standard embedding.

Thus the sphere f/(S? x %) can be spanned by a framed disc DP™' C 9D™ (web)
such that Int DPT' NIm f’ = @ and the first ¢ vector fields of the framing of 0DP+!
are tangent to f/(S? x S9). Generically the web does not intersect Im g, and hence
it does not intersect Im ¢’ either. Clearly, the sphere ¢'(SP X *) can also be spanned
by a web D" ¢ D™ whose interior does not intersect Im(f’ U g') and DPFL.

Join the centres of the webs DP*! and DP*! by an arc I in 0D™. Generically I
intersects Im(f’LIg’) U DP*1 U DP*! only at the boundary dI. Let D™ be the union
of small tubular neighbourhoods of DP*!, I and DP*! in the ball D™. Clearly,
the intersection Im(f’ U ¢g’) N D™ is standard. By performing the SP-parametric
connected sum of f/: SP x DI — D™ and ¢’': S? x DI — D™ in D™, we obtain the
required proper almost embedding w,: SP x D? — D™. The proof is complete.

Let E™(SP x D4,8P x S971) denote the group of proper almost embeddings
SP x D7 — D™ up to proper almost concordance and connected sums with proper
almost embeddings DPT¢ — D™ (with the parametric connected sum group struc-

ture).

Remark 1. The relative O-invariant is a map

E™(SP x D9,SP x §171) —

p,q°

Theorems 4 and 7 together assert that this map is bijective for m > p + %q + 2.
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Stust — 62 Stust — 82 D'uD! — D? SOLuso — st
| @ Q
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E2(S% x Sh) 0 L a0 o 0 E1(S% x 59)

7)}?2(81) S x D1, S0 x §9) 7E1(50)

Figure 10

Lemma 2 (cf. [34] and [10], Theorem 1). For every m > 2p + q + 2 there is an
exact sequence (see Fig. 10)

E™(SP x S1) . —,. h =m -1
WHE (SPXS(I)—>E (SPXDQ’SPXS‘I )

Em-1(SP x §9-1)
Em—1 (Sp+q71)

In the rest of §5 we shall prove Lemma 2. We begin with the construction of the
commutative group structure on the set of knotted tori (and also almost embeddings
SP x §7 — S™). This construction is equivalent to the one from [21], § 2.

Definition 10. Fix a point * € S9. Without loss of generality assume that
* X S9N BP9 = @. A web of an almost embedding f: SP x S9 — S™ is a framed
disc DPT1 C S™ satisfying the following 3 conditions:

(i) ODPHL = f(SP x %);

(i) Int DPT'NIm f = @;

(iii) the first ¢ vector fields of the framing of dDP*! coincide with the obvious

framing of the ‘meridian’ f(SP X *) in the ‘torus’ f(SP x S7).

Webs of an almost concordance f: SP x S x I — S™ x I and of a proper almost
embedding f: SP x D? — D™ are defined analogously (the marked point * € D?
is the centre of the disc DY).

The following assertion is equivalent to the Standardization Lemma in [21].

Proposition 6 ([21], Lemma 2.1). If m > 2p+q+1, then for any almost embedding
f: 8P x 81 — S™ there exists a web. If m > 2p+ q+ 2, then for any almost
concordance between the almost embeddings f1, fo: SP x S — S™ there exists a web
extending given webs of f1 and fs.

Proof. The bundle N(f|sex«;S™) is stably trivial and m — p — g > p, hence this
bundle is trivial. Take a (m — p — ¢)-framing £ of this bundle.

Take the section formed by the first vectors of £&. Since m > 2p+q+2 > 2p+ 2,
it follows that the embedding f|s»x« is unknotted in S™. So there is an embedding
f: DPHL C S™ satisfying property (i) from the definition of the web above. Since
m > 2p + g + 2, we may also assume property (ii) by general position.

By deleting the first vector from £ we obtain an (m — p — ¢ — 1)-framing &; of
the boundary f(0DP*+1) orthogonal to the disc f(DP*!). Denote by 1 the standard
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normal ¢-framing of f(S? x %) in f(SP x S9). Then (&;,7n) is a normal (m —p—1)-
framing on f(ODP*!) orthogonal to f(DP*1). Since p < m —p — ¢ — 1, the map
Tp(SOm—p—g—1) — Tp(SOs—p—1) is epimorphic. Hence we can change & (and
thus &) so that (£1,7) extends to a normal framing on f(DP*!). Clearly, the
obtained framing satisfies property (iii).

The second assertion of the proposition is proved analogously (see [21], the proof
of Lemma 2.1).

The following definition is equivalent to one in [21].

Definition 11. Let fq, fo: SP x S9 — S™ be a pair of almost embeddings. With-
out loss of generality we may assume that Im f; C D, Im fo C D™. Take webs
DPFl c D™ and DPFT! C D™ of these almost embeddings. Join the centres of the
webs DPt! and DP*H! by an arc I in S™. Generically I intersects Im f; U Im fo U
DPH1yDPH! only at the boundary 1. Let D™ be the union of small tubular neigh-
bourhoods of DP*1, I and DP*! in S™. Clearly, the intersection (Im f; UIm fo)N D™
is standard.

By the parametric connected sum of f; and fo we mean the almost embedding
fi+ fo: SP x §9 — S™ obtained by the SP-parametric connected sum of f; and fs
inside D™.

Definition 12. Let f: SP x S — S™ be an almost embedding. By the inverse of
f we mean the almost embedding given by the formula (—f)(x,y) = o f(x, 04y),
where o}, is the reflection of S* across the hyperplane z; = 0.

Definition 13. By the neutral element we mean the standard embedding
5% x §P — DI*! x prl o pprat2 ¢ pmoc g7

The following important result is checked directly (see the details in [21]).

Theorem 8 (Group Structure Theorem). A commutative group structure on the
set of almost embeddings SP x S9 — S™ up to almost concordance is well-defined
form > 2p+ q+ 2 by the above construction.

The analogues of this theorem for proper almost embeddings and smooth embed-
dings are also true and can be proved analogously.

Proposition 7. For m > 2p + q + 2 the relative B-invariant

B: E™(SP x D7, 8P x §T71) — qm

D.q
is a homomorphism.

Proof. Consider a triple of proper almost embeddings f1, fo, and f3 = f1 + fo,
where ‘+’ denotes the SP-parametric connected sum relative to the boundary. One
can see that up to homotopy f3 = f1 V f2 and f3 = fihf,, where ‘4’ denotes
the connected sum relative to the boundary. So 5(f3) = B(f1) U B(f2), hence

B(f1+ f2) = B(f1) + B(f2)-

Now we are going to prove that the action of embeddings SPT¢ — S™ on the set
of embeddings SP x §7 — S™ is injective.
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Notations:

E™(SPT) is the group of all embeddings SP™7 — S™ up to concordance.

E™(SP x S?) is the group of all embeddings SP x S? — S™ up to concordance
(with the parametric connected sum group structure).

k*: Em™(SPT1) — E™(SP x S7) is a map taking an embedding g: SPt9 — S™
to the connected sum of g and the standard embedding S? x S?7 — S™. (The
connected sum is made along a path I joining the images of the embeddings; these
images are assumed to be separated by a hyperplane).

Proposition 8. The map k*: E™(SPT7)— E™(SP x S7) is injective for m > 2p+
q+2.

In fact, this proposition immediately implies the case of ‘p+ g+ 1 divisible by 4’
in Theorem 2 by Theorem 1.

Proof of Proposition 8. It suffices to construct a left inverse ®*: E™(SP x S9) —
E™(SP*4) of the map r*.

The map £*: E™(SPxS9) — E™(SP19) is defined as follows. Take an embedding
f: 8P x 89 — S™. By Proposition 6 there exists a web DP*! of this embedding.
Perform embedded surgery on SP x S9 along the framed disc DP*!. Let ®*(f) be
the isotopy class of the embedding SPT¢ — S™ obtained by the surgery.

The element £*(f) is well defined by the second assertion of Proposition 6. We
have K*k* =id because K*k*(f) =F*(fis) = fir*(s)= f10= f for any fe E™(SPT9).

Proposition 9. (a) For each m > 2p+q—+2 all proper embeddings S? x DY — D™
are properly concordant.

(b) ([21], the triviality criterion.) For m > 2p+q+2 an embedding SP x S~1 —
S™=1 4s concordant to the standard embedding if and only if it extends to a proper
embedding SP x D1 — D™.

Proof. (a) Take a proper embedding f: SP x D¢ — D™. By an analogue of Proposi-
tion 6 there exists a web DPT! of f. Let D™ be the tubular neighbourhood of DP*1.
Clearly, the restriction f: f~'D™ — D™ is concordant to the standard embedding
SP x D1 — D™, It remains to prove that f is concordant to this restriction. Let
c: SP x D7 x I — D™ x I be the identical concordance (equal to the embedding
f: 587 x D% — D™ for each t € I). Let hy,: D™ x I — D™ x I be a diffeomorphism
fixed on D™ x 0 and taking D™ x 1 to D™ x 1. Let hpiq: SPx DIx I — SPx DI x T
be a diffeomorphism fixed on S? x S9 x 0 and taking S? x D? x 1 to f~*D™. Then
the composition hy,chy44 is a proper concordance between f: S? x D? — D™ and
the restriction f: f~'D™ — D™.
(b) follows directly from (a).

The analogue of this proposition for proper almost embeddings is also true,
except that the ball BP*4 in the definition of a proper almost embedding should
be replaced by a ball BP*? C S x D? meeting the boundary at a common face.
A face of the ball BP9 is a ball contained in BPT4.

Proof of Lemma 2 (cf. [10], the proof of Theorem 3.1).

1) Construction of the homomorphisms. Let e be the obvious map. Let p be
the ‘restriction-to-the-boundary’ map. The homomorphism h is the ‘cutting map’
defined as follows. Take an almost embedding f: SP x S¢ — S™. By Proposition 6
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there exists a web DPT! C §™. Let D™ be a tubular neighbourhood of DP*!. Set
h(f) to be the restriction f: (S? x S9 — f~1Int D™) — S™ — Int D™.

2) Exactness at E™(SP x S?)/E™(SP*49). The seqence is exact at E™(SP x S7)/
E™(SP*1) because an embedding f: SP x S9 — S™ extends to a proper almost
embedding S? x D4T1 — D™*1 if and only if f is almost concordant to the standard
embedding (by the analogue of Proposition 9, (b)).

3) Exactness at E™(SP x D4,SP x S971). The inclusion Imh C kerp follows
by Proposition 9, (b). To prove that kerp C Imh take a proper almost embedding
f: 87 x DT — D™ such that p(f) = 0. Let flg: SP x D7 — 9D™ be the
restriction of f to the boundary. By definition, there exists a smooth embedding
g: SPra—l — §m=1 guch that the connected sum f|s + g is concordant to the
standard embedding. Extend g: SP*9=1 — S§™~! t0 a proper almost embedding
g': DPT4 — D™, Let f + ¢ be the connected sum of f and ¢’ relative to the
boundary. By Proposition 9, (b) the map f + ¢’: SP x D? — D™ extends to an
almost embedding f": SP x §9 — S™. Thus f = h(f’).

4) Exactness at E™(SP x S%). The inclusion Ime C ker h follows by Proposi-
tion 9, (a). To prove that ker h C Im e take an almost embedding f: SP x §9 — S™
such that A(f) = 0. Then, by definition, there exist a proper almost concordance ¢
between h(f) and a connected sum of the standard embedding S? x D? — D™
and a proper almost embedding g: DPt9 — D™. Since the restriction of ¢ to the
boundary is a smooth concordance, by Proposition 8 it follows that the restriction
of g to the boundary is unknotted. Thus we may assume that g is a smooth embed-
ding. By the concordance extension theorem the restriction of ¢ to the boundary
extends to an ambient concordance of the disc S — D™. So ¢ can be extended
to an almost concordance of f without adding new self-intersections. The latter is
an almost concordance between f and an embedding f': SP x S9 — S™. Hence
f=-e(f"), as required.

So the proof of Theorem 3 is complete.

8 6. The finiteness criterion

In this section we deduce Theorem 2 from Theorem 3. Thus we need a classifi-
cation of almost embeddings SP x S9 — S™. We summarize this classification and
the above results in the following theorem.

Let E™(DP x S?) denote the group of smooth embeddings D? x S — S™ up to
concordance (with the DP-parametric connected sum group structure).

Theorem 9. Form > p+ %q+2 and m > 2p+q—+2 there exist the following exact

SEeqUENCeES: Em(Sp y Sq) '

m + = fm _—

1) 0 B (5pta) E™(SP x §9) e
—m m E™(SP x S9) —m

2) E +1(SP X §atl) —— Qp,qﬁ:l (S ) — E™(SP x §9);

3) Em+1(Dp % Sq+1) 4>7Tp+q(5qu71) %Em(sp x S9) —> E™(DP x §9);

4) Em+1(5q+1)

Tq(Vin—q.p) —= E™(DP x S7) —— E™(S59).

The second terms in sequences 1)-4) in Theorem 9 are well known rationally.
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Theorem 10. Assume that p + %q—|—2 <m<p+ %q—&—Q, m > 2p+q+ 2 and
m >n+ 2. Then
1) E™(S™) is infinite if and only if m < %n + % and n + 1 is divisible by 4;
2) QZ;+11 is infinite if and only if m = p + %q + % and g + 1 is divisible by 4;
3) Tptq(S™I7Y) s infinite if and only if m = %p + %q + % and p+q+1 is
divisible by 4;
4) 7y(Vin—qp) s infinite if and only if p > 1, %q + % <m<p+ %q + % and
q+ 1 is divisible by 4.

We argue by the following plan. First we prove Theorem 2 modulo Theorems 9
and 10. Then we prove Theorems 9 and 10 themselves, using some known results.

Proof of Theorem 2 (modulo Theorems 9 and 10). 1) Case when ¢+ 1 and p+q+1
are not divisible by 4. Recall that if X — Y — Z is an exact sequence with finite
X and Z, then Y is also finite. Applying this 4 times to the last 3 columns in
Theorem 9 starting from the bottom, we are done, because by Theorem 10 the
groups in the second column of Theorem 9 are finite when ¢+ 1 and p+ g + 1 are
not divisible by 4.

2) Case when p+ q+ 1 is divisible by 4. By Theorems 9,1) and 10, 1) it follows
directly that the group E™(SP x S7) is in this case infinite.

3) Case when q+ 1 is divisible by 4, m < %q+ % By Theorem 10, 1), in this case
the group E™(S?) is infinite. Take an infinite order element x. The obstruction
to existence of a (p + 1)-framing on the embedding z: S9 — S™ belongs to the
group mg—1(Vin—gp+1). By Theorem 10,4) this group in our case is finite. So
for some positive integer N the embedding Nx extends to a smooth embedding
HSP x §S1 — S™. Since the restriction of the embedding to the sphere * x S? has
infinite order it follows that H itself has infinite order.

4) Case when g+ 1 is divisible by 4, %q—i— % <m<p+ %q + %, p > 1. It suffices

to construct an embedding T': SP x S9 — S™ having infinite order in E™(S? x S?).
Construction of the embedding T. By Theorem 10,4) the group my(Vy,—q,p) is in
this case infinite. Take an infinite order element x of this group. Consider the map
T: Tg(Vin—q,p) — E™(DP x S9) from Theorem 9,4). This map takes the element
x to the canonical p-frame DP x S? — S™ of the standard sphere S7 C S™.
The complete obstruction to extension of this p-frame to a (p+ 1)-frame belongs to
Tg—1(S™7P~4971). The latter group is in our case finite. So for some positive integer
N the element N7(z) can be extended to a smooth embedding SP x S7 — S™, which
is the desired torus T'.
Proof that T has infinite order. It suffices to prove that the element 7(z) €
E™(DP x §9), which is the restriction of T to DP x S9, has infinite order. Suppose
the contrary. Then N7(x) = 0 for some positive integer N. So by Theorem 9,4)
Nz belongs to the image of the map E™T(S9) — 7 (V,,,_, ). But the group
E™T1(89F1) is in our case finite. Thus z has finite order in contrast to our choice
above. This contradiction proves that T has infinite order.

5) Case when q + 1 is divisible by 4, m = p+ %q + %

Construction of the embedding W. By Theorem 10,2) the group QZ; +11 is in
this case infinite. Take an infinite order element x of this group. Let W: SP x
S%9 — S™ be an embedding realizing the image of x under the map QZ;-:l —
E™(SP x S§%)/E™(S8PT4) from Theorem 9, 2).
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Proof that W has infinite order. Consider the exact sequence 2 in Theorem 9.
It suffices to prove that E™T1(SP x S9t1) is in our case finite. Since g + 1 is
divisible 4, it follows by Theorem 10 that 7y11(Vin—qp) and E™F1(S91) are finite.
An easy computation shows that mp4441(S™7971) is also finite in our case. So by
Theorem 9, 3),4) it follows that E™+1(SP x S9t1) is finite.

In the rest of the section we shall prove Theorems 9 and 10.

Assertions 1) and 2) of Theorem 9 are reformulations of Proposition 8 and The-
orem 3 which were proved in §5. Theorem 9,4) is proved by a direct verification
analogously to [4], Corollary 5.9. We sketch the proof below for the convenience
of the reader. Theorem 9,3) is proved in [21], Restriction Lemma 5.2 for p > 1,
m>2p+q+2and m > %er %q+2. The additional restriction m > %er %q+ 2 in
the proof of this assertion in [21] can be dropped. We sketch an alternative proof
to keep the paper self-contained.

Sketch of the proof of assertion 3) in Theorem 9. (a) Definition of the groups
E™(SP x S9) and E™(SP x D7, 5P x §971).

A map f: SPxS57 — S™ issaid to be a weak almost embedding if it is an embedding
outside the fixed ball BPT C SP x S (the intersection fBPTIN f(SP x §¢— BPT4)
is allowed to be nonempty). A weak almost concordance is defined analogously.
Denote by Em(Sp x S?) the group of weak almost embeddings up to weak almost
concordance. Identify the groups Em(SP x 89) and E™(DP x S?). Clearly, these
groups are isomorphic for m > 2p + g + 2.

Fix a ball BP*4 C (SP — %) x DY meeting the boundary in its face.

A proper map f: SP x D¢ — D™ is said to be a proper weak almost embedding
if the following two conditions hold:

(i) f is an embedding outside BP*9;

(ii) f(SP x DY N BPta) N f(SP x 0D — BPT9) = &.

A proper weak almost concordance is defined analogously. Denote by

E™(SP x D7,57 x §971)

the group of proper weak almost embeddings up to proper weak almost concordance.
(b) Existence of an exact sequence. For every m > 2p 4+ q + 2 there exists an
exact sequence

E™(SP x §9) S E™(SP x §9)
Ly EM(SP x D7, SP x §971) B Em(5P x §11)

Here e, h and p are the obvious forgetful, cutting and restriction homomorphisms,
respectively. This assertion is proved completely analogously to Lemma 2.
(¢) Definition of the homomorphism

A E™(SP x D9,87 x §97Y) — 0 (ST,

Take a proper weak almost embedding f: SP? x D¢ — D™. By definition fo0BP+IN
f(xx D?) = @. Notice that D™ — f(x x D) ~ §™~9~1 Let A(f) be the homotopy
class of the restriction f: 9BPT? — D™ — f(x x D).
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(d) X is injective. Take a proper weak almost embedding f: SP x D? — D™ such
that A(f) = 0. Then f|,p5,+, extends to a map g: BPT4 — D™ missing f( x D9).
Since f|gpy pa_pr+q is an embedding, it follows that the intersection of gBP*? with
f(SP x D9 — BP+4) can be removed by a homotopy relative to the boundary. Thus
we may assume that g misses f(S? x DY — BPT4). Perform a proper weak almost
concordance which replaces f|g,+, by g. By an analogue of Proposition 9, (a) the
obtained map is properly weakly almost concordant to the standard embedding
SP x DT — D™,

(e) X is surjective. Take an element x € m,4,-1(S™ 971). Take the standard
embedding f: S?xD? — D™. Realize the element 2 by a map g: SPT9~! — 9D™—
f(x x D?). Since flgpy po_Fr+a 15 an embedding it follows that the intersection of
gBPTY with f(S? x D? — BP*9) can be removed by a homotopy relative to the
boundary. Thus we may assume that g misses f(S? x D? — BP+4). Extend the map
g: SPTa=1 — 9D™ to a proper map g’': DP9 — D™, Let u, be the connected sum
(relative to the boundary) of ¢’ and f. Clearly, A(u,) = 2. This completes the
proof of assertion 3).

Sketch of the proof of assertion 4) in Theorem 9. (a) Definition of homomorphisms.
The map i*: E™(DPxS7) — E™(S?) is restriction-induced. Here 0x 57 is identified
with S? in the obvious way.

The map Ob: E™(S%) — m4—1(Vin—gqp) is the complete obstruction to the exis-
tence of a p-framing on an embedding S? — S™. This obstruction is defined
as follows. Take an embedding f: S9 — S™. Take a (unique up to homotopy)
(m — g)-framing of the disc fD$. Take a (unique up to homotopy) p-framing of
the disc fDZ. Thus the sphere fS97! is equipped both with the p-framing and the
(m—q)-framing. Using the (m — ¢)-framing identify each fibre of the normal bundle
to ij_ with the space R™~9. To each point x € S9! assign the p-framing at the
point fx. This leads to a map S7~1 — V,,_, ,. By definition Ob(f) € mg—1(Vin—q.p)
is the homotopy class of this map.

The map 7: mg(Vin—q,p) — E™(DP x S?) is defined as follows. Represent f €
Tq(Vin—q,p) as a smooth map f: DP x §7 — D™ 7 linear in each fibre DP X .
Define 7(f) to be the composition DP x S — D™~ x S9 — S™ of the embedding
f X pry and the standard embedding s.

(b) Exactness at E™(DP x S?) and E™(S?) is checked directly.

(c) Proof of the exactness at m4(Vyn—qp). Let f: ST — SmF! he an embed-
ding. Then f is isotopic to a standardized embedding f': S9t1 — S™, that is, an
embedding satisfying the conditions

e f/: DT D™ g the restriction of the standard inclusion S9! — g™+
e f/(DY), c DT

Take a p-framing of f/(D9t1). Clearly, the embedding 7Obf’: DP x §7 — S™
extends to the embedding DP x D4Tt — D™+ determined by the p-framing. So
7Obf’ is isotopic to the standard embedding DP x S — S™. Thus Im 7 C ker Ob.
Analogously Im 7 D ker Ob.

Theorem 10 can easily be reduced to known results. Assertion 1) is proved in [4],
Corollary 6.7. Assertion 3) follows from the Serre theorem.
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Sketch of the proof of assertion 4) in Theorem 10. The assumptions m > 2p+ g+ 2
and m < p+ %q+2 together imply that m < 2g. We are going to prove assertion 4)
with these assumptions replaced by the only assumption m < 2q. We use induction
on p.

(a) Case of ¢ + 1 not divisible by 4. Since m < 2g, it follows that m4(Vi—gq.1) =
7, (S™7971) is finite. Using the homotopy exact sequence of the ‘restriction’ bundle
SmP4 — Vi ap — Vin—q,p—1 tensored by Q, we get inductively that my(Vi—q.p)
is finite.

(b) Case of ¢+ 1 divisible by 4 and either m < %q + % orm > p-+ %q + % In
this case the groups m,(S™97") are still finite for each ¢ =1,2,...,p. Similarly as
above we get that m4(V,,—,p) is finite.

(¢) Case of q + 1 divisible by 4 and %q + % <m<p+ %q + % Take 7 such
that m = ¢ + %q + % Consider the exact homotopy sequence above for p = 1.
Analogously as above it can be shown that for ¢ + 1 divisible by 4 and m < 2¢q the
group mg41(Vin—q,i—1) is finite. Thus the group my(Vn—gq,:) is infinite. By induction
Tq(Vin—q,p) is also infinite.

Sketch of the proof of assertion 2) in Theorem 10. Use the notation s = 2p + 3¢q —
2m+2and [ = m —p—q— 1. Then the group in question is ms4;11(Varyi,ar). Our
restriction p+§q+2 <m< p—&—%q—i—? is equivalent to the restriction —1 < s < [—3.

(a) Case s = —1. By tables in [28] the group m(Var4i,a) is infinite if and only
if [ is divisible by 2. Together with condition s = —1 this is equivalent to the
conditions m = p + %q + %, q + 1 is divisible by 4.

(b) Case 0 < s < | — 3. Let us prove by induction on s that the group
Ts+i+1(Varqi,a) s finite. The base s = 0 follows from tables in [28]. For s > 0
consider the homotopy exact sequence of the ‘restriction’ bundle S* — Vvti,m —
Var+1,m—1 tensored by Q. In this sequence Tor141(SY) is finite because 0 < s < 1—3.
By the inductive hypothesis the group

Ts+1+1 (VM+l,JV[71) = T(s—1)4+(14+1)+1 (VM+I+1,M)

is finite. Hence the group msyi41(Var4i,ar) is also finite.

Remark 2. Analogously using the bundle
SOm—g-—p-1 = SOm—q = T4(Vin—gp+1),

one can prove the following assertion: suppose that m > p+ %q + 2; then the group
Tq(Vin—q.p+1) 18 infinite if and only if either m = 2¢+1, q odd, or m =p+2¢+1,
q even [24].

Thus the proof of Theorem 2 is complete.

§ 7. Concluding remarks
Let us give a counterexample which shows that Theorem 3 and Lemma 1 cannot
be proved using the ordinary Whitney trick or the approach of [35].

Ezxample 3. For some p, q, m satisfying the inequalities of Theorem 3 there exists
a proper almost embedding f: SP x D? — D™ such that S(f) = 0 but f admits no
webs. In particular, the isomorphism of Lemma 1 does not hold for f' = f.
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For a proof take m:p—|—%q—|—% and choose pand g sothat [l =m —p—qg—1
is odd. Take a generic proper almost embedding f: S? x DY — D™ such that
A is connected whereas A is not connected (for example, start with the standard
embedding and perform the finger Whitney moves). Our proof of Lemma 1 in §4
shows that, in fact m,(D™ —Im F, ) = Q4(A;IAa). The latter group is isomorphic
to Z for s = 0 and [ odd by [30], the end of §4. On the other hand, Qo (P>°;I\) = Zs.
So the map B(f, -): Z — Zs is not injective.

Then there exists a proper map g: D? — D™ — Im f such that 3(f,g) = 0, but
g is not null-homotopic. Perform the construction from the proof of Theorem 7
steps 2) and 3). We get a new proper almost embedding f such that 3(f) = 0.
On the other hand, the map g: D? — D™ —Im f is close to f|.xps, but it is not
null-homotopic. Thus there exists no web for f.

There are several directions to study knotted tori further:

(i) Explicit classification results. How many embeddings S* x S® — S0 are
there up to isotopy?

(ii) Weakening the dimension restrictions. Is it possible to drop the restrictions
m>2p+q+2orm>p+ 2q+2in Theorem 2? (Cf. [4].)

(iii) Arbitrary manifolds. It would be interesting to generalize the -invariant
and Theorem 3 to embeddings of arbitrary manifolds [1], [21].

(iv) Rational classification of embeddings. For a given manifold N and a number
m determine whether the set of embeddings N — S™ up to isotopy is finite.

§ 8. Appendix. Surgery on the double point manifold

Here we perform a surgery on the double point manifold A to make the classifying
map A — P of the covering A — A sufficiently highly connected. This is required
for the proof of Complement Lemma 1 stated in §4. Our exposition is completely
analogous to [30], Appendix A, although more general, explicit and detailed.

Let f: D™ — M™ be a general position proper immersion such that f|gpn:
OD"™ — OM™ is an embedding. The embedding theorem in [25], cf. Theorem 5
above, allows us to remove the self-intersection of f by a homotopy rel D" under
certain conditions. In the dimension range where the embedding theorem is not
true we give an approach to ‘simplify’ the double points of f.

In this section we prove that the classifying map A — P can be made (s + 1)-
connected by a homotopy rel D" of the map f: D™ — M™, provided that

(i) M™ is (s + 1)-connected;

(ii) 2s < 2n—m —2;

(i) 0<s<m—n-—3.

This is a restatement of Surgery Theorem 6 above.

Proof of Theorem 6. The procedure of making A — P> (s + 1)-connected is done
in two steps.
Step 1. Making A connected and m1(A) — w1 (P*°) surjective (in other words,
making A connected).
Step 2. Killing the elements of ker(m;(A) — m;(P>°)) foreach i =1,...,s.

These two steps are sufficient for the proof of the theorem because the map
Tit1(A) = 71 (P°) = 0 is surjective for 1 < i < s.
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In both steps 1 and 2 we carry out the following Whitney-Haefliger trick, per-
forming a surgery on A. First let us construct the Habegger-Kaiser standard model
for doing surgery on a framed i-sphere of double points of an n-disc immersed
into S™.

Standard model for doing surgery [30]. We will make use of the ‘model’ manifold

Rm _ R % Ri—i—l % RQn—m—i % Rm—n—l % ]Rm—n—l

and of two embeddings g4 and g_ of R® = Rt x RZn=m~i x Rn=m~1 ipnto R™
intersecting transversally along 0 x S x R2"=™~% x () x 0. For example, one may
take

g_(l‘,y,Z) = (|.Z“2 - 17xay7072)7 g+(907y72’) = (1 - |$\2a$,y72’,0)-

The sphere S? bounds a ball D! ¢ Ri*! ¢ R™. Furthermore, the sphere S'+! =
D U D, where D! = g4 (D™ x 0 x 0), bounds a ball DI+2CRxR*™*! cR™
with corners along S?. Pushing one of the two caps D?Q across D2 does the
required surgery. More precisely, the double points of the resulting regular homo-
topy form the trace of this surgery.

Now we are going to make some preparations for doing surgery, which are a bit
different in Steps 1 and 2.
Step 1: making A and A connected. If A = &, then we first create a nonempty
self-intersection (for example, by the Whitney finger moves). Assume A # &. Take
a pair of points (a, b), (¢, d) belonging to distinct components of A. One can assume
that they are outside the triple point set. Consider the spheres S° = {{a, b}, {c,d}},
59 ={(a,b),(c,d)}, and S® = {(b,a), (d,c)}, and let n be the trivialization of the
normal bundle N(S°, A). The surgery on S° (see the completion of the proof below)
will connect distinct components of A because dim A = 2n —m >25+2>2.
Step 2: killing the elements of ker(m;(A) — m;(P>)). Assume that g: S* — A
represents an element of the kernel ker(m;(A) — m(P™), 1 < i < s. Since
2i < dim A — 1 (because 2s < 2n —m — 2), it follows that g can be assumed to be
an embedding. By general position the triple point set has dimension < 3n — 2m.
Since s < m —n — 3, it follows that i + 3n — 2m < dim A — 1, so generically Im g
does not contain triple points.

Since the composition S* — A — P> is trivial, it follows that (m — n)Aalg: is
trivial. Then the normal bundle n = N(S% A) is stably trivial and hence trivial.

Since S' — P> is trivial, it follows that St is also trivially covered in A. Denote
by S% and S” the two copies of S* in A.

Completion of the proof: surgery on S*. First let us span the spheres S% and S*
by two disjoint discs Dfl and D! in the ball D™. To do this take a trivialization

of the normal bundle N(A, D™) (for instance, constructed in the definition of the
double point (m — n)A-manifold in §3). Push the spheres S’ and S° along the
first vector field of the trivialization. Since s <m —n —3 and 2s < 2n—m — 1, it
follows that 2s < 2n—m — 1. Hence i + 1+ dimA <n—1and 2(: 4+ 1) <n—1.
Then by general position the pushed spheres can be spanned by discs missing the
image of A.

Consider the obvious decomposition N(Dfﬁ'l7 Dn)‘Si =n@em "t where n =
N(S?, A). This decomposition gives an (m — n — 1)-framing of the sphere S . We
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wish to extend this (m — n — 1)-framing over Dfl. The complete obstruction
lies in 7;(Vi—i—1,m—n—1). The latter group vanishes for 2i < 2n —m — 1, which
follows from 2s < 2n —m — 2. Thus we obtain a decomposition N (D', D") =
Ny @™ "1 where 7, is the extension of the bundle 7 over Dfl complementary
to the (m — n — 1)-framing. Define the bundle 7_ analogously.

Next we extend the embedding of S = Dfl U D! to an embedding of
D2 into S™. To do this push D' and D'*' along the first vector field of
a trivialization of the bundle N(D™,S™). In this way we obtain an embedding
of a collar neighbourhood of the sphere S*t! into ™. Since n 4+ s +3 < m and
s<n—1,1it follows that i+ 2+n <m —1 and 2(i +2) < m — 1. Thus by general
position the collar can be extended to an embedded disc D**2 in §™ whose interior
does not intersect fD™.

Finally, consider the following (m — n — 1)-framing of the sphere Si*1. On the
disc Dfl take the (m — n — 1)-framing complementary to 7. On the disc Dt
take the (m — n — 1)-framing obtained from the trivialization of N(D",S™) by
forgetting the first vector field. By the construction above it follows that these
two framings coincide on S®. Thus we obtain an (m — n — 1)-framing of S**1.
Let us extend it to D*™2. The complete obstruction lies in 711 (Vin—i—2,m-n—1)-
The latter group vanishes for 2i + 2 < n — 1 because 3s < n — 4. Let i be the
complementary bundle to the obtained (m — n — 1)-framing over Di*2. We have
a splitting ' = n_ ® ™ "1 on D', Extending it to D**? we get a splitting
N(D#*2,8m) =" @ em =1 @ em "1 for some bundle 7.

Thus the relevant framing information along Dt2 agrees with that of the stan-
dard model. So there is a diffeomorphism between a neighbourhood of D*2 and
the Euclidean m-space taking a restriction of our immersion to the standard model.
So one can perform the surgery and kill the spheroid g: S* — A. The theorem is
thus proved.

The authors are grateful to A. B. Skopenkov for continuous attention to our work
and also to P. M. Akhmet’ev, U. Kaiser, U. Koschorke, G. Laures, S. A. Melikhov,
A.S. Mischenko, V.M. Nezhinskii and E. V. Shchepin for useful discussions.
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