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Abstract

In this paper we answer the question of T. Banakh and M. Zarichnyi constructing a copy of the Fréchet—Urysohn fan S, in a
topological group G admitting a functorial embedding [0, 1] C G. The latter means that each autohomeomorphism of [0, 1] extends
to a continuous homomorphism of G. This implies that many natural free topological group constructions (e.g. the constructions
of the Markov free topological group, free abelian topological group, free totally bounded group, free compact group) applied to a
Tychonov space X containing a topological copy of the space Q of rationals give topological groups containing Sg,.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Shakhmatov noticed in [16] that the classical Lefschetz—Nobeling—Pontryagin Theorem on embeddings of
n-dimensional compacta into R?**! has no categorical counterpart: one cannot embed every finite-dimensional
compact space X into a finite-dimensional topological group F X so that each continuous map f : X — Y extends
to a continuous group homomorphism Ff : FX — FY. The proof of this fact exploited Kulesza’s example of
a pathological one-dimensional (non-metrizable) compact space that cannot be embedded into a finite-dimensional
topological group [11]. However, it was discovered in [4] that the problem lies already at the level of the unit interval
[0, 1], since it admits no functorial embedding into any metrizable or finite-dimensional group. So, each topological
group containing a functorially embedded interval is non-metrizable and thus has uncountable character.

In light of this let us remark that the Markov free topological group Fys I over the interval I = [0, 1] has character
X (FyI) = 0 (see [14,15]), where 0 is the well-known uncountable small cardinal equal to the cofinality of the poset
(w®, <). This cardinal is equal to the cardinality of continuum ¢ under Martin’s Axiom, but can also be strictly smaller
than ¢ in some models of ZFC (see [6,18]).
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In this paper we show that the inequality x () > 0 holds for many other free topological group constructions.
First we give precise definitions.

Let 7 be a subcategory of the category 7 op of topological spaces and their continuous maps. By a functor of
a free topological group on T we understand a pair (F, i) consisting of a covariant functor F : 7 — G from
7 into the category G of topological groups and their continuous homomorphisms, and a natural transformation
i = {ix}: Id — F of the identity functor Id : 7 — 7 into the functor F whose components ix : X — FX are
topological embeddings for all spaces X € 7. The naturality of i means that for any morphism f : X — Y in 7 we
have the following commutative diagram:

x X Fx
r J
Y — FY

iy

Therefore a functor of a free topological group (F, i) to any topological space X € Ob(7) assigns a topological group
FX containing a topological copy ix(X) C FX of X so that each morphism f : X — Y to another object of 7°
extends in a canonical way to a group homomorphism Ff : FX — FY. A functor (F, i) is said to be minimal, if for
every space X € Ob(7) the group F X is algebraically generated by ix (X). The functor of a free compact topological
group is a natural example of a non-minimal functor of a free topological group, see [7,8]. In the case when 7 has only
one object X and Mor(X, X) coincides with the set of all autohomeomorphisms of X, the embedding ix : X — FX
is simply called [4] a functorial embedding of X into the group G = FX. It was proven in [4] that if there exists
a functorial embedding of the interval / = [0, 1] into a topological group G, then G is non-metrizable and infinite-
dimensional. In this paper we shall make this result more precise by showing that such a group G contains a topological
copy of the quotient space 1S, = [0, 1] x w/{0} x w, called the sequential hedgehog by analogy with the sequential
(or alternatively Fréchet—Urysohn) fan S, = Sp x @/{0} x w, where Sy = {0} U {1/n : n > 0} is the convergent
sequence. This answers a question stated in [4], and implies that x (G) > 0.

Theorem 1. If there exists a functorial embedding of the closed interval [0, 1] into a topological group G, then G
contains a copy of the sequential hedgehog 1S,,.

In particular, topological groups fulfilling the requirements of Theorem 1 do not have the property o4 introduced
in [1]. A subcategory 7 of the category 7 op of topological spaces is said to be full if any continuous map between
objects of 7 is a morphism in 7.

Theorem 2. Let (F, i) be afunctor of a free topological group on a full subcategory T of T op, containing the interval
I = [0, 1] as an object. For every space X € Ob(7T) containing a copy of Q (resp. 1), the topological group FX
contains a copy of the Fréchet—Urysohn fan S, (resp. sequential hedgehog 1S,,) and hence has character  (FX) > 0.

It is interesting to remark that Theorem 2 is not true for the category 7 = C(0) of zero-dimensional compacta
and their continuous maps. For example, the functor F* which assigns to each zero-dimensional compact space X

the compact group Zgl or(X.Z2) containing a diagonally embedded copy of X, is a functor of a free topological group

(see [16]). For any compact metrizable space X the group Zg/lor(x’ZZ) is metrizable and hence contains no copy of the

Fréchet—Urysohn fan. This shows that the inclusion I/ € Ob(7) in Theorem 2 is essential.

Problem 3. Let (F, i) be a functor of a free topological group on a full subcategory Z of 7 op. Assume that I € Ob(7)
and X is an object of 7. Does F X contain a copy of S, if X contains a non-trivial convergent sequence? (This is true
for the functor of the Markov free topological group).

We recall that a topological space X is said to be scattered, if every non-empty subspace Y of X has an isolated point.
Combining Theorem 2 with the main result of [3], we shall derive the following

Corollary 1. Let (F, i) be a minimal functor of a free topological group on a full category T of topological spaces
such that 1 € Ob(T). Suppose that X € Ob(T) is a metrizable separable space that has a compactification
X € Ob(7). If FX is a k-space, then X is locally compact or scattered.
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This corollary can be compared with a result of Arkhangel’skii, Okunev and Pestov [2] who proved that for a
metrizable space X the Markov free topological group Fy; X is a k-space if and only if X is either discrete or locally
compact and separable.

2. Proof of Theorem 1

First we shall describe a copy of the sequential hedgehog .S, in a topological group G admitting a functorial
embedding of [0, 1]. Here the crucial role belongs to special trees consisting of closed intervals and ordered by the
inverse inclusion relation, which will be called usual Cantor schemas throughout the paper.

We shall use the following notations: {0, 1}<" = (J,_,{0, 1}%, {0, 1}=" = {0, 1}="t1, {0, 1}=® = Uneol0, 137,
In what follows we identify the unique element of {0, 1}° with the empty sequence . For finite sequences
s = (s0,...,8p) and t = (fo, ..., Hy) we denote by st the concatenation of s and ¢, i.e., the finite sequence
(505 -+ Sn, t0, - - -, ty). The sequence (0, ..., 0) of n zeros will be denoted by 0". In the same way we define the
sequence 1. The length /(s) of a sequence s € {0, 1}= is, by definition, the number n € w such that s € {0, 1}".

Definition 4. A family J = {J; : s € {0, 1}=“} of subsets of R is called a usual Cantor scheme, if it satisfies the
following conditions:

(1) Jy is a closed subinterval of R for all s € {0, 1}=%;
(i1) min J; = min Jy-p < max Jgyg < min J; < max J~; = max Jg for all s € {0, 1}=¢; and
(iii) the sequence (diam(J(y,... 5,)))new converges to 0 for any (s;);icw € {0, 1}?.

.....

For a usual Cantor scheme J = {J; : s € {0, 1}=“} we make the following notations: 7, = {J; : s € {0, 1}""},
Js’”d = [max Jyy, min Jy~] (here md comes from the word “middle”). A usual Cantor scheme J is called symmetric,
if the middle points of J; and Js’"d coincide for all s € {0, 1}=%. In what follows all usual Cantor schemas are assumed
to be symmetric.

For example, there is a canonical usual Cantor scheme 7 = {I; : s € {0, 1}=“} appearing in the process of
construction of the standard Cantor set K C [0, 1] consisting of those numbers that have only 0’s and 2’s in their
ternary expansion. Recall, that in order to obtain K we exclude from [0, 1] open intervals step by step: (%, %) at the
first step, (%, %) and (%, %) at the second step, and so on. Thus /) = [0, %], Iy = [%, 11, 10,0y = [0, é], R

Let I C G be an embedding. For every X = {x{,...,x,} C I, x1 < --- < x5, we set 1_(X) =
xflxz . .x,(f])n, (X)) = x1x2_1 --~x,(fl)n+l, and 7_(¥) = m,(#) = e, where e is the neutral element of G.!
For a family A of intervals we shall denote by 9.4 the set U;c 4 31, where 31 is the set of end-points of /7. We shall
also write diam([a, b]) for |a — b|.

Given a usual Cantor scheme 7, we define for every s € {0, 1}=% two maps leftsy T rights’ 710,11 — Jg such
that left; 7(0) = min Js, right;, 7(0) = max Js,

left, 7(1/3") = max Jgor1  and  right; 7(1/3") = min J~jns1

for all n € w, and left; 7, right; 7 are linear on every interval [1/3"*+1 1/3"]. It is clear that left, 7, right 7 are
continuous maps with the property

g-lgﬂ) left, 7(§) =minJ; and g-lgﬂ) rights 7(§) = max Js. @)

Whenever J is clear from the context, we shall simply write left; and right, in place of left; 7 and right, ;. For every
n € wand & € (0, 1] define the family 7, ¢ consisting of 27+ closed intervals as follows:

Tn& = {left; (10, 1), right, ([0, 1) : s € {0, 1)"}

and define the map z,,, 7 : [0, 1] — G letting z,,, 7(0) = e and z,,, 7(§) = m_ (0 Jp,¢) for all § € (0, 1]. The continuity
of maps left,, right, implies the continuity of z, 7 : [0, 1] — G for every n € w. Moreover, it easily follows from

L In the rest of the paper the neutral element of a topological group G will be denoted by e or simply by e when G is clear from the context.
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Eq. (1) that limg ¢ z,, 7(§) = e, where e is the neutral element of G. Again, we shall write z,(§) instead of z,, 7(§)
in case when J is clear from the context.

Theorem 1 is a direct consequence of the following technical statement, which gives a description of a copy of the
sequential hedgehog in a topological group admitting a functorial embedding of [0, 1].

Proposition 5. If J is a usual Cantor scheme and Jy C G is a functorial embedding of the closed interval Jy into
a topological group G, then for every n € w the map z,, : [0, 1] — G is an embedding, and there exists a sequence
(dn)new € (0, 11% such that | J 2, ([0, dn]) C G is a topological copy of the sequential hedgehog IS,,.

new

The proof of Proposition 5 will be split into a sequence of lemmas. The following is the most technically difficult
among them.

Lemma 6. If J is a usual Cantor scheme and Jy C G is a functorial embedding, then e & |, c,, 2n,7(dn, 11) for
every sequence (dp)neo € (0, 1]%.

The proof of Lemma 6 will be also split into a sequence of simpler lemmas. The first of them is straightforward,
and its proof is left to the reader. (We recall that Z = {I; : s € {0, 1}=®} is the canonical Cantor scheme.)
Lemma 7. Let J be a usual Cantor scheme. Then there exists an increasing homeomorphism h : Jy — [0, 1] such
that h(Jg) = I, forall s € {0, 1}=%.

The following lemma easily follows from the compactness of [0, 1].
Lemma 8. Let [0, 1] C G be an embedding and U be an open neighborhood of the neutral element e € G. Then

there exists e(U) > 0 and an open neighborhood V of e such that for every x1, xa € [0, 1] with |x1 — x2| < e(U) the
following inclusion holds:

{xl_lez,lexz_l,xQ_IVx],X2Vx1_1} cU.

Forevery n > O and f : X — X we shall denote by f” the composition f o --- o f. It will be also convenient for
| —

n
us to denote by f° the identity map on X. Given any strictly increasing function ¢ € @® such that ¢(0) > 0 and a
usual Cantor scheme 7, define a usual Cantor scheme J = {J : s € {0, 1}=%} letting Jy = Jy and

Jisossn) = J (ng<o>Aslw4<0)—w2<o>A,__As;fz"”(m—wz"<o>)-
Thus jm C j(pZm(()) forall m € w.
Claim 9. Let p €  and ¢*7(0) < n < ¢*P71(0). Then 0.7, C {0, 1} U Use(0.1y20 S for all & > 37—¢).

Proof. Let us fix arbitrary a € 0J,,¢ and § > 3n—¢(M  Assume, contrary to our claim, that a lies in the interior of J;
for some s € {0, 1}1’“. Concerning a, two cases are possible:

Case 1. a € {left,(0), right,(0)} for some ¢t € {0, 1}". Then a € dJ;. Since n < ©*P*T2(0) and Js € Tp2r+2(g), the
inclusion a € Int(Jy) is impossible.

Case 2. There exists t € {0, 1}" such that a € {left, (&), right,(§)}. Without loss of generality, a = left,(§). Set
b = min J; = left,(0). As it was already proven in Case 1, b € {0, 1} U Use{o,l}il’ J~S’"d. Again, two subcases are
possible:

(i) b is an end-point of j;gd for some sg € {0, 1}=P, or b = 0. Then there exist s; € {0, 1}? and i € {0, 1} such that

b e 8]}17. Since b = min J;, we conclude that i = 0 and b = min js{0~ Letr € {0, 1}“’2P(0) be such that J;l = J.
The inequality n > <p21’ (0) combined with J; € 7, J, € j(/,zp 0)> and min J, = min J; = b, implies that

a = left,(£) < left, () < left,(1) = max J,y < min J,~ < min Jg~.
In addition,

a = left,(§) > left, (3" %™ = max Jygpo-ns1 = max J . 2pi2q,_, = max Jy .
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(The last equality immediately follows from b = min Jrge2r 200 = min JNS]AO and J 002P+20)-n JNSIAO € Jp2r+2(0)-)
Therefore a € (max J,~, min Jg,~) = Int(]s”l”’), a contradiction.
.. fod . 2 . . .
(i) b € IntJ;’;d for some 5o € {0, 1}=P. Again, let r € {0, 1}*""© be such that min J, = minJ, = b. Since
min J, € Int(fs’;’d), we conclude that J, C Int(fs’;’d). The inequality n > ¢2P (0) combined with min J, = min J, = b

implies that J; C J, C Int(fx’;’d). Therefore a € Int(fs”z’d) is an element of J;, which contradicts the equation
a=left,(§). O

In the sequel the notation Auth ([a, b]) stands for the family of all increasing autohomeomorphisms of the interval
la, b].

Lemma 10. Let ¢ and J be as above. Then for every indexed family {U; : s € {0, 1}=?} of open neighborhoods of
the identity e of G there exists a sequence (hy)neo C Authy ([0, 1]) such that

(1) hy, (j) isa symmeNIric usual Cantor scheNme;
@) hnst| Useo.y=n I = hnl Useqo.1y=n S for all n € w; and
) {7 [hn (BT m.e N I, T [hy (T e O I} C Uy for all s € {0, 1}=", m > ¢>"(0), and & > 0.

Proof. The following claim is the main building block of our proof. In order to shorten its proof, some explanations
similar to those made in the proof of Claim 9 are omitted.

Claim 11. Let J, G, e be as in Lemma 10. Let also s € {0, 1}"0, m > 0, ¢ = max Jygn, d = min Jy~m, and let U be
an open neighborhood of e in G. Then there exists h € Auth (Js) such that

(1) h|Jygn and h|Jgym are linear;
(i1) diam(h(Jsgn)) = diam(h(Jg~ym)); and
(iii) {mr_(h(@Tn,e Nlc,d])), my (h(@Tne Nlc,d]))} C U foralln > ngand & € (0, 1].

Proof. Let us find some a, b € J; such that a < b, the middle points of [a, b] and J; coincide, and |a — b| < ¢(U).
The latter means that there exists an open neighborhood V of e such that u~!'Vv UuVv~! c U for all u, v € [a, b].
The continuity of the group operation on G gives us a sequence (V,),e, of open neighborhoods of e such that
Vnzn C V. Let h € Authy (Jy) be such that the following conditions are satisfied: /|[min Jy, c] and k|[d, max J] are
linear bijections onto [min J;, a] and [b, max J,] respectively, and diam(h(J;)) < (Vi) provided J; C (c, d). The
existence of i follows from Lemma 7. Given arbitrary n > ng and & € [0, 1], write the family {J € J, ¢ : J C [c, d]}
in the form {J1, ..., J,} such that J; is situated to the left of J; provided i < j. Let us note that each J € J ¢
is contained in some element of 7,11, and hence ¢ < 27+1 Tt can be easily derived from the definitions of a usual
Cantor scheme and maps left_, right_ that {c,d} C 07, ¢ for all n, & such that § = 3—(otm—n—1) 5p p > ng + m,
and {c,d} N 37, , = ¥ otherwise. In the first case we have

T [h@Tne Nle,dD] = a ' 7 (h(@I) 74 (h(32)) - - 714 (h(@J)b C a”'VI b ca™'Vb CU.

n+l
In the second case n < ng—+m and £ # 3~ Cotm=—n=D [f g o 3=(otm=n=D) ‘then (¢, d) contains all elements of Tn.e
whose intersection with [c, d] is non-empty, and hence

T [h(0Tne Nlc,d])] = n_(h(8J1)7—(h(32)) - - - (h(dJy)) C V,,q+1 cu.

It suffices to consider the case & > 3~ (0Ftm=n=1 ety = left (&) and v = right (§). Thenc < u < v < d and
Ji C (u,v) forall i < gq. Therefore

T_[h(@Tne N e, dD] = u" 7y (h@I)) i (h(@J2)) -+ 7 (R(@T))v Cu”' VI v cu™ Vv C U
Verification that 74 (h(9J,.¢ N [c, d])) C U is similar, and thus condition (iii) is satisfied. I
Applying Claim 11 for the usual Cantor scheme 7, s = @, m = ¢2(0), and U = Uy, we get hg € Auth (Jp)
satisfying the conditions (i)—(iii) of Claim 11. Conditions (i) and (ii) obviously imply (1), condition (iii) implies (3),

while (2) is trivial. _
Assuming that we have already constructed A satisfying (1)—(3) for all k& < n, set hy| Use{o,l jsn—1 J;"d =

hp—1] Use{O, 1y=n-t fs’”d. Thus condition (2) is satisfied. In addition, (3) holds for all s € {0, 1}5"_1. It suffices to define
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By on [0, 11\ Uje 0, 1201 Jmd = Useqo.1yr (J5\Jy). Let us note, that for every particular s € {0, 1}" the construction

~ 2n 2n—2
of hy|Jj is similar to that of k. Givenany s = (so, ..., sp—1) € {0, 1}", sett = s 20 sy fO— O~ sV 1(0) O

and m = <p2"+2(0) — ¢2"(0). Thus J; = J} Applying Claim 11 ~for J,t € {0, 1~}‘/’2n(0>, m, and Uy, we get
hs € Authy(J;) satisfying conditions (i)—(iii) of Claim 11. Set h,|J; = hg o hy—1|Js. Again, (i) and (ii) imply
(1), and (iii) implies (3). U

The following simple statement is due to Tkachenko (see [17, Lemma 1.3]).

Lemma 12. Let G be a topological group and U be the family of all open neighborhood of the neutral element of G.
Then for every U € U there exists a decreasing sequence (Uy)new C U such that Us0)Us(1) - - Usny C U for every
bijectiono : {0, ...,n} - {0,...,n}.

The proof of the following simple technical lemma is left to the reader.

Lemma 13. For every function ¢ : w — w \ {0} there exist strictly increasing functions ¥, 0 : @ — w such that

1) k) < (k) < 6(k) forall k € w; and
(i) ¥"1(0) = 0"(0) foralln € w.

Proof of Lemma 6. Throughout the proof we denote by h : G — G some continuous homomorphism extending
h € Auth; (Jy). Let U be the family of all open neighborhoods of the neutral element e of G. The continuity of the
group operation of G yields the existence of an element U € U such that U N 0~'U1 = . By Lemma 12 there
exists a sequence (Un)new C U such that U; U, - "Ui2n+1,l C U forany n € w and (i1, ..., imn+1_y) such that
I{j <2+l —k}|_2k forall k € {0, ..., n}.

Letg : w —> w be a strictly 1ncreas1ng map with the property 3" 9" < d, for every n € w. Let us fix a
sequence (f,)new C Authp ([0, 1]) satisfying conditions (1)—(3) of Lemma 10 with Uy equal to Uj() defined above,
where s € {0, 1}=®. Conditions (1), (2) imply that |k, () — h,4+1(t)] < 277=1 and hence the sequence (hy)neq 18
uniformly convergent to a monotone continuous surjective function 4 : [0, 1] — [0, 1]. For every s € {0, 1}<” we
have h|J’”d = hy IJ”’d by (2), consequently h|J’”d is not constant for every s € {0, 1}=%. Since UYE{O <o J
dense in [0, 1], we conclude that 4 € Auth ([0, 1]) is a monotone continuous surjection which fails to be constant on
arbitrary open subset of [0, 1]. We claim that

AU U {tng &) & >3"¢M) | colu L.

PEW 21’(0)5n<<p21’+1 0)

Indeed, let us fix arbitrary p € @ 9*P(0) < n < ¢*T1(0), and & € (3"7¥™ 1]. Then by Claim 9 we have
ajﬂ,f C {O 1} ) USE{O,I}SI’ J Therefore

ag@ =1_0h=7_[0U |J @Fen U
se€{0,1}=P

Combining the equation above with (2) and (3) of Lemma 10, we conclude that

hzng@) =h|z_[0u | @Fen"Huil)

se{0,1}=P

[h{oyu ) @Jnen Uil
s€{0,1}=p

T ({0} U hp@Tne NI Uhp@Tne N IADY U Uhp(dTne NI DUl

Syp+1_

(hp(@Tne N o Dl

= 07715, (hp(@Tne OV D)8, (hp(3 T O IED) -+ 75

2p+l_g Spp+1_

C O_IU[(SI)UI(SZ)---U[(S y1 C O_IUI,

p+1l_
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where {s1,...,5,p+1_1} is the enumeration of {0, 1}=P such that I}’j“’ is situated to the left of is’?d provided

1 <i<j<2Pt! and§; € {+, —). Then Upew Uwz,,(o)fnwzpﬂ(0){1,,“7(5) (1> &> 3¢ Al = ¥ by
our choice of U.

Let 4,0 : @ — w be increasing number sequences such as in Lemma 13, i.e. ¢(n) < ¥(n) < 6(n) for all
n € wand 6"(0) = 1//”‘“(0) for all n > 1. It follows from the above that there are continuous homomorphisms
hy,hg : G — G such that

U U {ng @ 126>3"V"yn n ' (U)=0 and
PE© Y20 (0) <n<y 2P+ (0)

U U Gag®:12&>3"")y nonglw) =0,

PE® 02 (0)<n <62 +1 (0)

which implies |, {zn. 7€) @ 1 > & > 3779} n (h;l(U) N hy'(U)) = @, and hence the fact that
e € Upeolzng (€ 1> & >d,}isproven. [

For a subset X of a topological group G we shall denote by (X) the smallest subgroup of G containing X.

Lemma 14. Let [0, 1] C G be a functorial embedding, {x; : 0 < i < n}U{y; : 0 < j < m} C [0,1], and
Yjo €{yj 1 J # joyU{xi : 0 <i < n} for some jy. Then
k k If 1
xoo.xll ..... xﬁ" ?éyoo.yll ..... y’l,;'t”
for arbitrary integers k;, l; such that [, € {—1, 1}.
In particular, for every n € w and usual Cantor scheme J the map z, 7 : [0,1] — G is an embedding, and
20,70, 1)) N 2,0, 7((0, 1) = B for all m # n.

Proof. The second statement easily follows from the first one. To prove the first statement, set x = xgo ‘x]fl ----- x,]f" s
y = y(l)0 . yi' ceees yf,’,”, and assume to the contrary that x = y. Let & € Auth ([0, 1]) be such that h(x) = u for all

uelyj:j#joyUfx; :0=<1i =<n}and h(y;)) # yj,- Since the embedding [0, 1] C G is functorial, there exists a
continuous homomorphism h:G—>G extending h. It follows from the above that h(x) =x = y and fz(y) #y,a
contradiction. [

Proof of Proposition 5. In light of Lemmas 6 and 14 we are left with the task of constructing a sequence (d;)new
of positive reals with the property z,((0, d,]) N U, 2k ([0, dx]) = @ foralln € w. Let A = {§ € (0,1] :
z0(&) € Uk>0 2k ([0, 1])}. Since limg 0 zx(§) = e for all k € w, we conclude that A consists of & € [0, 1] such
that & € (. zx([ck, 0]) for some sequence (cx)xo of positive reals.

We claim that 0 & A. Indeed, assuming the converse we could find a sequence (&,), e Of elements of A converging
to 0. It follows from the above that for every n € w there exists a sequence (c, k)k>0 of positive reals such that

20(&n) € Ug=o zc([cn k, 11). Set cx = min{c, ¢ : n < k}. Then e € | ;¢ 2k ([ck, 11), which contradicts Lemma 6.
It follows from the above that A C (dp, 1] for some dy > 0, and consequently zo((0, do]) N (U, 2 ([0, 1) = 2.

In the same way for every n > 0 we can find d,, such that z,((0, d,1) N (U;~, 2k ([0, 1]) = @, which completes our
proof. [

Remark. Let 7 be a usual Cantor scheme such that Jy C G is a functorial embedding. Let also C,, = z,,, 7([0, d,,])
for a sequence (d,,), <. fulfilling the requirements of Proposition 5. Then it can be easily derived from Lemma 14 that
the map

[10.dnl > Go. ... &) = [ [zn7E)

i<n i<n
is a homeomorphism, and we denote its image by D,,. Thus we have an increasing sequence

DocDycCc---CcD,C---,
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where each D, is a homeomorphic copy of the (n + 1)-dimensional cube.” Let v be the topology of G and let T be
the strongest topology on D = Unew D,, such that 7| D, = v|D, for all n € w. It is easy to see that (D, t) contains
a homeomorphic copy of R® = lim_, R", which is homeomorphic to the Markov free topological group over [0, 1]
(see [19]). But we do not know whether v|D = t|D. This leads us to the following question.

Question 15. Ler [0, 1] C G be a functorial embedding. Does G contain a topological copy of the Markov free
topological group over [0, 11?2 More precisely, does the construction described above yield a copy of R* in G?

Similarly to the proof of Proposition 16, the positive solution of the above question would imply that for every
functor F of a free topological group and every Tychonov space X containing a topological copy of [0, 1], the group
F X contains a topological copy of the Markov free topological group over [0, 1]. [0

3. Proof of Theorem 2

We shall derive Theorem 2 from the following slightly more general statement, where we specify the properties of
the category 7 used in the proof of Theorem 2.

Proposition 16. Let (F, i) be a functor of a free topological group on a category T of topological spaces such that
I € Ob(7T) and Mor(1, I) D Authy ([0, 1]). The group F X over an object X of T contains:

(1) a copy of the Fréchet-Urysohn fan S, provided there is a morphism f : X — I in T whose restriction f|Q
onto some subspace Q C X without isolated points is an embedding of Q into I, and Mor(1, I) contains all
continuous maps ¢ : I — I, and

(2) a copy of the sequential hedgehog 1S,, provided there is a copy Y C X of 1, a surjective map f € Mor(X,Y),
and a homeomorphism h € Mor(Y, I).

Proposition 16 is a consequence of Theorem 1 and the following

Lemma 17. Let X be a Tychonov space containing a topological copy Q of the space of rational numbers and J be
a usual Cantor scheme with Ji = [0, 1]. Then there exists a homeomorphic copy Q' C Q of Q, and a continuous
map ¥ : X — Jy such that | Q' is a homeomorphism between the spaces Q' and 0.J = US€{0,1}<‘“ aJs.

Proof. Let I = [0, 1]. It is well-known that the diagonal map § : X — IMo"(X.D) j5 an embedding, where Mor(X, 1)
stands for the set of all continuous maps from X to /. Assume that X contains a subset 0 C X homeomorphic to the
space of rational numbers. Using the fact that §(Q) C [ Mor(X.1) hag a countable base, one can construct a countable
subset C C Mor(X, I) such that the restriction pr|8(Q) of the projection pr : IM"X.D . € j5 a homeomorphic
embedding. By the standard argument (see [10, Theorem 21.18]), we can find a topological copy Q1 C prod(Q) of
Q whose closure Q7 in the (metrizable) cube 7€ is zero-dimensional, and hence is homeomorphic to the Cantor space
{0, 1}®. Let

e: 0| — U ﬂ Jisor.5n)

($n)new€f0,1}* n€®

be the homeomorphism with the property e(Q1) = 9.7 (its existence follows from [5, Part 4, Th. 1] or the main
result of [9]), and & : I€ — I be an extension of ¢ to a continuous map. Then the set Q' = Q N (pr 08)_1(Q1) is
a topological copy of Q and the map f = ¢ o prod : X — [ restricted to Q' is a homeomorphism between Q' and
7. 0O

Observe that for an arbitrary family {(x})rew : 7 € ]} of sequences of elements of (0, 1], the subspace
x} x {n} :n,k € w} U{{0} x w} of IS, is homeomorphic to S,, provided limy_, o, x; = 0 forall n € w.
k P p k

2 This gives an alternative (but much longer) proof of the fact [4] that each topological group is infinite-dimensional provided it admits a functorial
embedding of the closed interval.
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Proof of Proposition 16. Throughout the proof we shall identify X with ix(X). We present here only the proof of
the first part. The proof of the second one is analogous.

Let f € Mor(X, I) be such that f|Q is an embedding for some homeomorphic copy Q C X of Q. Lemma 17
implies that there exists a usual Cantor scheme 7, a continuous map g : / — I, and a copy Q1 C f(Q) of Q such
that g(Q1) = 9J and g|Q; is an embedding. Then 2 = g o f belongs to Mor(X, I) and h(f’l(Ql)) =0dJ.
Set rpk = zp, j(3_k). Applying Proposition 5, we can find a sequence (k;),e, Of natural numbers such that
R ={e}U{rmk : n € w,k > k;} is a homeomorphic copy of S,. By our construction of the maps z, 7, for
every n, k € w we can find elements

0 = Mn,k,() < un,k,l < e < Mn!k’2n+2_1 =1

of 07 such that r, = u;}( Oun,k,lu;}( 5t Uy g ont2_1- In addition, uy k , does not depend on k provided 4 divides
porp-+1,and

im uy g 4g+1 = tn k,4q, im uy k4942 = Un k,4qg+3 2
k— 00 k— o0

forallg <2" —1.SetC = (le)_l(Ql)7 Unk,p = (h|C)_l(un,k,p),

—1 —1
Ynk = Uy g oVnk, 1V 2" Uk, on42 15

and Y = {epx} U {ynk : n € o,k > k,}. Since h|C : C — 9J is a homeomorphism, the sequence (¥, k)kew
converges to er x for all n € w by (2). In addition, the continuous homomorphism Fh : F X — F I maps y, x to 1y
by our choice of v, x,,, and hence Fh(Y) = R. By the definition, S, is the union of a countable family of disjoint
convergent sequences whose limit points coincide endowed with the strongest topology in which these sequences are
still convergent. Thus the continuity of Fh|Y implies that Y is homeomorphic to R. [J

Proof of Theorem 2. Follows immediately from Proposition 16, Lemma 17, and the fact that [0, 1] is an absolute
retract in the category of Tychonov spaces. [

Lemma 18. Under the assumptions of Corollary 1 the image ix(X) is closed in FX.

Proof. Throughout the proof we shall identify Z € Ob(7) with iz(Z). Let j : X — X be the inclusion. It
suffices to show that X = (Fj)~!(X). Assuming the converse, by the minimality of F* we could find a finite subset
{xi i <n} C X and integers m;, i < n, such that x* := (Fj)(x," - -+ x;") € X \ X. Therefore the elements x*
and xy® - -+ - x," of FX coincide. Let f : X — [0, 1] be a continuous map such that f(x*) # f(x;) foralli < n.
From the above it follows that

f&) =Ff(x*) =Ff(xg®-xpm) = fxg)™ - fe)™,
which contradicts Lemma 14. O

Proof of Corollary 1. Let us denote by L the subspace {(0, 0)} U {(%, %) :n,m > 0} of RZ. According to [6,
Lemma 8.3], a first countable space contains a closed topological copy of L if and only if it fails to be locally compact.

Assume, contrary to our claim, that X is not scattered and fails to be locally compact. Then X contains a topological
copy of the space Q as well as a closed topological copy of L. Since F X is generated by its second-countable subspace
X, it has countable pseudocharacter. In addition, it is normal being Lindel6f and Tychonov. Applying Theorem 2, we
conclude that F X contains a topological copy of S,. It is well-known [13] that a topological group G contains a
(closed) topological copy of S, if and only if it contains a (closed) topological copy of the Arens’ space S», see
[13] for its definition. It was shown by Lin [12, Corollary 2.6] that a regular space Z with countable pseudocharacter
contains a topological copy of S,, if and only if it contains a closed topological copy of S,,. It follows from the above
that F X contains a closed topological copy of S,,. In addition, F'X contains a closed copy of . by Lemma 18, which
contradicts [3, Theorem 1] asserting that a normal k-space containing closed topological copies of I and S, is not
homeomorphic to any topological group. [
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