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1. Introduction

We study numerical characteristics of identities of finite dimensional graded simple
algebras over a field of characteristic zero. The main object of our investigations is the
asymptotic behaviour of sequences of graded codimensions and graded colengths of such
algebras (all necessary definitions and notions will be given in the next section). Given
a graded algebra A, one can associate the sequence of so-called graded codimensions
(&&(A),n = 1,2,...}). This sequence is an important numerical invariant of graded
identities of A. It is known that this sequence is exponentially bounded, that is ATA) < a”
for some real a, provided that dim A < oo. In this case, the following natural question
arises: does the limit

exp®’ (A) = lim /¢ (4) 1)

exist and what are its possible values? If the limit (1) exists, then it is called the graded
Pl-exponent of A.

In the non-graded case, codimension growth is well understood. Existence and integral-
ity of the (non-graded) PI-exponent were conjectured by Amitsur in 1980s for associative
PI-algebras. Amitsur’s conjecture was confirmed in [1,2]. Later, the same result was proved
for finite dimensional Lie algebras [3-5], Jordan and alternative algebras [6-8] and many
other algebraic systems. In the general non-associative case, for any real @ > 1, examples of

CONTACT Dusan Repovs @ dusan.repovs@guest.arnes.si
© 2016 Informa UK Limited, trading as Taylor & Francis Group


http://www.tandfonline.com

LINEAR AND MULTILINEAR ALGEBRA 45

algebras with PI-exponent equal to & were constructed in [9]. Recently, the first example of
algebra A such that the PI-exponent of A does not exist was constructed.[10] Nevertheless,
for any finite dimensional simple algebra, the PI-exponent does exist.[11]

For graded algebras, there are only partial results of this kind. For example, if A is
an associative graded PI-algebra, then its graded PI-exponent always exists and it is an
integer.[12] An existence of the Z,-graded PI-exponent for any finite dimensional simple
Lie superalgebra has recently been proved in [13]. Note that for finite dimensional Lie
superalgebras, both graded and ordinary PI-exponents can be fractional.[11,14,15] The
main purpose of this paper is to prove the existence of graded PI-exponents for any finite
dimensional graded simple algebra (see Theorem 2).

Another important numerical characteristic of identities of an algebra A is the so-
called colength sequence I,(A). Except for its independent interest, asymptotic behaviour
of {I,(A)} plays an important role in the studies of asymptotics of {c,(A)}. The polynomial
type of growth of {,,(A)} is very convenient for investigations of codimension growth.

Polynomial upper bounds of the colength for any associative PI-algebra were established
in [16]. For an arbitrary (non-associative) finite dimensional algebra, the same restriction
was obtained in [17]. In the case of finite dimensional Lie superalgebras, polynomial growth
of Z,-graded colength has recently been confirmed in [18]. In order to get the main result
of the paper, we will find the polynomial upper bound for graded colength of a finite
dimensional graded algebra (see Theorem 1).

2. Preliminaries

Let " be a groupoid. An F-algebra A is said to be I'-graded if there is a vector space

decomposition
A=Pa,
gel’

and AgAp C Ag, forall g,h € T'. An element a € A is called homogeneous of degree g
if a € Ag and in this case, we write degra = g. A subspace V' C A is homogeneous
iff v = @ger (VN Ag). We call A graded simple, if it has no homogeneous ideals. For
instance, if I' is a group and A = F[I'] is its group algebra, then A is I'-graded simple but
is not simple in the usual sense. On the other hand, any simple algebra with an arbitrary
grading is graded simple.

We recall some key notions from the theory of graded and ordinary identities and their
numerical invariants. We refer the reader to [19,20] for details. Consider an absolutely free
algebra F{X} with a free generating set

X = UXg, |Xg| =00 forany gel.
gel

One can define a I'-grading on F{X} by setting degj- x = g, when x € X,, and extend this
grading to the entire F{X} in the natural way. A polynomial f (x1, . . .,x,) in homogeneous
variables x; € Xg,...,x, € Xg, is called a graded identity of a I'-graded algebra A if
f(ai,...,an) = 0foranya; € Ag,...,a, € Ag,. The set Id¥"(A) of all graded identities
of A forms an ideal of F{X} which is stable under graded homomorphisms F{X} — F{X}.
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First, let I" be finite, I' = {g1,...,g/} and X = X {J...(J Xg,. Denote by Py, .., the
subspace of F{X} of multilinear polynomials of total degree n = n; + - - - 4+ n; in variables

xil), o ,x%) € Xq, - .,xit), o ,xﬁ,t[) € Xy, Then the value
Pn n
c A) = dim oot
e () Pry,...n, N 1dE7 (A)
is called a partial codimension of A while
r n
=y <n1,...,nt)c’” ..... ni(A) (2)

nydtne=n

is called a graded codimension of A. Recall that the support of the grading is the set

Supp A = {g € T'|A; # 0}.

Note that if Supp A # T, say, Supp A = {g1,. .., gk}, k < t, then the value

P
> ( " )dim ALEEL (3)
Ni,..., Nk Puy,...ny N1dE(A)

ni+etng=n > 00774 T B

coincides with (2). This allows us to consider (3) as the definition of the graded codimension
of A even if T is infinite, provided that Supp A = {g1,. .., g}
For convenience, denote

..... nk (4)

P A) = .
e ) N 1 (A)

Given 1 < j < k, consider the action of the symmetric group Sy on Py, n, defined by

() @) ()] G
crf(...,x1 ,...,xnj,...> =f<...,xg(1),..., U(Hj),...).

Then the spaces Py, and Py, 4 (A) become F[H]-modules, where H = S,;, X --- x
Sn,- Any F[H]-module Py, _, (A) is decomposed into the sum of irreducible F[H]-
submodules and in the languages of group characters, it can be written as

Ko P )= Dm0k e (5)

,,,,,

,,,,,

_____ o (A) = Z m,a, 5® (6)

ADbng, L 2Oy

is called the partial colength, whereas the integer
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B =Y by (7)

ni+-+ng=n

is called the graded colength of A.
As it was mentioned in the introduction, graded codimensions are exponentially
bounded if A is finite dimensional. Namely,

& (A) < ™! (8)

where d = dim A (see [21] and also [7, Proposition 2]). This result was proved in [7,21]
under the assumption that I is a finite group. The same argument is valid for an arbitrary
groupoid. Relation (8) allows us to consider upper and lower limits of +/ " (A) and we can
define the lower and the upper graded PI-exponents as follows:

exp¥ (A) = liminf /c§ (4),  &p¥(A) = limsup/c5 (A).
I n—00 n—00
If the lower and the upper limits coincide, then we also define the graded PI-exponent by

exp® (A) = @gr(A) =exp¥(A).

Representation theory of symmetric groups is a useful tool for studying asymptotics
of codimension growth. Basic notions of S,,-representations can be found in [22] and its
application to PI-theory in [19,20].

Recall that, given a partition A - n, there is exactly one (up to isomorphism) irreducible
Sn-representation defined by A. Its character and dimension are denoted by x, and x, (1) =
d,., respectively. For the group H = S, x- - - xS, , any irreducible representation is defined
by the k-tuple of partitions 2D =g, a0 ny and its character and dimension are
. Moreover,

X, 2 D) =dy - dyo, )
respectively. In particular, (5) and (9) imply the equality

Cny,.. nk(A) = XH(Pnl,...,nk(A))(l)

= Z my o, 0dyw - dy. (10)
ADbFny, . A0

Letd > 1beafixed integer andletv = (v, ..., vg) = m be a partition of mwithg < d.
Dimension of an irreducible F[S,,]-module with the character y, is closely connected with
the following function: X

o R
(%)W .. ("md)w
Here, we assume that vg4; = ... = vy = 0 in the case g < d and 0° = 1. The values
@ (v)™ and d,, are close in the following sense.

Lemma 1: (see [11, Lemma 1]) Let m > 100. Then

D) =

O (v)™ _

m
W _dv SmCD(U) .
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We will use the following property of ®. Let v and p be any two partitions of 1, such that
V=5 Vp)s 0= (0155 09), g < dandg=porq=p+ L pp+1 = 1. As before,
we consider p and v as partitions with d components. We say that the Young diagram D,
is obtained from diagram D, by pushing down one box if there exists 1 < i < j < d such
that p; = v; — 1, pj = vj + 1 and p; = vy for all remaining 1 < ¢ < d.

Lemma 2: (see [11, Lemma 3], [23, Lemma 2]) Let D, be obtained from D, by pushing
down one box. Then ®(p) > ®(v).

3. Polynomial growth of graded colength

Consider a finite dimensional I'-graded algebra A with the support Supp A = {g1,..., gk},
A=Ay ®-- Ay Let

dy = dimAgl,...,dk = dimAgk

be dimensions of the homogeneous components. Recall that an irreducible F[S;]-module
corresponding to the partition 4 - t can be realized as a minimal left F[S;]-ideal generated
by an essential idempotent e, where T is some Young tableaux with Young diagram D;,.
ForH =S, x - -- X 8, any irreducible F[H]-module is isomorphic to the tensor product
of F[Sy,1,. .., F[Sy.]-modules with characters Xy Xy respectively. The following
remark easily follows from the construction of essential idempotents and therefore we

omit the proof.

Lemma3: Let AV = (Agl),...,kéll)),...,)n(k) = (Agk),...,kg,i)) be partitions of

ni,..., Nk, respectively. Suppose that the multiplicity m,a, ,w on the right hand side
of (5) is non-zero. Then q1 < dy,...,qx < dk.

.....

For convenience, we shall assume as before that q; = dj,...,qx = di even if g; is
strictly less than d; for some i.
Denote by R = R{Xg U ... U X} the relatively free algebra of the variety var A of

.....

.....

X,,, etc.
82
Lemma 4: Multiplicities on the right hand side of (5) satisfy the inequalities

.....

Proof: LetDP,, n, be the subspace of multilinear polynomials of degree n = ny +- - - +n

6 S () (k) ()

ON X, sy Xy e s X) e ey Xy inR.Here,xj eXg,.foralllfifk,lfjfn,-.Then

.....

and consider the F[H]-submodule
M=M@®&- - ®M,

of Ignl,,,,,nk, where My, . .., Mg are isomorphic irreducible F[H]-modules with H-character
. Any M; is generated as an F[H]-module by a multilinear polynomial of the type
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1 k
ﬁ (xi ),. . .,x,ﬁll),...,xi ),...,x,(,];)>

_ D ) (k) (k)
_eTA(l)..-eTA(k)h](xl ,...,xnl,...,xl ""’x”k

.....

One can split the set of indeterminates x{l), ceo x,(j,i) into a disjoint union of subsets

@ _ ) M 1)
P1 =1x ,...,xk(l)},
1

™ _ J,.m 1D

Py’ = x/\(l“Jrl"”’xA‘l“H(z”}’
@ _ J,m m

Py = xnl_k;llurl,...,xn1 ,

,X
P
k) (k) (k)

PP = Iy s X )
2 AR 2O
k) _ (k) k

Pd =1{x ) ,...,x,gk)

k nk_)‘dk +1

so thatall f1, . . ., f; are symmetric on any subset Pil), e ,sz).
Now, we identify all variables in each symmetric subset, that is, we apply a homomor-
phism ¢ : R — R such that

° (p(xg)) = xY) ifl<a=< AY),
° (p(xg)) = x[%) ifkgj) + .- +)\.[%)_1 <a =< n

forallj =1,...,k. Thenall(f;),..., go(fq) lie in RZIZ}’: Note that the total linearization
of each of ¢(f;) is equal to f; with a non-zero coefficient independent of j. Hence, a non-
trivial linear relation a1¢(f1) + - - - + 49 (f;) = 0 implies the same relation a1} + - - - +
aqfq =0.Butf,..., fq belong to distinct irreducible summands Mj, . .. My, respectively.
In particular, they are linearly independent. Hence, q does not exceed dim RZl """ "k, and

Lreeodi’
the proof is completed.

. . . Nni,...,1
Now, we restrict the dimension of R d]l d:.

Lemma5: Let A = Ay @ --- @ Ay be a I'-graded algebra with the support {g1, ..., g}
andlet dy = dim Ay, ..., dy = dim Ag,. Then

dim R} < (dy + -+ di) (g + DT - (e + D% (11)

.....
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Proof: Let{a; i), .. .,a;‘fi)}beabasis ofthe subspaceAgi,l < i < k.Consider a polynomial
ring F[Y], where Y = Yy U... U Y, and

Ygi={)/‘f;’j|1§m§di,j=l,2,...}.

Then algebra F[Y] can be naturally endowed by a I'-grading with Supp F[Y] = {g1, . .., gk}
if we set degr y = gi when y € Yg,. Denote A = A ® F[Y] and fix elements

di
F=Yai @y, j=12..,
m=1

in A. Then alg{zfi} is also a I'-graded algebra, where deg z;.g" = gi. Moreover, A ~ R and
RZ;”}’: is a subspace of A ® T, where T is the subspace of F[Y] spanned by monomials of

degree at most 1, in the set of indeterminates {yﬁ;Jl 1 <m,j<di,t=1,...,k Clearly,

dim T < (m + D% - (g + D% (12)

hence (11) follows from (12). O
Now, we are ready to get an upper bound for graded colength of A.
Theorem 1: Let A = @ger Ay be a finite dimensional algebra graded by groupoid I" with

Supp A = {g1,...,8}. Let also dim Ay, = d;, 1 < i < k. Then the nth graded colength of A

satisfies the inequality
B < dn+ 1)k+d§---+dﬁ+d1+---+dk

whered = dimA = dy + - - - + dj.
Proof: By Lemma 3, the total number of partitions A; - n; does not exceed (n; + D4 for
anyi = 1,...,k. Hence, by (6) and Lemmas 4 and 5, we have

,,,,,

and
lﬁr <dn+ 1)k+d%~-+d,§+d1+-~~+dk

as follows from (7). O

4. Existence of graded Pl-exponents

We begin this section with a technical result connecting dimensions of irreducible rep-
resentations of symmetric groups and multinomial coefficients. Given a partition u =
(K1, .. .> 1e) | m, we denote by qu(quis, . . ., qiie) the partition of gm, where g > 1 is an
arbitrary integer. We also define the height ht(u) as ht(u) = t. Recall that d, = x, (1) is
the dimension of the corresponding irreducible representation of S,,,.

Lemma 6: Let ny,...,nx be positive integers, ny + --- + nx = n > 100. Let also
AL AR pe partitions of ni, . . ., ny, respectively, such that ht(A D), ... ,ht(k(k)) <d.
If ¢ > 100 then
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qn 1 \K@+d+D) 4 " q
o ame dgp -+ dgpo = q_n perd " do-dyw | -

Proof: Given non-negative real op, . .. ox with o + - - - + o = 1, we denote

1

d e =
(@1 ) = S (ap™

From the Stirling formula for factorials, it easily follows that

1 m mp\m m m mp\m
_kcp(_l,...’_k) 5( )5m<b<—1,...’ k) , (13)
m m m My, ..., Mg m m

where my, . .., mj are non-negative integers and mj + - - - + my = m. Applying (13) to
gl
qni, . .., qng
po (LY o (@ ) (L) (e
p n o e LEE .

Applying again (13), we get
k
1 1 1
qn n\ni,...,Nnk

It follows from Lemma 1 and (13) that

we obtain

1 1 k(d*+d) . q
qu(l) oo qu(k) > <% .. E) [QD(A(D)’“ - q)()t( ))nk]
1\ k@ +d)
> <%) [d)\a) . 'de)]q . (15)
Now, our lemma is a consequence of (14) and (15). O

Recall that A is a d-dimensional I'-graded algebra. Now, let
a=exp¥ (A) = limsup /& (A). (16)
n—oo

The next lemma is the main step of the proof of Theorem 2.

Lemma7: Let I' be a commutative semigroup and let a in (16) be strictly greater than 1.
If A is graded simple, then for any ¢ > 0 and any § > 0, there exists an increasing sequence
of positive integers n\V, n'®, . . such that

(i) V& (A)>A+8)(A —¢)foralln=nD,n®, . ;and
(i) n9*D n@ <d, forallqg=1,2,...
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Proof: Clearly, there exists an integer n1) such that
r (&)
(A > (a—e)"

and n'Y can be chosen arbitrarily large. There are also 7, . . ., ;. > 0 such that ny + - - - +

n; = nV and
n 1
C A)> ————((a—¢
I S ——

(see (2)). Without loss of generality, we can suppose that k = |Supp A|. Consider the
H = Sy X --+ x Sy -action on Py, . It follows from (6), (7), (10) that there exist
partitions AW =y pIONS ny such that

o)

1
d}»(l) e d}t(k) > —Cnl .....
Bl (A)
By Theorem 1, we have
2
l‘,g:l) (A4) < d(n(l) + l)k(d-l-l)
hence
1
d(n(l) + 1)k(d+1)2 Cny,...

dyy -+ dywo > o (A).

and

n J d s 1 ( )na) (17)
e a—& .
..oy ) K0T d(n(V) 4 1)k@d+D+k

There exists a multilinear polynomial

F=f (x§1), O U <k>) ¢ Id® (A)
where x? ¢ Xg forall 1 < i < k1 < j < ng such that f generates an irreducible
F[H]-module with the character

XH(F[H]f) = X)L(l) NON

,,,,,

: : 1 1 k
There are homogeneous in I'-grading aj,...,a,,...,a;,..

such that

with degp a =g

”k

Q =f(a{,...,aﬁk) £0.
Since I' is associative and commutative, it follows that Q is homogeneous in I'-grading
of A. Therefore, one can find d < d and homogeneous ci,...,cy € A satisfying the
inequality

(Q#cr*...%xcg)*xQ#0 (18)
where a * b denotes the right or the left multiplication by b (otherwise Span < Q >isa
graded ideal of A). Denote

(1) (1) (k) (k)
s =h f(x11’---’ Ln’ ’xl,l""’xlnk)
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where xg)ﬂ are new homogeneous variables, deg- xg)ﬁ = gj, and take

=(1*xz1%xkzg)*fr,

where deg z; = degpc1,...,degr zy = degp g,
— £(xD ) (k) (k)
h —f(xz,l,. c X g X gs ..,xz’nk),

andqi,...,qx >0, q1 +---+qxr=4d'. | |
The square H x H of group H acts on {xg))ﬂ} where the first copy of H acts on {xi%},

while the second copy acts on {xg)ﬂ} and

Denote n® = 2nV + d’. Repeating this procedure, we construct for all ¢ = 3,4,...a
multilinear polynomial

_ [©) (1 (k) (k)
87 = 81X 1> - X o Xg Do Xg > 215225 - - D)

of degre n'? such that:
(i) all xg’)ﬁ, zj are homogeneous and xg’)ﬁ € Xg;3
(ii) g4 is not an identity of A;
(iii) n@ — qn(l) +d@D, 4@ <(q—1)d < dg, n@ — p@-1) < .d; and
(iv) g copies H1 = H x --- x H of H act on g, permuting xg))ﬂ and g, generates an
irreducible F[H1]-module M with

,,,,,

Denote H(q) = Sgn; X -+ X Sgn,. Given 1 < i < k, group Sy, acts on {xﬁ)l, ... ,xé’;)ni}.
We can induce the H-action on M to the H(g)-action. Consider the decomposition of

M = F[H (9)1g4 into irreducible components,

K@D = DTt 0k e
pWkgny,....0 0 gy

It follows by the Richardson-Littlewood rule that for any 1 < i < k, either p(i) = qk(i) or

o is obtained from 1 by putting down one or more boxes of Dy, . Then, by Lemma 2,
we have ®(p®) > dD(qk(i)) = d(1®). Now, Lemma 1 implies the inequality

1\ k@+D?
dp(l) s dp(k) > (W) dq)\(l) ce- dq)h(k). (19)
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Recall that g, is not an identity of A. Hence, there exist integers pg1, . . ., pgx > 0 such that
Pg1+t -+ pgk = d® and

Cqni+pg 15Nk +Pgk (A) = dp(l) s dp(k)-

In particular,

T
Ci(q) (A) = (qm,. - ,an>dp(l) cedpwm. (20)

Note that for any partition u = m,v = m with ®(u) > @ (v), it follows by Lemma 1

that
1

md2+d+1
Then, by Lemma 6 and (19), the right hand side of (20) is not less than

1 \2k@+D? /g N 2k o)) . . 1
gn® o) Niy. .. N A

Now, (17) implies the following inequality

1 2k(d+1)2 1\ 2ka 1 2k(d+1)%q “
a o o n
Cf(q)(A)z(—qn(l)) (n(1)> (—d(nm +1)) (a—ey”

Since a > 1, by the assumptions of the lemma, we then have

1
dy =2 ——P(W" =

m
> D) >

-
md2+d

(a— S)n(q)

m
— )" >
(a—e)" = ]

a4

Ven (A) > D(a — e),

for all small enough ¢. Hence

where D = D1D2,

2k(d+1)% 2k 2k(d+1)2 d
D — 1 7@ D, — 1 n(D) 1 (D) 1\ D44
@ SR VO d(n® + 1) a '

For small 8;, 8, > 0, one can choose n'V) such that D; > (1 — §;) and D, > (1 — &,) for all
n?, g > 1. Finally, we can take 8, 8, small enough and get the inequality

Ve (A) > (1—8)(a—e),

foralln =n'?, g=1,2,.... O

Remark 1: In the proof of the previous lemma, we used associativity and commutativity
of I' only for getting relation (18). In case of an arbitrary groupoid I', the element Q in
(18) can be non -homogeneous in I'-grading and hence an ideal I generated by Q in A can
be strictly less than A. But if A is simple in a non-graded sense, then I = A and relation
(18) and Lemma 7 hold.
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For completing the proof of the main result, we need the following remark. Denote by
Ann A the annihilator of A.

Lemma 8: Let A be a I'-graded algebra with a finite support of order k. If Ann A = 0, then
1 o
G (A) > e (4)

for all sufficiently large n.

Proof: Denote Supp A = {g1,...,gk}. It follows from (2) that there exists ny,...,nx > 0,
ny + - -+ + ng = nsuch that

1
tgr(A) <o cg’(A) <y (A). (21)
Recall that ¢, ., (A) = dim Py, (A) (see 4). Denote by U;, 1 < i < k, the subspace of
polynomials f in Py, . », (A) such that ¢(f)A, = 0 for all graded evaluations ¢ : F{X} —
A. Similarly, let W;,1 < i < k, be the subspace of polynomials h € Py, ., (A) satisfying
Ag @ (h) = 0 for all graded evaluations ¢ : F{X} — A. Denote

V=Uin...NnUNWiN...N Wg.

If f € V, then all values of f in A lie in Ann A = 0, thatis V = 0. Suppose that

4k —1

dim Uy, ...,dim Uy,...,dim Wy,...,dim W > e

N

where N = ¢, 4 (A). Then dim V' > (2k - — 2k —-1))N = 1N thatis V #£ 0, a
contradiction. It follows that dim U; < 4k 1N or dim W; < 4k 1N for at least one i. Let,
for instance, dim U; < 4k 1N Denote by T the codimension of Uy in Py, n, (A). Then

..... 8kkcg’m)

as follows from (21). Now, if fi,...,fr are linearly independent modulo U; elements
from Py, ., (A), then fiz,. .., frz are linearly independent elements in Py, 1 14,, .0, (A),
provided that z is a new homogeneous indeterminate, deg z = g1. Hence

1
S (A) = Cngtng., MMzT>§§£mx

and we are done. O
Now, we are ready to prove the main result of this paper.

Theorem 2: Let I" be a commutative semigroup and let A = @gel" Ag be a finite dimen-
sional I"-graded algebra. If A is graded simple, then there exists the limit

exps’ (A) = Tim 7 (A).
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Proof: Denote
a=exp¥ (A) = limsup /& (A).
n—oo
If a = 0, then A is nilpotent and exp$” (A) = 0. If A is not nilpotent, then a > 1. In the
case a = 1, the lower limit of v/¢5 (A) is also 1 and we are done.
Let now a > 1. By Lemma 7, there exists a sequence nV) < n® < .. such that

&> (1—-8"a—er"

foralln = n”,i > 1,and &,8 > 0 can be chosen arbitrarily small.
Now, let m = n®,m’ = n@+V andlet m < n < m'. Thenn = m 4+ p,1 < p < d. By
Lemma 8, we have

P n m 1 4 1 n n
(22)

Clearly, inequality (22) also holds for all n = 7D 1@ and for all small &,8 > 0.
Hence

T g 1
o () =iy (4) > ((8k<m )

lim inf T (A) > (1 —8)(a—e).

Since ¢, § are arbitrary, we can conclude that
exp¥ (A) = liminf /c§ (A) = a
— n—o0

and the proof of the theorem is completed. g

Finally, note that associativity and commutativity of I" was used only in the proof
of Lemma 7 (see Remark 1). Hence, for an arbitrary groupoid I', we have obtained the
following result.

Theorem 3:  Let A = g Ag be a finite dimensional algebra graded by a groupoid I". If
A is simple, then there exists its graded PI-exponent

exp¥’ (4) = lim /' (A).
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