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Abstract We study Z,-graded identities of Lie superalgebras of the type b (), t > 2,
over a field of characteristic zero. Our main result is that the n-th codimension is
strictly less than (dimb (¢))" asymptotically. As a consequence we obtain an upper
bound for ordinary (non-graded) Pl-exponent for each simple Lie superalgebra
b(t),t> 3.
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1 Introduction

In this paper we study numerical invariants of identities of Lie superalgebras. One
of the main numerical characteristics of the identities of an algebra A over a field
F of characteristic zero is the sequence of codimensions {c,(A)},n=1,2,..., and
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its asymptotic behaviour. Many deep and interesting results in this area were proved
during the last few decades (see, for example, [1]) both in the associative and the non-
associative cases. In particular, in many classes of algebras (associative [2], Lie [3-5],
Jordan, alternative and some others [6]) it was proved that if A is a finite dimensional
algebra, dim A = d, and F is algebraically closed then PI-exponent exp(A) is equal
to d if and only if A is simple. In general exp(A) < dim A as it was observed in [7, 8].
Recently (see [9]) it was shown that exp(L) < dim L provided that L is a simple
Lie superalgebra of the type b (¢),t > 3, (we use notations from [10] for simple Lie
superalgebras). Unfortunately, an upper bound a = a(f) < dimb (¢f) was not found
for exp(b (¢)) in [9].

Since any Lie superalgebra L is Z,-graded, one can consider graded codimensions
¢y (L) and graded Pl-exponent exp$(L). Graded codimensions and graded PI-
exponents of Lie superalgebras were studied earlier in several papers (see, for
example, [11-13]). Existence and integrality of graded exponents were proved for
some classes of Lie superalgebras. On the other hand, there are no known examples
where exp$”(L) is fractional.

There are some relations between graded and non-graded identities, codimensions
and PI-exponents. In particular,

cn(A) = ¢ (A) (1)

(see [14] or [7]) for any finite dimensional G-graded algebra A where G is a finite
group. Hence when A is finite dimensional and simple and exp(A) = dim A it follows
from Eq. 1 and [7] that exp®"(A) exists and is equal to dim A.

First series of examples with exp(A) # dim A where A is a finite dimensional
simple algebra is given by simple Lie superalgebras b (t),t > 3, of the dimension
dim b (t) = 2¢> — 1[9]. Itis important to study asymptotics of ¢§ (b (¢)) and to compare
it with the asymptotics of ¢, (b (¢)). The main result of this paper says that the (upper)
graded PI-exponent of b (¢) is less than or equal to t> — 1 4+ /2 — 1. As a conse-
quence of this result and Eq. 1 we obtain an upper bound for ordinary PI-exponent of
b(t), exp(b(t)) < t* — 1 + t+/12 — 1. In particular, the difference dim b (t) — exp(b (£))
is at leasi 1> — t/t2 — 1 which is a decreasing function of ¢ with limit é

2 Preliminaries

Let A be an algebra over a field F of characteristic zero. Recall that A is said to
be Z,-graded algebra if A has a vector space decomposition A = Ay @ A, such that
AgAo+ A1 A € Ay, AgA| + A1 Ay C A,. Usually elements of Ay are called even
while elements of A, are called odd. Any element of Ay U A, is called homogeneous.
In particular, a Lie superalgebra L is a Z,-graded algebra L. = L, & L, satisfying the
following two relations

xy — (_l)ley\yx =0,
x(yz) = )z + (=)MPy(xz)
where x, y, z are homogeneous elements and |x| =0 if x is even while |x| =1 if

x is odd.
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Denote by L(X, Y) a free Lie superalgebra with infinite sets of even generators
X and odd generators Y. A polynomial f = f(xy,...,Xm, ¥1,...,¥n) € L(X,Y) is
said to be a graded identity of Lie superalgebra L = Ly & L, if f(a1,...,am, b1, ...,
b,) = 0 wheneveray,...,a, € Lo,by,...,b, € L.

Given positive integers 0 < k < n, denote by Py ,_ the subspace of all multilinear
polynomials f = f(xy,..., Xk, y1,--., Yu—k) € L(X, Y) of degree k in even variables
and of degree n — k in odd variables. Denote by /d% (L) an ideal of £(X,Y) of
all graded identities of L. Then Py ,_x N Id® (L) is the subspace of all multilinear
graded identities of L of total degree n depending on k even variables and n — k odd
variables. Denote also by Py ,_r(L) the quotient

Pk

Pi k(L) = .
kn—k (L) Penx O 1de(L)

Then the graded (k, n — k)-codimension of L is
Crn—k(L) = dim Py k(L)

and the total graded codimension of L is

n

0 =3 ()b @)

k=0

If the sequence {c; (L)},=1 is exponentially bounded then one can consider the

related bounded sequence V¥ (L). The latter sequence has the following lower and
upper limits

exp® (L) = liminf+/c5 (L), exp® (L) = limsup+/c5 (L)

called the lower and upper PI-exponents of L, respectively. If an ordinary limit exists,
it is called an (ordinary) graded PI-exponent of L,

exp¥ (L) = Tim /el (L)

Symmetric groups and their representations play an important role in the theory
of codimensions. In particular, in the case of graded identities one can consider the
Sk x S,_g-action on multilinear graded polynomials. Namely, the subspace Py ,—x C
L(X,Y) has anatural structure of Sy x S,,_x- module where Sy acts on even variables
X1, ..., X, while S,,_x acts on odd variables yi, ..., y,_. Clearly, Py, N 1d® (L)
is the submodule under this action and we get an induced S x S,_x-action on
Py n—k(L). The character yi (L) = y(Pin—k(L)) is called (k, n — k) cocharacter
of L. By Maschke’s Theorem this character can be decomposed into the sum of
irreducible characters

Xkn—k(L) = Z M u X 3)
et
where 1 and u are partitions of k and n — k, respectively (all details concerning
representations of symmetric groups can be found in [15]).
Recall that an irreducible S x S,_x-module with the character y, , is the tensor
product of Sg-module with the character y; and S,_x-module with the character
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xu- In particular, the dimension deg y, , of this module is the product d;d, where
d;, =degy;,d, = deg y,. Taking into account multiplicities m1; , in Eq. 3 we get the
relation

Crn—k(L) = E my d,d,. 4)
ik
ubn—k

A number of irreducible components in the decomposition of yx ,—x(L), i.e. the sum

loni(L) = D" m

Ak
un—k

is called the (k, n — k)-colength of L. If dim L. < oo then by Ado Theorem (see [10,
Theorem 1.4.1]), L has a faithful finite dimensional graded representation. Hence
L has an embedding L C A = Ay ® A, as a Lie superalgebra where A is a finite
dimensional associative superalgebra. Given 0 < k < n, consider the graded (k,n —
k)-cocharacter of A:

Xk,nfk(A): E My X -
Mk
urn—k

Then by [16],

Z Z m; . < q(n)

k=0 ik
urn—k

for some polynomial g(n). Following the argument of the proof of [3, Lemma 3.2] we
obtain that

My =My

Hence in the finite dimensional case the total colength is polynomially bounded, that
is, for any L, dim L < oo, there exists a polynomial f(#) such that

D lni(L) < fn).

k=0
It follows that
Ckn—k(L) < f(M)d7dy™ (5)

where d}®¥, dﬁlax are maximal possible dimensions of Si- and S,_,-representations,
respectively, such that m; , # 0. We will use relation (5) for finding an upper bound
for exp® (L).

3 Dimensions of some S,,-Representations
In this section we prove some technical results which we will use later. Fix an integer
t > 2 and consider an irreducible S,,-representation with the character y,, x =

(1, ..., tta), d < t>. For convenience we will write u = (i, ..., u,2) evenin the case
d < t* assuming pgy = ... = pp =0.
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We define the following function of a partition u - m

1

(") o (") i
In Eq. 6 we assume that 0° = 1 if some of y; are equal to zero. The value of ®(u)™ is
equal to d, up to a polynomial factor. More precisely, we have the following relation:

D(u) = (6)

Lemma 1 [9, Lemma 1] Let m > 100. Then

O ()"

it = d/l = mq)(#)m.

Now let A and u be two partitions of m with the corresponding Young diagrams
D;, D,. We say that D, is obtained from D, by pushing down one box if there exist
1 <i<j<t*suchthatu; =2;— 1, u;=1;+ 1 and py = A for all remaining k.

Lemma 2 (see[9, Lemma 3], [17, Lemma2]) Let D, be obtained from D, by pushing
down one box. Then ®(u) > ®©(1).

Now we define the weight of partition u = (uy, ..., u,2) as follows:

wip=— (b ) (e e

Recall (see [1]) that the hook partition h(d, !, k) is a partition with the Young
diagram of the shape

Here the first d rows have length / + k and remaining k rows have length /. We
slightly modify this notion and say that a partition x4 = (u1, ..., #2) - m is a hook
h(s,r)if u; = _;1,,1_sandyz,+1 e =Up =1 <.

The followmg observation is elementary.

Lemma3 Let m be a multiple of t(t> — 1). Then there exists a hook partition y =
h(s,r) of mwiths = r'*} and wt u = 0.

Proof Let m = it(t> — 1). If we take u = h(r, s) with s = (t + 1)i,r = (t — 1)i then the
number of boxes in the first ’22_’ rows, that is x| + -+ - 4 u2_,, equals to
2

-t =D+ m
N =1t = .
2 2 2
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Similarly, the number of boxes in all remaining rows of D, equals to

24+t t-D@+1D) m
r =it = .
2 2 2

Hence wt ¢ = 0 and we are done. O

Lemma4 Let m be a multiple of t(t*> — 1) and let u = h(s, r) be the hook partition
with zero weight as in Lemma 3. Then ®(u) = t/12 — 1.

Proof Since

Ui _ Hese s Kooy U r

andm = ri(t+1),s = r'*}, we have

ro 1 s 1
m tt+1) m  tt—1)
Hence
1 1
O(u) = . L, =e+ne-1) = iz — 1.

1 26(t+1) 1 2t(t—1)
t(t+1) t(t—1)

For an arbitrary partition of weight zero we have the following.

Lemma 5 Let m be a multiple of t(t> — 1) and let v be a partition of m with wt v = 0.
Then ®(v) < t:/12 — 1.

Proof The Young diagram D, of v consists of two parts. The first one v contains first
’22_ " rows and the second part v contains all remaining rows. Pushing down boxes
inside v and v separately we get new partition v’ - m with wt v’ = 0 maximally close
to hook partition. That is, first 0 < i < ‘22_ " rows of D, have the length a and rows
t

i+1,..., ’22” (in case i < 22”) have the length a — 1. Similarly,

vizz_tﬂ =...= vizz_tﬂ_ =b, vigz_fﬂ_ﬂ =..=v,=b-1
for some j. But under our assumption m admits a hook partition by Lemma 3, hence
" is a multiple of ‘22_‘. It follows that i = tzz_’. Similarly, j = ‘2;‘ and v' = h(a, b).
Finally note that if m admits a hook partition u = h(r, s) of weight zero then u is
uniquely defined. Hence a = b ﬁ“_“} and ®(v') = t/t> — 1 by Lemma 4. By applying
Lemma 2 we complete the proof. O

The main goal of this section is to get a similar upper bound for ®(u«) for any
4+ m without any restriction on m and with wt(x) < 1.
First we prove an easy technical result.
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Lemma 6 Let 2 = (44,...,As) be a partition of n such that A, — Ay > 2s. Then by
pushing down one or more boxes in D, one can get a partition u = (uy, ... us) Fn
with us = Ay + 1 and py > 1y — s. Similarly, one can get v = (v, ...v5) E nwithv, =
A —landvg < Ag +s.

Proof First we find p. If s = 2 then the statement is obvious. Suppose s > 2. Then
we push down boxes in D, using only rows 2,3, ...,s. If we get on some step the
diagram D, with u, = A+ 1 then we proof is completed. Otherwise we will get a
diagram Dj; where gy = Ay, iy ==, =p+1, 41 = -+ = iy = p for some p
andsome 2 <t < 5. Moreover, p = A;ift < sor p 4+ 1 = J;ift = s. In this case we can
cut s — 1 boxes from the first row of D; and the glue one box to eachrow 2, ..., s in
Dj. Then the partition u = (u1,..., i), p1 =1 =S+ 1L, uj=pu;j+1,j=2,...,5,
satisfies all conditions and we are done.

Similarly, if we push down boxes only in rows 1,...,s — 1 in D, then either we
will get a partition v = (vy, ..., vs) with vy = 4} — 1, vy, = 4, on some step or we will
get a partition v = (b, ..., vg) such thatvy;, = - =V, =p+ 1L, vy = =05 = p,
vy = Ag for some 1 <t <s — 1. In the latter case we push down one box from each
row 1,...,s — 1 to the last row of D;. Then we get the required v F n and the proof
is completed. O

Now we consider partitions with > components whose weight cannot be increased
by pushing down boxes in the Young diagram.

Lemma?7 Let u = (uy,...,u2) be a partition whose weight cannot be increased by
pushing down boxes. Then | — up < 4t> and wt(u) > —2t*.

Proof Denote p = tzgr’, q= ’22_’ for brevity. Clearl'y, g < pgy1 + LIy ~Hgz3q
then by pushing down boxes we can get a partition x' = (u}, ..., py) with uj =

g +2 by Lemma 6. Hence w1 — u4 < 3q. Similarly, we can get (up. i, ..., 4y p)
with 7, | = pg1 — 2 provided that g1 — pg+p > 3p. Therefore pgy1 — pgp < 3p.
Finally we obtain

H— fgsp <3p+3q+1=32+1 < 4.

For proving the second part of our lemma we split D, into two parts D; and D,
where D, consists of the first ¢ rows of D, while D, consists of the last p rows of
D,. By our assumption we cannot cut one box from D; and glue it to D,. Denote
by a and b the number of boxes in D, D,, respectively. Denote also x,.4, = x. By
the first part of the lemma u; < 4t> + x. Hence a < (4t> + x)q. Obviously, b > px.
Hence

2

t
wi(u) =b —a=x(p—q)—4’q> —4° , 2 —2r*
and we complete the proof. O

Next lemma shows how to reduce this problem to the case wt u =0 and m =
jt(e? —1).
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Lemma8 Let u = (u1, ..., 1) be a partition of m and let wt u < 1. Then there exist
an integer my > m and a partition v = mg such that

(1) mo—m <615,

(2) wtv =0,
(3) myg is a multiple of t*(t — 1),
(4)

441242

(D(,u)f(m—i—6t6)( m )m ().

Proof First we reduce the question to the case wt ¢ = 0. If wt 4 = 1 then we can add
one extra box to the first row of D, and get a partition of zero weight.

Let wt(1) < 0. By Lemmas 2 and 7 we can suppose that wt(u) > —2t*. If we add
one box to each of rows 1,2,...,t2— t+1 of D, we get the Young diagram D,
of partition p - m + > — t+ 1 with wt(p) = wt(u) + 1. Applying this procedure at
most 2r* times we get p’ - m{, with wi(p’) = 0 where

my <m+ (> — t+1)-2t* <m+ 4.

If m( is a multiple of 7(t> — 1) then there is nothing to do. Otherwise there exists
0 <i < t(t> — 1) such that m{, + i is a multiple of #(r> — 1). Note that my, is even since
it admits a partition of weight zero. Hence i is also even.

First we enlarge D, to D, by adding ‘22_ ! boxes to all £ — ¢ first rows. Then also

r_ : r -1 i -1
wt p' =0.8ince pp, , —pp =", ,wecanglue ; <" boxes to the last 7 rows

of D, and get D, Finally, we glue ; boxes to the first row of D, and obtain the
diagram D, such that wt v = 0. Denote by m, the number of boxes of D,.. As follows
from our procedure, an upper bound for my is

2 -1
m+4t°+ (@2 - 1) 5 +t@* —1) < 6t° + m.

It is shown in [17, Lemma 7] that if A bn—1,1=(,...,49), ' Fn, A =
(A}, ..., A)) and D, is obtained from D, by cutting one box then

o) <n o0,
Hence
O (1) < (m+ 65" D)
and we complete the proof. O

As a corollary of Lemmas 5 and 8 we immediately obtain

Lemma9 Let = (uy, ..., ur) bea partition of m and let wt u < 1. Then there exists
a polynomial g(m) such that ®(u) < g(m)riv t(NVi2 — 1.
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4 Graded Codimensions of Lie Superalgebras of Type b(?)

In this section we use notations from [10]. Recall that L = b (¢),t > 2, is a Lie
superalgebra of 2¢ x 2f matrices of the type

A B

c -AT )
where A, B, C € M,(F), BT = B,C" = —C and tr A = 0. Here the map X — X7 is
the transpose involution. Decomposition L = Ly & L is defined by setting

Lo= [(13 —?4T) | A e M,(F),tr(A) :0] s
and

L1:[(gg)|BT:B,CT:—CeM[(F)].

Super-Lie product on L is given by
[x, ] = xy — (=D)MPyx

for homogeneous x,y € Lo U L.
It is not difficult to see that also L has Z-grading

L=LYgLOgr® (7)

where L© = L,
L<-l>=[(28) |CT=—CeMt(F)], 8)
L(l):[(gg)|BT:BeM[(F)] 9)

and L™ =0 for all n # 0, £1. In particular, L&Y @ LM = L, and dim L© =¢? —
1,dim L&D = 0 dim L® = (“FD,

Let yxn—«(L) be (k, n — k)-cocharacter of L. Consider its decomposition (3) into
irreducible components.

Lemma10 Let m; , # 0 in Eq. 3. Then D) lies in the strip of width t2 — 1, that is,
A=, ..., ) with d < t* — 1. In particular, d; < a(k)(t* — 1)* for some polyno-
mial o.(k) .

Proof Denote A = FSy. Recall that, given a partition A = (4y,...,44) F k, the
irreducible Sx-module corresponding to 4 is isomorphic to the minimal left ideal
generated by an essential idempotent e7, constructed in the following way.
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Let T, be Young tableau, that is Young diagram D), filled up by integers 1, ..., k.
Denote by Ry, and Cr, row and column stabilizers in S of 7}, respectively. Then

R(TH= D o, C(T)= Y (sgno)r

FGRT/.V TECTA
and
er, = R(T,)C(T)).

It is known that eZTA = aer,, 0 # a € Q, and an irreducible F'Si-module M has the
character y, if and only if ez, M # 0. In particular, if M is an irreducible FS; x
FS,_i-submodule in Py ,_(L) with the character y; , then M can be generated by a
multilinear polynomial of the type er, ¢ (x1, ..., Xk, Y1, ..., Yu—i) Witheven xy, ..., xx
and odd yy, ..., y,_k (since M is the direct sum of isomorphic irreducible Si-modules

with characters y;). From the relation eZTA_ = aer, # 0it follows that the polynomial

l//(XI, s Xk Yoo e )’n—k) = C(Ti)eT,;(p(xla s Xk Yo oo e )’n—k)

also generates M.

Suppose now that d > t> — 1. Then D; contains at least one column of height d
greater than > — 1 = dim L. In this case y depends on at least one alternating set
of even variables of order greater than dim L,. Standard arguments show that in this
case y is an identity of L, a contradiction. Hence d < t*> — 1. Now by [1, Lemma
6.2.5] there exists a polynomial « (k) such that d; < a(k)(t> — 1)F and we complete
the proof. O

Lemmall Letm; , # 0in Eq. 3. Then wt p < 1.

Proof As in the previous lemma an irreducible FSi x FS,_x-submodule M of
Py n—x(L) with the character y, , can be generated by

W = W(xls cre Xk, yls ) )’n—k) = C(Tlu)eTﬂ(D
for some multilinear polynomial ¢. The set of variables {y, ..., y,—«} can be split
into disjoint union
{yl,...,yn_k}: Y] U...UYP

where p = u1, every set Y consists of odd indeterminates with the indices from the
J-th column of T,. In particular, y is alternating on any subset Y;, 1 < j < p, and we
cannot substitute the same basis elements of L instead of distinct variables from the
same column of 7, otherwise the value of y will be zero. Hence the minimal degree
in Z-grading Eqs. 7, 8 and 9 of the value of w on L is equal to ¢ = wt u. So, if g > 1
then y is an identity of L since LY @ LUV @ ... = 0, a contradiction. O

Now we are ready to prove the main result of the paper.

Theorem 1 Let L be a Lie superalgebra of the type b(t),t > 2, over a field F of
characteristic zero. Then there exists a polynomial h = h(n) such that

(L) < h(n) (ﬂ /- 1)" .
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In particular,

exp¥ (L) < —1+t/2—1 <22 — 1 =dim L.

Proof Consider the inequality (5) for ¢k ,—«(L). By Lemma 10, d7® < a(k) (1> — 1)*
and by Lemma 11 we have wt u < 1 where d, = d;;**. Then by Lemmas 1 and 9,
n—k
A < (n— k)g(n — k) (t\/ﬂ - 1) .
Hence
n—k
Chn k(L) = [n)(n = Batgln — )@ — D (/2 =1)" .

Clearly one can take a polynomial 4’ = /'(n) such that a(k)g(n — k) < h'(n) for all
k=0,...,n Then

lni(L) < hn @ — D (/2 1)
where h(n) = nf(n)h'(n). Now by Eq. 2

& (L) < h(n) kzzé (’;) @ — 1) (t\/tz - 1)"7" — h(n) (t2 e 1)" .
Obviously,
exp® (L) = limsupy/cS (L) < 2 — 1 + /12 — 1
and we complete the proof of Theorem 1. O

As a consequence of Theorem 1 we get an upper bound for ordinary PI-exponent
of L=>b(t),t>2.

Theorem 2 Let L be a Lie superalgebra of the type L = b (t), t > 2, over a field of
characteristic zero. Then exp(L) < t* — 1 + t/t2 — 1.

Proof The statement easily follows from Theorem 1, the inequality ¢§ < c,(L) [7,
14] and from the existence of exp(L) [9]. ]
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