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Abstract

We consider a nonlinear Dirichlet problem driven by a nonhomogeneous differential
operator plus an indefinite potential. In the reaction we have the competing effects of
a singular term and of concave and convex nonlinearities. In this paper the concave
term will be parametric. We prove a bifurcation-type theorem describing the changes
in the set of positive solutions as the positive parameter A varies.
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1 Introduction

Let Q € RY be a bounded domain with a C%-boundary 9<2. In this paper we study
the following nonlinear nonhomogeneous parametric singular problem:

—diva(Du(2)) + E@u)?~' = 9(u2) + )" + f(z, u(z)) in Q,
ulga =0, u>0, >0, 1l <g < p < o0.
(P)

The map a : RY — RY involved in the differential operator of (P;) is strictly
monotone, continuous (hence maximal monotone, too) and satisfies certain other reg-
ularity and growth conditions which are listed in hypotheses H (a) below (see Sect. 2).
These conditions are general enough to incorporate in our framework many differen-
tial operators of interest such as the p-Laplacian and the (p, g)-Laplacian (that is,
the sum of a p-Laplacian and a g-Laplacian). The operator u +> diva(Du) is not
homogeneous and this is a source of difficulties in the analysis of problem (P, ). The
potential function & € L°°(2) is indefinite (that is, sign changing). So the operator
u +— —diva(Du) + £(z)|u|?~2u is not coercive and this is one more difficulty in the
analysis of problem (P ). In the reaction (the right-hand side of (P,)), the term 9 (-)
is singular at x = 0, while the perturbation contains the combined effects of a para-
metric concave term x — Ax?~! (x > 0) (recall that q < p), with A > 0 being the
parameter and of a Carathéodory function f(z, x) (that is, for all x € R the mapping
z + f(z,x) is measurable and for almost all z € Q2 the mapping x — f(z, x) is
continuous), which is assumed to exhibit (p — 1)-superlinear growth near 400, but
without satisfying the usual for superlinear problems Ambrosetti-Rabinowitz condi-
tion (the AR-condition for short). So in problem (P;) we have the competing effects
of singular, concave and convex terms.

Using variational methods related to the critical point theory, combined with suitable
truncation, perturbation and comparison techniques, we produce a critical parameter
value A* > 0 such that

(1) forall A € (0, A™) problem (Py) has at least two positive solutions;
(ii) for A = A™ problem (P;) has at least one positive solution;
(iii) for all A > A™ problem (P;) has no positive solutions.

This work continues the recent paper by Papageorgiou et al. [16], where £ = 0 and
in the reaction the parametric term is the singular one. It is also related to the works of
Papageorgiou and Smyrlis [17] and Papageorgiou and Winkert [19], where the differ-
ential operator is the p-Laplacian, & = 0 and no concave terms are allowed. Singular
p-Laplacian equations with no potential term and reactions of special form were con-
sidered by Chu et al. [2], Giacomoni et al. [5], Li and Gao [10], Mohammed [12],
Perera and Zhang [20], and Papageorgiou et al. [14].
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2 Mathematical background and hypotheses
In this section we present the main mathematical tools which we will use in the analysis
of problem (P, ). We also fix our notation and state the hypotheses on the data of the
problem.

So, let X be a Banach space, X* its topological dual, and let ¢ € C'(X). We say
that ¢(-) satisfies the “C-condition”, if the following property holds:

“Every sequence {u,},>1 € X such that

{oWn)}n>1 € Risbounded and (1 + ||u,||x)¢ (u,) = 0in X* asn — oo,

admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional ¢(-), which leads to the min-

imax theory of the critical values of ¢(-) (see, for example, Papageorgiou et al. [15]).
We denote by K|, the critical set of ¢, that is,

Ky, ={ueX:¢@u =0}
The main spaces in the analysis of problem (P ) are the Sobolev space W(}’p (2)

(1 < p < 00) and the Banach space C}(Q) = {u € C1(Q) : ulso = 0}. We denote
by || - || the norm of Wé 'P By the Poincaré inequality we have

[lu]| = || Dul|, for all u € Wé’p(Q).
The Banach space Cé (R2) is ordered with positive (order) cone
Cy={uce Cé(ﬁ) cu(z) > 0forall z € Q).
This cone has a nonempty interior given by

intCy ={ueCyq:u( >0foralzeQ, g—Z|aQ <0},
with n(-) being the outward unit normal on 9€2.

We will also use two additional ordered Banach spaces. The first one is
Co(Q) = {u € C(Q) : ulye = 0}.
This cone is ordered with positive (order) cone
K. ={ueCyQ):u(z)>0forall z € Q}.
This cone has a nonempty interior given by

~

intK; ={u € K4 : ¢,d < u for some ¢, > 0},
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where d (z) = d(z,9R) forall z € Q. On account of Lemma 14.16 of Gilbarg and
Trudinger [6, p. 355], we have

“cud < u for some ¢, > 0 if and only if &,ii; < u for some &, > 07, (1

with #1] being the positive, LP-normalized (that is, ||i]] p = 1) eigenfunction cor-
responding to the principal eigenvalue A1 > 0 of the Dirichlet p-Laplacian. The
nonlinear regularity theory and the nonlinear maximum principle (see, for example,
Gasinski and Papageorgiou [4, pp. 737-738]), imply that it € int Cy.

The second ordered space is CH(Q) with positive (order) cone

A _ — 0
C+ = {I/l € CI(Q) : M(Z) > 0 for aHZ € Q, a—u|agﬁu—l(0) < 0} .
n

Clearly, this cone has a nonempty interior.

Concerning ordered Banach spaces with an order cone which has a nonempty
interior (solid order cone), we have the following result which will be useful in our
analysis (see Papageorgiou et al. [15, Proposition 4.1.22]).

Proposition 1 If X is an ordered Banach space with positive (order) cone K, intK
# 0, and e € int K, then for every u € X we can find A, > 0 such that \ye —u € K.

Let! € C'(0, 0c0) with /() > O for all r > 0. We assume that

0<eé< il <o, crt?™! <) < el 4771

forall > 0, and some cj,c2 > 0,1 <s < p.

@)

Then the conditions on the map a(-) are the following:
H(a) : a(y) = ao(|y|)y for all y € RN, with ag(r) > 0 for all > 0 and

(1) ag € Cl(O, +00), t > ag(t) is strictly increasing on (0, +00), ag(t)t — 0T as
t - 0" and
ay (1)t
im
t—0t+ ap(t)

)

(i1) there exists c¢3 > 0 such that

L(yD

o forall y € RV\{0};
y

Va(y)l < c3

(ii)) (Va(n§, &)z > HHLE forall y € R1\{0}, § € RY;

@Gv) if Go(t) = fot ao(s)sds, then there exists T € (g, p] such that

Go(t
lim supt—g() <c*

t—0t

and 0 < pGo(t) — ag(r)t? forall t > 0.
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Remark 1 Hypotheses H (a)(i), (ii), (iii) are dictated by the nonlinear regularity the-
ory of Lieberman [10] and the nonlinear maximum principle of Pucci and Serrin [21].
Hypothesis H (a)(iv) serves the needs of our problem, but in fact, it is a mild condition
and it is satisfied in all cases of interest (see the examples below). These conditions
were used by Papageorgiou and Radulescu [13] and by Papageorgiou et al. [16].

Hypotheses H (a) imply that the primitive Go(-) is strictly increasing and strictly
convex. We set G(y) = Go(|y|) for all y € RY. Evidently, G(-) is convex, G(0) = 0
and

VG(y) = Gy(lyDp; = ao(lyDy = a(y) forall y € R¥\{0}, VG(0) =0,
that is, G(-) is the primitive of a(-). From the convexity of G(-) we have

G(y) < (a(y). y)gn forall y € R, 3)

Using hypotheses H (a)(i), (ii), (iii) and (2), we can easily obtain the following
lemma, which summarizes the main properties of the map a(-).

Lemma 2 If hypotheses H(a)(i), (ii), (iii) hold, then

(a) the map y — a(y) is continuous, strictly monotone (hence maximal monotone,
too);
(b) la)| < callyl”" + |17~ 1) for some ¢y > 0, and all y € RV

(c) (a(y), y)py = p‘il [y|? forall y € RN,

Using this lemma and (3), we obtain the following growth estimates for the primitive
G().

Corollary 3 Ifhypotheses H(a)(i), (ii), (iii) hold, then ﬁbﬂ” < G(y) <cs(1+
|y|P) for some c5 > 0, and all y € RV,

The examples that follow confirm that the framework provided by hypotheses H (a)
is broad and includes many differential operators of interest (see [13]).

Example 1 (a) a(y) = |y|P~2y with 1 < p < oo.
This map corresponds to the p-Laplace differential operator defined by

Apu = div (|Du|P~2Du) for all u € W,'P(Q).

) aly) = |y|P 2y + pulyl? 2y with1 < g < p < 00, > 0.
This map corresponds to the (p, g)-Laplace differential operator defined by

Aput+ Agu forall u € WP ().

Such operators arise in models of physical processes. We mention the works of
Cherfils and Ilyasov [1] (reaction-diffusion systems) and Zhikov [22] (homog-
enization of composites consisting of two materials with distinct hardening
exponent in elasticity theory).
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-2
© a(y) =+ y»7 ywith 1 < p < occ.
This map corresponds to the modified capillary operator.

@ a(y) = [y|"2y (1 + ﬁyl”) with 1 < p < oc.
The hypotheses on the potential term £(-) and on the singular part ¥ (-) of the
reaction are the following:
H(E): & e L®(Q).
H@) : 9 :(0,400) — (0, +00) is a locally Lipschitz function such that
(i) for some y € (0, 1) we have
0 < ¢ < liminf 9 (x)x? < limsup & (x)x¥ < ¢7;
x—>0F x—0F
(i1) ¥ (-) is nonincreasing.

Remark 2 In the literature we almost always encounter the following particular sin-
gular term

P#(x) =x 7 forallx >0, with0 <y < 1.

Of course, hypotheses H (1) provide a much more general framework and can
accomodate also singularities like the ones that follow:

V1(x) =x"V[1+In(14+x)], x>0,
Hh(x)=xYe ™, x>0

_Jx77A =psinx) 0<x <% .
193(x)—{x_y(1_n) if%<x with0 <y < 1.

The following strong comparison principle can be found in Papageorgiou et al. [16,
Proposition 6] (see also Papageorgiou and Smyrlis [17, Proposition 4]).

Proposition 4 If hypotheses H(a), H (%) hold, € € L™(), £(z) > 0 for almost all
7 € @, hy, hy € L*°(RQ) satisfy

0 < cg < ha(2) — h(2) for almost all z € Q

and u,v € CH(Q) satisfy 0 < u(z) < v(z) for all z € Q and for almost all 7 € Q2
we have

o —diva(Du(2)) — 9w (2)) + E@Qu)P~' = hi(2)
o —diva(Dv(z) — 9(v(2)) + E@v ()P~ = ha(2),

then v —u € int é+.

In what follows, p* is the critical Sobolev exponent corresponding to p, that is,

N .
= N—fp if p<N.
400 if N <p.
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Now we introduce our hypotheses on the nonlinearity f(z, x).
H(f): f:Q xR — Ry is a Carathéodory function such that f(z,0) = 0 for
almost all z € 2 and

() f(z,x) <a(@)(1+x""") foralmostall z € Q,and all x > 0, witha € L>®(R),
p<r<p®

(i) if F(z,x) = [y f(z,5)ds,

% = +00 uniformly for almost all z € €2;

(iii) there exists o € ((r — p) max{%, 1}, p*), 0 > g such that

then lim, _, 400

R , — pF(z, .
0 < Bo < liminf f&0)x =~ pFi x) uniformly for almost all z € €;
X—>—400 x°

(iv) lim sup, o+ L2

(v) for every p > 0, there exists é o > 0 such that for almost all z € Q2 the function

< no uniformly for almost all z € €;

x = f(z,x)+ épxp_l

is nondecreasing on [0, p].

Remark 3 Since our aim is to find positive solutions and the above hypotheses concern
the positive semiaxis Ry = [0, +00), we may assume that

f(z,x) =0, foralmost all z € 2, and all x < 0. @)
Hypotheses H(f)(ii), (iii) imply that

i f(z,x)
m

x—+oo xP—1

= +o00 uniformly for almost all z € 2. 5)

So, the nonlinearity f(z, -) is (p — 1)-superlinear near +oco. However, this super-
linearity of f(z,-) is not formulated using the AR-condition. We recall that the
AR-condition (unilateral version due to (4)), says that there exist y > pand M > 0
such that

0<yF(z,x) < f(z,x)x foralmostall z € 2, and all x > M, (6a)
0 <essinfoF (-, M). (6b)

If we integrate (6a) and use (6b), we obtain the weaker condition

coxV < F(z, x) for almost all z € 2, all x > M, and some cg > 0, @
= cox? 1 < f(z,x) for almost all z € 2, and all x > M.
Therefore the AR-condition implies that f (z, -) exhibits at least (y —1)-polynomial
growth. Evidently, (7) implies the much weaker condition (5). In this work instead
of the standard AR-condition, we employ the less restrictive hypothesis H (f)(iii).
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In this way we incorporate in our framework also (p — 1)-superlinear terms with
“slower” growth near +o0o0, which fail to satisfy the AR-condition. The following
function satisfies hypotheses H (f) but fails to satisfy the AR-condition (for the sake
of simplicity we drop the z-dependence)

F(x)=xP""In(1 + x) forall x > 0.

Finally, let us fix the notation which we will use throughout this work. Forx € R we
set x* = max{+x, 0}. Then for u € Wol’p(Q) we define u®(z) = u(z)* for almost
all z € Q. It follows that

ut e Wol’p(Q), u=ut—u", lu| = ut +u".

Ifu,ve W(}’p(Q) and u < v, then we define.

[u,v] ={y € WOI’p(Q) cu(z) < y(z) < v(z) for almost all z € Q},
[u)={ye WOI”’(Q) cu(z) < y(2) for almost all z € Q).

Also, by int @ [1, v] we denote the interior in the Cé (Q)-norm topology of the
set [u, v] N C(Q).

By A : Wy (@) — W@ = Wy (@)* (4 + & = 1) we denote the
nonlinear operator defined by

(A(u), h) = / (a(Du), Dh)gndz forall u, h € Wy'" ().
Q

We know (see Gasinski and Papageorgiou [4]), that A(-) is continuous, strictly
monotone (hence maximal monotone, too) and of type (S), that is,

“if u,, X win Wé’p(Q) and limsup,,_, ., (A(u,), up —u) <0,
then u, — u in Wol’p(Q).”

We introduce the following two sets related to problem (P;,):

L ={A > 0: problem (P;) admits a positive solution},
S, = the set of positive solutions for problem (Py).

We let A* = sup L.

3 Positive solutions
We start by considering the following purely singular problem:

—diva(Du))) + T @Qu@P ' = 9u)inQ, ulsga =0, u>0. (8)



Nonlinear singular problems with indefinite potential term 2245

From Papageorgiou et al. [16, Proposition 10], we have the following property.

Proposition 5 If hypotheses H(a), H(§), H(¥) hold, then problem (8) admits a
unique positive solution v € int Cy..

Let B > ||£]|co. Then hypotheses H(f)(i), (iv) and since | < g < p < r, imply
that we can find cg, ¢11 > O such that

Axd! +f(z,x) < Acroxd ™ e ! —ﬁx”_l for almost all z € 2, and all x > 0.

)

Let k. (x) = Aciox?™! + cppx” ! — BxP~! for all x > 0. With v € int C from
Proposition 5, we consider the following auxiliary Dirichlet problem:

—diva(Du(z)) + £E@uz)?~" = 9 ((z)) + ky.(u(z)) in
(10);,

ulgo =0, u > 0.

For this problem we prove the following result.
Proposition 6 If hypotheses H (a), H (&), H () hold, then for all small enough A > 0
problem (10), has a smallest positive solution

ﬂ)\ € int C+.

Proof Recall that v € int C4 (see Proposition 5). Hence v € int K4 (see (1)). For

s > N we consider the function 12}/ * € K. According to Proposition 1, we can find

© > 0 such that

iy < o, an
= v <pra;"”.

From the Lemma in Lazer and McKenna [9, p. 726], we have

i’ e L),
= v’ € L5(Q) (see (11)).

(12)
Hypotheses H (¢}) imply that we can find c¢j2 > 0 and § > 0 such that
0<(x) <cppx Vforall0 <x <§and 0 < ¥ (x) < ¥(S) forallx > 8. (13)
It follows from (12), (13) that
?(v(-)) € L°(Q) (s > N).
Let ky, (x) = Aciox?™" + cqyx"~! forall x > 0 and set K, (x) = [; kx(s)ds. We
consider the C'-functional Yy o Wé’p (2) — R defined by

V() = / G(Duydz + ~ / [£(2) + Bllul”dz - / Ryuhydz — / P (utdz
Q P JQ Q Q
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forall u € Wy" ()

>C—I||DM||p /[E(Z)+ﬁ]|ulpd ——|| 12
p(p—1 P q 1

i1
——[lull; —/ U (v)|uldz
r Q
(see Corollary 3)
= callull” — cuslAllull + [lull"]

for some c12,c13 > 0and all 0 < A < 1 (recall that 8 > ||§]|cand 1 < g < r)
= [e12 = ez Gullul |7 + [l "= 7)1l u] |7 (14)

We introduce the function 3;(f) = Ar'™P + "7P ¢t > 0. Evidently, 3, €
CI(O, 400) and since 1 < p < r, we see that

(1) > +ooast — 0T and as 1 — +oo.
So, we can find 7y > 0O such that

I (to) = Inf{J, (¢) : t > 0},
= 3 (to) =0,
= Mp — Dty " = (r — p)i;

1
AMp—1 |r-T

r—p—1

Since % < 1, it follows that
I(tg) = Oas A — O,
So, we can find Ao € (0, 1] such that

3,(t0) < 22 forall & € (0, Ag).
C13

For p = 19, we see from (14) that
¥alyz, > 0, (15)

1, 1
where B, = {u € Wy'"(Q) : [lul| < p}and 3B, = {u € Wy'"(Q) : [jul| = p}.
We fix 1 € (0, Ao]. Hypothesis H (a)(iv) implies that we can find ¢ > ¢* and
8 > 0 such that

*k

) T
G(y) < Ly|" forall |y| < 6

Let u € int C4 and choose small enough ¢ € (0, 1) such that

t|Du(z)| < & forall z € .
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Then we have

T %
' cy

Y. (tu) <

. » st
1Dull; + — [ [§@) + BllulPdz — —|[ully -
T P Je q

Since g < 7 < p, choosing ¢ € (0, 1) even smaller if necessary, we have

Ya(tu) <0,
= inf§p % < 0. (16)

The functional v, (-) is sequentially weakly lower semicontinuous and by the
Eberlein-Smulian theorem and the reflexivity of Wé’p (£2), the set §p is sequentially

weakly compact. So, by the Weierstrass-Tonelli theorem, we can find u € Wé P (Q)
such that 1
Y. () = inf{yn (u) s u € Wy ()} (1 € (0, Ao)). 17

From (15), (16) and (17) it follows that

0 < |[u]l < p,
= ¥, @) = 0 (see (17)),

= (AG), h) + f [£(z) + Blu|P~*uhdz = / [9(v) + ks, @) hdz
Q Q

forall h € Wy'” (). (18)

In (18) we choose h = —u~ € Wol""(Q). Using Lemma 2(c) and since 8 > ||£]]0o
we obtain

ci4][z™||? < 0 for some cj4 > 0,
= >0, #0.

Then from (18) we have

—diva(Du(z)) + E@u)" ! = 9(v(2)) + k;. (u(2)) for almost all z € €2,
=uc Wé’p(Q) is a positive of problem (10);, for A € (0, Ao]. (19)
From (19) and Theorem 7.1 of Ladyzhenskaya and Uraltseva [8, p. 286], we have
u € L°°(2). Hence k) (u(-)) € L°°(2). Recall that 9 (v(-)) € L*(R2) with s > N.
From Theorem 9.15 of Gilbarg and Trudinger [6, p. 241], we know that there exists a
unique solution yg € W25(Q) to the following linear Dirichlet problem

—Ay(z) =9 (v(z2))in Q, ylaq = 0.

By the Sobolev embedding theorem, we have

_ N
W25(Q) — Ch*(Q) witha =1 — — > 0.
S
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Let 19(z) = Dyo(z). Then ng € C*(2, RY) and we have
—div (a(Du(2)) — n0(2)) + E@u(z)? ™" = k; ((2)) for almost all z € 2.

The regularity theory of Lieberman [11] implies that u € C_\{0}. Moreover, from
(19) we have

diva(Du(2)) < ||€|eoit(z)?~! for almost all z € €,
= u € int C+

(from the nonlinear maximum principle, see Pucci and Serrin [21, pp. 111,120]).

Let S, denote the set of positive solutions of problem (10);. We have just seen that
B # SAA C int C4 for A € (0, Xo]. Moreover, from Papageorgiou et al. [ 16, Proposition
18], we know that SAA is downward directed (that is, if uy, up, € S%U then we can find
ue §A such that u < uy, u < u3). So, by Lemma 3.10 of Hu and Papageorgiou [7, p.
178], we can find a decreasing sequence {it,,},>1 € Sa such that

inf S, = inf u,.
n>1

For every n € N we have
(A(ﬁ,,),h)+/ £l hdz = / [0 (v) + ks (@,) Jhdz for all h € WP (). (20)
Q Q

Choosing h = u, € W(}‘p and since 0 < u, < uy for all n € N, using Lemma
2(c), we see that {i,},>1 C W(}’p(Q) is bounded. So, we have

W, 5 in Wy P (Q). 1)

Next, in (20) we choose h = u,, —u € Wol’p(SZ), pass to the limit as n — oo and
use (21). Then

lim (A(un), up —up) =0,
n—00

= 1, =y in Wy P (Q), T, >0
(recall that A(-) is of type (S)4, see Sect. 2). (22)

We pass to the limit as n — oo in (20) and use (22). Then

(A(ﬁx),h)Jr/ é(z)ﬁf_lhdz=/[19(v)+kx(ﬁx)]hdz
Q Q

forall h € Wy'" (),

=> U, is a nonnegative solution of (10);
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Note that for all n € N, we have

—div a(Dity (2)) + T (@), (2)P ! = ¥ (v(2) + ki (1 (2))
> 9 (v(2)) = —diva(Dv(z)) + £ (D)v(z)P~!
for almost all z € 2,

= v<u,foralln e N

(by the weak comparison principle, see Damascelli [3, Theorem 1.2])
= v < u, (see (22)), hence u; # 0. (23)

Therefore u), € SA;L C int C4 and u; = inf SAA. O
We will use u, € int C4 from Proposition 6 to show the nonemptiness of L.

Proposition 7 If hypotheses H(a), H(&), H(®), H(f) hold, then L # @ and S, <
int C+.

Proof From (9) we have
x4+ F(z,x) < k.(x) foralmostall z € , andallx >0, A > 0.  (24)
For A € (0, Ag] we have

— diva(Diiy(2)) + (@i ()" = 9 (v(2) + k(i1 (2))
(see Proposition 6)
2 0 (un(z)) + ki (u(z))
(see (23) and hypothesis H (1) (ii))
> 9 (i (2) + A ()7 + f (2 i#0(2)
for almost all z € Q (see (24)). (25)

With 8 > ||€]|co and A € (0, Xo], we consider the following truncation-perturbation
of the reaction in problem (P;):

9 (0(2) + 2@ + £z, v(2) + Bu(z)P ! if x < v(z)
Y@ x) = 3 0x) + axd  + f(z,x) + pxP! if v(z) < x < it;.(2)
9 (i1 (2)) + ity ()97 + f(z, 1;,(2) + B ()P~ if ity (2) < x.

(26)

This is a Carathéodory function. We set I'; (z, x) = f(;c ¥».(z, §)ds and consider the
functional &;, : W(;’p (2) — R defined by

?n(u):/ G(Du)dz+1/[&(z)+ﬁ]|u|f’dz—/ [y (2, w)dz
Q P Jo Q

forallu e WS’P(Q).
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Using Proposition 3 of Papageorgiou and Smyrlis [17], we see that 6, €
Cl(Wol’p(Q)). Also, from (26), Corollary 3 and since 8 > ||£]|o0, We see that &y (-) is

coercive. In addition, it is sequentially weakly lower semicontinuous. So, we can find
u) € Wg’p(Q) such that

83(up) = inf{6 (u) 1 u € Wy (Q)},
= 6, (uy) =0,

= (Auz, h)) + /Q [£(2) + Bllus |~ 2ushdz

= / va(z, up)hdz
Q

forall h € Wy" (). Q27)

In (27) first we choose = (uy, — it3) T € W(}’p(Q). Then we have

(A, (. —)7) + /Q £ + Blul ™ (w, — i) Tdz
=/[ﬁ(ﬁx)+kﬁ[1+f(z,ﬁx)+ﬁﬁf_l](ux—ﬁA)erz (see (26))
Q

< (A, (w, — i) *) + /Q[E(z) + B — i)t dz (see 25)),
= u; < ity, (since B > ||&]|o0)-

Next, in (27) we choose h = (v — u;) T € Wol’p(Q). Then we have

(A@un), v —u)T) + /Q [6(z) + Bllual?"2u; (v — u;) Tdz
- / [9(v) + 207+ f(z,v) + BoP (v — up) T dz (see (26))
Q
> / [9(v) + Bv? (v — uy)Tdz (since f > 0)
Q

= <A(v), (v— u;\)+) + / [£(2) + BlvP~' (v — uy) Tdz (see Proposition 5),
Q
= v < Uu).

So, we have proved that
u) €v,u;] (2 € (0, ro)). (28)

It follows from (26), (27) and (28) that

—diva(Du;.(2)) + E@Qup(2)" ™ = 0w (2) + 2 () + F(z, ui(2)
for almost all z € 2.
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Note that ¥ (1)) < ¥ (v) (see (28) and hypothesis H (¢)(ii)) and ¥ (v) € L*(R2).
So, as before (see the proof of Proposition 6), we infer that

uy € int C + .
Therefore we have seen that

(0,2] C L, hence L # 0
and S, CintC,.

The proof is now complete. O

Forn > 0,letii, € int C be the unique solution of the following Dirichlet problem
—diva(Du(2)) + T (Qu)" " =nin Q, ulse =0.

By Proposition 9 of Papageorgiou et al. [16], we see that given u € S, C intCy
(that is, A € L), we can find small n > 0 such that

iy < uandn < O(iy). (29)

We will use this to obtain a lower bound for the elements of S;,.

Proposition 8 If hypotheses H(a), H(§), H(), H(f) hold and A € L, then v < u
forallu € S,.

Proof Let u € S, C int C4. Then on account of (29) we can define the following
Carathéodory function

V(iy(z)) ifx <iiy(z)
e(z,x) =1 9(x) if ity (z) <x <uz) (30)
P (u(z)) ifu(z) <x.

We set E(z,x) = fOx e(z, s)ds and consider the functional p : Wol’p(Q) - R
defined by

w(u) =/ G(Du)dz—i—l/ s+(z)|u|sz—/ E(z,u)dz forall u € Wol”’(Q).
Q P JQ Q

As before, Proposition 3 of Papageorgiou and Smyrlis [17] implies that u €
C! (WO1 "P(Q)). The coercivity of u(-) (see (30)) and the sequential weak lower semi-
continuity guarantee the existence of v € Wé "P(Q) such that
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() = inf{u(u) s u e Wy (@)},

= u'(0) =0,
= (A(D), h) +/ Y ()|01P 2 0hdz = / e(z, D)hdz for all h € WP (Q).
Q Q
(1)
In (31) we choose h = (0 —u)™ € Wol’p(Q). Then we have
(A@), @ —wt)+ / X" B —u)Tdz
Q
=f D u)(® — u)tdz (see (30))
Q
< / [9 () + 2™ + f(z, u)](® — u)Tdz (since u € int Cy, f >0)
Q
<A, G =)+ [ £ @u 6 - dz sincen € 5,)
Q
=0 < u.
Similarly, if in (31) we choose h = (ii,, — )t e Wol’p(Q), then we have
(A@). @, — 0] + f £ @170y — D)+ dz
Q
=/ O (i) (it — )T dz (see (30))
Q
> / Wiy — )" dz (see (29))
Q
— (AGiy). Gy — ) + /Q £ @il iy — )tz
= iy < D.
So, we have proved that
U € [ity, ul. (32)

It follows from (30), (31), (32) that v is a positive solution of (18). Then on account
of Proposition 5, we have

U =v € int C+,
= v <uforallu € S, (see (32)).

The proof is now complete. O

Next, we show a structural property of the set £, namely that £ is an interval.
Moreover, we establish a kind of strong monotonicity property for the solution set S
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Proposition 9 If hypotheses H(a), H(&), H(®), H(f) hold, » € L,0 < pn < A
and u; € S, C intCy, then u € L and there exists u, € S, C int Cy such that
u); —uy €intCy.

Proof From Proposition 8 we know that v < u;. Then with 8 > ||&]||sc We can define
the following truncation-perturbation of the reaction in problem (P,,):

P (v(2) + po@? N + f(z,v(2) + po(z)P~! if x < v(z)
eu(z, x) =1 9(x) + pxd™ + £z, x) + P! if v(z) <x <up2)
O (3 (2) + i (D91 + fz, w3 () + Bup P! ifuy(2) < x.

(33)
Evidently, e, (z, x) is a Carathéodory function. We set E,(z, x) = fox e, (z,s)ds
and consider the C'-functional ﬁﬂ : W(}’p (2) — R defined by

R 1
Y (u) =/ G(Du)dz+—/[$(2)+ﬁ]|ulpdz
Q P JQ
—/ E,(z, u)dz forall u € Wy " ().
Q

Clearly, Il}ﬂ (+) is coercive (see (33) and recall that 8 > ||€]||~0). Itis also sequentially
weakly lower semicontinuous. So, we can find u, € W(} "7 () such that

U () = inf (i, () - u € Wy P ()},
=, (u,) =0,

= (A(up), h) + /Q[é(z) + ﬂ]luulpfzuuhdz

=/ e, (2, u,)hdz for all h € Wy (Q). (34)
Q
In (34) we firstuse h = (u,, —uy)" € Wol""(Q). Then

(A, e —up)*) + /Q [£(2) + Blul " (uy — up)dz
- f (D) + ™+ £z, ) + Bl My — ) dz (see (33)
Q
< [ 190 + 2™ 4 Gz + Bl )z Ginee > 0
Q

= <A(u,\), (y — ux)+) + /Q[E(z) + ,B]Mf_l(uM —u;)Tdz (since uy, € S;),

= uy, < uy (recall that B > [[£]|oo)-



2254 N. S. Papageorgiou et al.

Next, in (34) weuse h = (v — uM)Jr € Wé’p(Q). Then from Proposition 5 and

since f > 0, we obtain
v < Uy,

We have proved that
uy € [v,u].

It follows from (33), (34), (35) that u,, € S, CintC andso u € L.

(35)

Let p = ||u)||oo and let ép > () as postulated by hypothesis H(f)(v). We have

—diva(Duy) + [£@) + EpJull " — 9 (uy,)
= ™+ f @) + Epul !
< kuz_l + f(zu) + épuf_l (see hypothesis H (f)(vi),
(35) and recall that u < A)
= —diva(Duy) + [£(2) + Eplul ™" — 9 (uy).

From (36) and Proposition 4 of Papageorgiou and Smyrlis [17], we obtain
u) —uy €intCy.

The proof is now complete.

Proposition 10 If hypotheses H(a), H(§), H(®), H(f) hold, then \* < +o0.

Proof Recall that by hypotheses H (f)(ii), (iii), we have

i f(z,x)
im

x—+00 x[’_l

= 400 uniformly for almost all z € €.

So, we can find M > 0 such that
f(z,x) = xP~! foralmost all z € 2, and all x > M.
Hypotheses H (%) imply that we can find small § € (0, 1] such that

F(x) =0 =1>8""" > xP ! forall x € (0, 8].

Finally, hypotheses H (f)(i), (v) imply that we can find big Ag > 0 such that

Aoxd™ 1 + f(z,x) > xP~! for almost all z € Qand all § < x < M.
Combining (37), (38), (39) we have

B (x) + 2ox? " + f(z, x) = xP~! for almost all z € Q and all x > 0.

(36)

(37)

(38)

(39)

(40)
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Let A > A9 and assume that A € £. Then according to Proposition 7 we can find
u), € S, CintC4. Let Qo € 2 be an open set with Qo € 2 and C2—boundary 0%2.
We have

0 <mop =minu,.
Qo

Fore > 0, let mg = mg + € and with p = ||u; ||, let ép > 0 be as postulated by
hypothesis H (f)(v). We can always take &, > [|£]|oo. We have

—diva(Dm§) + [£(z) + E,1(m§)P ™" — 9 (m§)

< [E() + Eplmb ™ + x(€) — 9 (mo)
with x(€) — 0" as e — 0T (see hypotheses H (7))

< [E@ +Eul ™ +uf ™ —0a0) + 1 (o)
£ op—1 -1

<[E@) +Elul ™ 4+ houl " + f(z,u3) + x(€) (see (40))

= [6) + &l ™ ol + Fzow) — Go—roud T + x(e)

< [&E() + ép]uf\’_l + Auz_l + f(z,uy) for € > 0 small enough

= —diva(Du,) + [£(z) + é,,]uffl — 9 (uy)

for almost all z € Q¢ (recall that u) € S)). 41
Then from (40) and Proposition 4, we see that for small enough € > 0 we have
u) — mf) € int é+(§0),

which contradicts the definition of mg. Hence A ¢ £ and so A* < Ag < +00. O

By Propositions 9 and 10 it follows that

(0,1%) € £ < (0,1%]. (42)

Proposition 11 If hypotheses H(a), H(&), H(®), H(f) hold and A € (0, A*), then
problem (Py) admits at least two positive solutions

uo, it € intCy, ug # u.
Proof Tet0) < u < A < n < A*. We have u,n € L (see (42)). On account of
Proposition 9 we can findu, € S;, CintCy, ugp € Sy CintCq, u, € S, CintCy

such that

ug —uy €int Cy and uy, —ug € int C,
= uo € intey g [y uy]. (43)
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With 8 > ||€]|c0, We introduce the Carathéodory function d; (z, x) defined by

i () = O (1, (2) + Ay ()47 + f(z, uu(2) + Buy ()P ifx <uy(z)
Mo X = P (x) + x4+ f(z, x) + BxP! ifu,(z) <x.
44)

We set D, (z,x) = f(;( d;.(z, s)ds and consider the functional ¢, : Wol’p(Q) - R
defined by

@ (1) :f G(Du)dz + %/ [E(z) + BllulPdz —/ D; (z,u)dz forallu € W(}’p(Q).
Q Q Q

We know that ¢; € C! (W(} "P(2)) (see Papageorgiou and Smyrlis [17, Proposition
3]). Also, let
dy(z, x) ifx < MU(Z)

di(z,up(2))  ifuy(z) < x. (45)

dy(z,x) = {

This is a Carathéodory function. We set ﬁ,\(z, X) = f(;c c?,\(z, s)ds and consider the
C!'-functional ¢y : Wé’p(Q) — R defined by

@3 (u) =f G(Du)dz + %/ [6(z) + BllulPdz —f Dj.(z, w)dz for all u € Wy'P(Q).
Q Q Q

Using (44) and (45) and the nonlinear regularity theory (see the proof of Proposition
7), we show that

o € [un) Nint Cy, (46)
g[ Uy, un] Nint C4. 47)

From (47) we see that we can assume that
Ky, = {uo) (48)
or otherwise we already have a second positive solution for (P;) (see (45)) and so we
are done.

Clearly, ¢, (+) is coercive (see (45)) and sequentially weakly lower semicontinuous.
So, we can find i € Wol’p(Q) such that

¢1(tio) = inf (@ (u) - u € Wy'"(Q)),
=g € Ky, ,
= g = uo (see (48)). (49)
But from (44) and (45) we see that

0l ) = P2l - (50)
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It follows from (43), (49), (50) that

ug is a local C§(2)-minimizer of ¢,

= ug is a local Wol’p(Q)-minimizer of @), (see [5]). (51)
On account of (44) and (46), we may assume that
K, is finite. (52)

Otherwise we already have an infinity of positive smooth solutions. From (51), (52)
and Theorem 5.7.6 of Papageorgiou et al. [ 15], we see that we can find small p € (0, 1)
such that

@n(uo) < inffeu () : [lu — uoll = p} = myp. (53)

Hypothesis H(f)(ii) and Corollary 3 imply that if # € int C, then
@3 (tu) — —oo ast — +00. (54)
Claim 1 g¢; satisfies the C-condition.
Consider a sequence {u,},>1 C WO1 "P(Q) such that

|@5. (un)| < c15 for some c15 > 0, and alln € N, (55)
(1+ ||un||)(p)’\(un) — in W_l’p/(Q) = Wol’p(Q)* asn — oo. (56)

From (56) we have

enl|h]]
L+ [lunl|
forall h € W(}’P (), withe, — 0T. (57)

‘(A(un>,h>+ / [£2) + BllunlP2uphdz — f ds (2. unhdz| <
Q Q

In (57) we choose h = —u;; € Wé’p(Q). From (44) and Lemma 2, we have

c1 — _ .
p_lllDun|Iﬁ+/g[$(z)+ﬂ](un)”dz<6n+616||u,,||

for some c16 > 0, and alln € N,
= {u, }a>1 € Wol""(Q) is bounded (recall that 8 > ||&]]c0). (58)
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Next, in (57) we choose h = u;" € Wol’p(Q). Then

—/(a(Du,T),DM,J{)RNdZ—/[E(Z)+ﬁ](u,J{)de
Q Q

+ [ B+ 1z < e
Q
for some c17 > 0 and all n € N (see (44) and hypothesis H(9)(ii)). (59)

From (55) and (58) we obtain

A
/ pG(Du;h)dz + / [£(2) + Bl )Pdz — / |:7p(u,f)q + pF(z, u,f)] dz < cig
Q Q Q

for some ¢1g > O and all n € N. (60)

Adding (59) and (60) and using hypothesis H (a)(iv), we obtain

/ [f(zowDut — pF(z,u;)ldz < cio + A [s — 1} a1
Q

for some c19 > 0, alln € N. 61)

From hypotheses H(f)(i), (iii) we see that we can find ;§1 € (0, ﬂAo) and ¢y0 > 0
such that

,31)5” — 20 < f(z,x)x — pF(z, x) for almost all z € Q and all x > 0. (62)

Using (62) in (61) and recalling that ¢ < o (see hypothesis H (f)(iii)) we obtain
that
{u}y>1 € L7 () is bounded. 63)

First, suppose that N # p. It is clear from hypothesis H(f)(iii) that we may
assume that o < r < p* (recall that p* = +00if N < p). Lett € (0, 1) be such that

1 1 —1t t
— —+

r o )4

From the interpolation inequality (see, for example, Papageorgiou and Winkert [18,
Proposition 2.3.17, p.116]), we have

1—t t
ot 1 < ot Hg Mot 1y

= |17 < eanlluf |17

for some ¢p; > 0 and all n € N (see (63)). (64)
From hypothesis H(f)(i), we have

f(z,x)x < ¢l + x"] for almost all z € 2, all x > 0 and some ¢y > 0.  (65)
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In (57) we choose h = u;| € Wol’p(Q) and use Lemma 2. Then

&
D1 + [ 16 + A1z < 60+ [ Gz,

Cl
= [Du; 11} < c23 + / ) + f(zuHudz
- Q
for some ¢r3 > O and all n € N (see (44))

< caall + A9+ [Ju; 17]
for some ¢4 > 0 and all n € N (see (64) and (65)). (66)

The hypothesis on o (see H(f)(iii)) implies that ¥ < p. Also we have g < p.
Therefore it follows from (66) that

(] }as1 € WP (R) is bounded. 67)

If p = N, then p* = 400 and by the Sobolev embedding theorem, we have that
Wol’p(Q) — L*(Q) forall 1 < s < oo. So, we need to replace in the previous
argument p* by s > r > o big enough. More precisely, as before, let ¢ € (0, 1) be
such that

11— 1t

3

r o N

s(r—o)
=>Ir=—————>r—o0ass — +00.
s —0

Recall that » — 0 < p (see hypothesis H (f)(iii)). Hence for large enough s > r

s(r—o)

tr = —= < p.
s —0

Then for such large s > r, the previous argument is valid and we again obtain (67).
From (58) and (67) we have that {u,},>1 C W(}’p(Q) is bounded. So, we may

assume that a
Un = win Wy (). (68)

In (57) we choose h = u, —u € Wg’p(Q), pass to the limit as n — oo, and use
(68). Then

lim (A(u,), u, —u) =0,

n—oo
= u, — uin Wy "(Q)
(using the (S)4 property of A(-), seesee Sect. 2),
= ¢, () satisfies the C — condition.

This proves Claim 1.
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From (53), (54) and Claim 1, we see that we can apply the mountain pass theorem.
So, we can find &I € Wol’p(Q) such that

i€ Ky, € [uy)NintCy (see (46)) and m, < ¢, (i1) (see (53)). (69)
It follows rom (44) and (69) that
€S, CintCy and ug # u.
The proof is now complete. O

Proposition 12 If hypotheses H(a), H(§), H(®), H(f) hold, then A* € L.

Proof Let {A,},>1 € (0, A*) be such that A, 1 1*. We know that A, € Lforalln e N
and so we can find u, = u;, € S;, C int Cy (n € N) increasing (see Proposition 9).
Let ¢,(-) be the functional from the proof of Proposition 11, with u, =
Up—1, Uy = Upgp1(n = 2). Then we have
@)\,, (uy) < (ﬁ}\n (up—1)
1 _
:/ G(Dup_1)dz + f/[S(z)—i—ﬂ]uf_ldz—/[ﬁ(un71)+)\nuz_i
Q pJa Q
+ @ttt + Bul "D lup—1dz
1 _
< [ 6uvdz+ - [ 15+ pud_ydz — [ 190+ hrmif )
Q P Ja Q
+ f(z, up—1) + ﬂu,lz:ll]un—]dz

g/‘(a(Dun—l)’ Dun+1)d2+/ g(Z)“g_le_/[0(un—l)+}\n—luz:;
Q Q Q

4+ f(z, up—1)]u,—1dz (see (3) and recall that 8 > ||£]]|x0)
= 0 (since uy—1 € Sy, ;). (70)

Also, we have

<A(un),h>+/[s(z)+ﬁ]u,€*‘hdz=f dy, (2, un)hdz
Q Q
forall h € Wy” () and all n € N. (71)

Using (70), (71) and reasoning as in the proof of Proposition 11 (see Claim 1), we
obtain that

{tn}ns1 € Wy'P () is bounded.
From this, as in the proof of Proposition 11, exploiting the (S) property of A(-),

we obtain
Uy —> Uy in Wol’p(SZ). (72)
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Passing to the limit as n — oo in (71) and using (72), we have
ui € S, CintCy andso 1* € L.

The proof is now complete. O

This proposition implies that
L£=(0,1"].

Summarizing the situation for problem ( P; ), we can state the following bifurcation-
type result.

Theorem 13 If hypotheses H(a), H(§), H(®), H(f) hold, then there exists .* > 0
such that

(a) forall . € (0, \*) problem (P;) has at least two positive solutions
up, it € intCy, ug # u;

(b) for . = A* problem (P;) has at least one positive solution u, € int C4;
(c) forall A > A* problem (Py) has no positive solutions.
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