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Abstract. This work is devoted to the study of the existence of at least one weak solution to nonlocal equations involving
a general integro-differential operator of fractional type. As a special case, we derive an existence theorem for the fractional
Laplacian, finding a nontrivial weak solution of the equation

(=8)’u = h(z)f(u) in £,
u = 0 in Rn \ .Q,

where h € L°(2) \ {0} and f:R — R is a suitable continuous function. These problems have a variational structure and
we find a nontrivial weak solution for them by exploiting a recent local minimum result for smooth functionals defined on
a reflexive Banach space. To make the nonlinear methods work, some careful analysis of the fractional spaces involved is
necessary.
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1. Introduction

The aim of this paper is to prove some existence results for fractional Laplacian problems whose
prototype is

{ (—A)°u = h(z)f(u) in (2, (D'
u=20 inR™\ (2, h
where (—A)® denotes the fractional Laplacian operator with s € (0, 1), and {2 is an open bounded set
with Lipschitz boundary of R", requiring that n > 2s. Moreover, h € L*°({2) \ {0} is a nonnegative
map and f:R — R represents a subcritical continuous function.

The existence of weak solutions for such type of problems has been intensively studied under different
assumptions on the nonlinearities (see, for instance, [6,8,14,16,18] and references therein).
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Moreover, the existence and multiplicity of solutions for elliptic equations in R", driven by a nonlocal
integro-differential operator, whose standard prototype is the fractional Laplacian, have been studied,
very recently, by Autuori and Pucci in [2] (this work is related to the results on general quasilinear
elliptic problems given in [1]).

Motivated by this wide interest, we prove in the present note some existence results (see Theorem 3.2
and its consequences) for fractional equations assuming that f has a suitable behaviour at zero together
with some global properties formulated by the means of an auxiliary function ).

The strategy for proving Theorem 3.2 is based on the fact that our problem can be seen as the Euler—
Lagrange equation of a suitable functional defined in a Sobolev space X,.

Hence, the solutions of (D}J: ) or more generally of problem (Pﬁ’f ) defined in the sequel, can be found
as critical points of this functional: for this purpose, along the paper, we will exploit a critical point result
due to Ricceri (see Theorem 2.1 and Proposition 3.1).

Exploiting this result, a key point is to prove the existence of a suitable o > 0 such that

SUP |y, <o Joo B f(B) dt) da

o

<

N —

One of the main novelties here is that, in contrast with several known results (see references contair_led
in [11]), we obtain the above inequality without continuous embedding of the ambient space in C°({2).
In the nonlocal framework, denoting by A s the first eigenvalue of the problem

(=A)°u = Au in 12,
u=20 inR™\ £2,

the simplest example we can deal with is given by the fractional Laplacian, according to the following
result.

Theorem 1.1. Let s € (0,1), n > 2s and let {2 be an open bounded set of R™ with Lipschitz boundary.
Moreover, let f: [0, +00) — [0, 400) be a continuous function satisfying the following hypothesis:

(hy) for some q € [1, n2_"28) the function
L0
ta—1

is strictly decreasing in (0, +00) and limy_, | tfq(—f)l = 0.

Further, suppose that

lim F(é):O and limian(g)

— > 0.
f—too &2 coo+ &2

Then, for every

>\1,s
2liminf, o+ %
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the parametric nonlocal problem

(—AN°u = af(u) in 2,
u=20 inR™\ (2,

admits at least one nonnegative and nonzero weak solution u, € H*(R"™), such that u, = 0 a.e. in

R"\ £2.

The plan of the paper is as follows; Section 2 is devoted to our abstract framework and preliminaries.
Successively, in Section 3 we give the main result (see Theorem 3.2). Finally, the fractional Laplacian
case is studied in the last section. A concrete example of an application is presented in Example 4.3.

2. Preliminaries

In this section we briefly recall the definition of the functional space X, first introduced in [14,15].
Let K :R™\ {0} — (0,400) be a function with the properties that:

(ky) YK € L'(R"), where y(z) := min{|z|, 1};
(ky) there exists 5 > 0 such that

K(z) > Blz| ="

for any x € R™\ {0};
(k3) K(z) = K(—x) forany x € R™\ {0}.

The functional space X denotes the linear space of Lebesgue measurable functions from R"” to R such
that the restriction to §2 of any function g in X belongs to L?({2) and

(@ y) = (9(x) — 9@) VE(x — ) € L*((R" x R") \ (C2 x C2),dz dy),
where Cf2 := R" \ 2. We denote by X, the following linear subspace of X
Xo:= {g eX:yg :Oa.e.inR"\Q}.

We remark that X and X, are nonempty, since Cg(()) C Xy by [15, Lemma 11]. Moreover, the
space X is endowed with the norm defined as

1/2
lgllx = gl 2 + ( /Q 9@ — g K@ — y)dxdy> |

where @@ := (R" x R")\ O and O := (C2) x (C£2) C R™ x R™. Itis easily seen that || - || x is a norm
on X; see, for instance, [14].
By [14, Lemmas 6 and 7] we can take in the sequel the function

1/2
Xo3 v |luflx, := </Q\v(x) — ()| K@ - y)dwdy> ¢))
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as norm on X. Also (X, || - || x,) is a Hilbert space with scalar product
(1, 0) x, = / (u@) — u) (v() — v(@)) K — y) da dy,
Q

see [14, Lemma 7].

Note that in (1) (and in the related scalar product) the integral can be extended to all R™ x R", since
v e Xo(andsov =0ae.in R™\ ).

While for a general kernel K satisfying conditions from (k;) to (k3) we have that X, C H*(R"), in the
model case K (x) := |x|_("+25) the space X consists of all the functions of the usual fractional Sobolev
space H?®(R™) which vanish a.e. outside (2; see [18, Lemma 7].

Here H®(R"™) denotes the usual fractional Sobolev space endowed with the norm (the so-called
Gagliardo norm)

l9(@) — g 2
s(Rn) = n + ————dzd .
91l s @ny = llgll 2ny </R"><R" |z — |2 T dy

Before concluding this section, we recall the embedding properties of X, into the usual Lebesgue
spaces; see [14, Lemma 8]. The embedding j: Xy <— L¥(R") is continuous for any v € [1,2*], while
it is compact whenever v € [1,2%), where 2* := 2n/(n — 2s) denotes the fractional critical Sobolev
exponent.

For further details on the fractional Sobolev spaces we refer to [6] and to the references therein, while
for other details on X and X, we refer to [15], where these functional spaces were introduced, and also
to [13,14,16,18], where various properties of these spaces were proved.

Finally, our abstract tool for proving the main result of the present paper is the following local mini-
mum result due to Ricceri (see [11] and [9]).

Theorem 2.1. Let (E, || - ||) be a reflexive real Banach space and let &, ¥ : X — R be two sequentially
weakly lower semicontinuous functionals, with ¥ coercive and ®(0g) = W(0g) = 0. Further, set

Jy = p¥ + .
Then, for each o > inf,c x Y(u) and each p satisfying

_infyer -1 ooop P(W)
g

>
the restriction of J,, to U~ ((—o00, 0)) has a global minimum.

We cite the monograph [7] for related topics on variational methods adopted in this paper and [3-5]
for recent nice results in the fractional setting.
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3. The main result

Denote by A the class of all continuous functions f : R — R such that

sup | f(@)

<
e ST

for some « € [1,2%). Further, if f € A we put

3
F©) = /O F(bydt

for every £ € R.
Let h € L°°(£2) and f € A. Consider the fractional problem

{ —Lgu = hx)f(u) in £,

i
u=0 in R\ £2. (P

We recall that a weak solution of problem (P;?f ) is a function u € X, such that

/Q (u(@) — uy)) (p(@) — ) K (@ — y) da dy = /Q h@)f (u(x)) o(z) da

for every ¢ € Xj.
We observe that problem (P}é’f ) has a variational structure, indeed it is the Euler—Lagrange equation
of the functional Jx : Xo — R defined as follows

1
Jr(u) := EHUH.ZXO - / h(:U)F(u(:r)) dz.
2
Note that the functional Jg is Fréchet differentiable in u € X, and one has
(Jg (), ) = /Q (u@) — u@) (@) — o) K(x — y) dedy — /Q W) f (u(z))p(x) dz

for every ¢ € X,.

Thus, critical points of Jg are solutions to problem (Plh(’f ). In order to find these critical points, we
will make use of Theorem 2.1.

Notations. Let 0 < a < b < 400. If A € [a,b] and ¢, : R — R are two assigned functions, we set

g’ =M -
Denote

.. Sp,'(/) .
M(p, 0, \) = { E)he set of global minima of g3 gi i iz,

a6, b) = max{ inf vis),  sup  u(s)}

seEM(p,h,b)
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and
,1),a) := mins su s), inf 3},
8o = min{sup(s), _ inf | (s)
adopting the conventions sup ) = —oo and inf () = +oc.

Further, if ¢ € [1,2%), we denote by §, the family of all the lower semicontinuous functions 1) : R — R
such that:

(i1) supgeg ¥(s) > 0;
(i2) infser 737 > —00;

The next result, that can be viewed as a special case of [10, Theorem 1], will be crucial in the proof of
the main theorem.

Proposition 3.1. Ler p,9:R — R be two functions such that, for each A € (a,b), the function gf’w is
lower semicontinuous, coercive and has a global minimum in R. Assume that

o, 1, b) < flp, ¥, a).
Then, for each
r € (a(F, 4, b), BF, b, a)),
there exists Ay € (a,b), such that the unique global minimum of gf\p;w lies in = (r).
Set

[l a2,
Cgi= SUp

u€Xo\{0x,} ||U||g(0 '

Note that, since X, — L?({2) continuously, clearly ¢, < 4-00.
With the above notations our result reads as follows.

Theorem 3.2. Let s € (0,1), n > 2s and let {2 be an open bounded set of R™ with Lipschitz boundary
and K :R™\ {0} — (0, 4-00) be a map satisfying (ki)—(k3). Moreover, let f € Aand h € L3(£2)\ {0}.

Assume that there exists ) € §q such that, for each \ € (a,b), the function gf’w is coercive and has a
unique global minimum in R. Further, suppose that there exists a number r > 0 satisfying

r € (a(F,4,b), B(F, ), )
and

r2/q

2

sup  F'(&) < ~2/q°
gep=1(r) 2(cqp €388UPge ()2 ||h||(qu(é))/q
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Then, problem (P;;’f ) admits at least one weak solution which is a local minimum of the energy func-

tional Ji and satisfies

/Q [v@) — o) K@ — ) dady < (

CqYap €SSSUP,c o M)

Proof. Let us apply Theorem 2.1 by choosing F := X, and
D(u) = — / h@)F (u(z)) da, T(u) = |ul%,
2

for every u € E.

Set
:< |l )2/‘1
CqYap €SSSUP,c o M)

We claim that

¥~ ((—o0,01) C D,

where
D = {u e Li(f): /Q h(@)y (u(@)) dz < r||h||L1(Q)}.
Indeed, since Xy < L9({?2), it follows that
v ((—00,01) € {u € LUD): |[u]l Loy < i/ 1VT}
On the other hand, taking into account that 1) € §,, one also has

/ h(x) (u(z)) dz < Yo llull L g esssup h(z).
(9} TEe

Hence, inclusion (4) follows from inequalities (5) and (6).

7"||h||L1(Q) )2/q

3)

4

)

(6)

Now, for each parameter A € (a,b) denote by £} the unique global minimum (in R) of the real

function gf’¢.

By Lemma 3.1, since by assumption

re (Oé(F,?l},b),ﬂ(F,w,a)),

there exists A € (a, b) such that (€Y ) = r.
Hence, since

a(E) <o t©

(7N
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for every £ € R, it follows that

F(&,) = sup F(©).
gev=m)

Bearing in mind that & is nonnegative, by (7) one has
gy (&, ) hix) < h(@)gy Y (©)

for a.e. x € (2. Hence, inequality (9) implies that

gijw(&r)HhHL'(Q)</Qh(33)gi’w(u(x)) dz

for every u € L9(f2).
Exploiting (10), for every v € D, one has

/Q h@)F (u(@)) de < F(E) 1l 1.

Owing to (8), the above inequality assumes the form

/ h@)F(u@)de < sup F©|h] 0
n ceyp—(r)

forevery u € D.
Observing that

cqypo?? esssup, ., h(x)
r= ,
1Pl 1)

and since inclusion (4) holds, it follows that

sup /Q hz)F (uw(@)) dz < sup  F©)||hl pi1q)-

u€¥ =1 ((—o0,00) g€yl

Finally, relations (2) and (12) yield

SUP,cw—1 (—oco.0) fQ h(z)F(u(x))dx
o

- 1
2 b
that is,

l > _inqu!I/*l((—oo,cr]) @(u)
pu .

®)

(€))

(10)

(1D

(12)

Then, the assertion of Theorem 2.1 follows and the existence of one weak solution u € ¥~ !((—o0, 7))

to our problem is established. O
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Remark 3.3. The above existence theorem extends to the nonlocal setting some results, already known
in the literature in the case of the classical p-Laplace operator (see [12]).

4. The fractional Laplacian case

As observed in Section 2, by taking K(x) := |z|~®™2%, the space X, consists of all the functions
of the usual fractional Sobolev space H®(R™) which vanish almost everywhere outside (2; see [18,
Lemma 7].

In this case L is the fractional Laplace operator defined as

A ule) = / wz + y) + u(x —y) — 2u(x) dy. x€R"

e

By [16, Proposition 9 and Appendix A], we a variational characterization of the first eigenvalue (de-
noted by A ;) of the problem

{ (=A)°u = Au in 12,

w=0 inR"\ 12,
as follows
_ 2
. fRZ" % dz dy
Als = min 5 (13)
ueXo\ox)} [ u(@)*dr

In the sequel it will be useful the following regularity result for the eigenvalues of (—A)® proved in
[19, Theorem 1]. See also [13, Proposition 2.4] for related topics.

Proposition 4.1. Let e € X, and X\ > 0 be such that
(e, ) x, = )\/ e(x)p(x) dx
2

for every ¢ € Xg. Then e € C*({2), for some o € (0, 1), i.e. the function e is Holder continuous up to
the boundary.

Taking into account the above facts, a meaningful consequence of Theorem 3.2 is the following one.

Theorem 4.2. Let s € (0,1), n > 2s and (2 be an open bounded set of R™ with Lipschitz boundary.
Moreover, let h € L>=(£2)\{0} with essinf,c h(z) > 0and let f : [0, +00) — [0, +00) be a continuous
function satisfying the following hypotheses:

(hy) for some q € [1,2%) the function

/®

ta=1

is strictly decreasing in (0, +00) and limy_, | o tfq(—f)l =0;
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(hy) one has

Jiminf =& Avs -
oot E2 2essinfyeq h(x)’

(h3) there exists &y > 0 such that

&

2(cqesssup, ., h(x))*/1 HhH(qu_(é){q

F(&) <

Then, the problem

/ (u(z) — uy)(e@) = $©) |
R2n

|z —y|n 2

for every

¢ € H*(R") suchthat ¢ =0a.e. inR"\ (2,

rdy = /Q h(x)f (u(m)) p(r)dz

admits at least one nonnegative and nonzero weak solution u € H*(R™), such that uw = 0 a.e. in R™ \ (2.

Moreover, u is a local minimum of the energy functional Ji and satisfies

(1) — wa ()2 h 2/q
/2 ‘u](x) u](y)| dedy < ( H HL'(.Q) ) 5(2)
Rn

|z — y|nt2s Cq €ssSup,,.c o h(w)

Proof. Let us define

Fopy . 4 S if =0,
f(t)'_{f(O) itt <0,

and consider the following problem

{ (—A)u = h(x)f(u) in £,
u=0 inRR™ \ £2.

(14)

h
(DY)

By [17, Lemma 6] every weak solution of problem (D;i) is nonnegative in (2. Furthermore, every

nonnegative solution of problem (D"%) also solves our initial problem. Taking a := 0 and b := +o0, and

by exploiting Theorem 2.1 with

W) = [t VteR,

substantially arguing as in [12], the existence of one weak solution of problem (D;%) which is a local

minimum of the associated energy functional (namely J, K) satigfying (14) is established.

In conclusion, we prove that Ox, is not a local minimum of J, i.e. the obtained solution is nonzero.
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For this purpose, let us observe that the first eigenfunction e; € Xj is positive in {2, see [17, Corol-
lary 8], and it follows by (13) that

Wﬂ%—duémufm. s

Thanks to (h,), there exists § > 0 such that

)\l,s ébz
2 essinf e h(x)

F©) >

for every £ € (0, 9). B
Now, by Proposition 4.1, one has that e; € C%%({2). Hence, we can define 0,(x) := ne;(x), for every
x € (2, where

1)
neAy:(Q——————).
maxzc e1(x)

Taking into account (15), we easily get

Al fQ h(l‘)@n(l‘)z dx < ﬁ
2essinfyen h(x) ~ 2

1
/ ha)F (0,(x)) dz > O (2)* do = EHGWH%(()’
0 2

that is,
~ 1
Jr(O,) = 5;\9,7”3(0 — / h(z)F (0y(z)) dz < 0
2

for every n € As.
The proof is thus complete. O

It is easy to see that Theorem 1.1 in the Introduction is a consequence of Theorem 4.2. A direct
application of this result reads as follows.

Example 4.3. Let s € (0, 1), n > 2s and let {2 be an open bounded set of R™ with Lipschitz boundary.
By virtue of Theorem 4.2, for every a > A g, the following nonlocal problem

ou
(—=A)°u = T in {2,
u=0 in R™\ (2,

admits at least one nonnegative and nonzero weak solution u, € H?*(R"), such that u, = 0 a.e. in
R™\ £2.
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Remark 4.4. We observe that a special case of our results ensures that if f:[0,4+00) — [0, +00) is
any positive C''-function such that f(0) = 0, f(t)/t is strictly decreasing in (0, +00), f(t)/t — 0 as
t — +oo and f'(0) > Ay, then the following problem

(=A)°u = f(u) inf2,
u=20 in R™ \ .Q,

admits at least one nonnegative and nonzero weak solution u € H*(R™), such that u = 0 a.e. in R™ \ (2.
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