
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=lnfa20

Numerical Functional Analysis and Optimization

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/lnfa20

Existence Results for Integro-Differential
Equations with Reflection

Mohsen Miraoui & Dušan D. Repovš

To cite this article: Mohsen Miraoui & Dušan D. Repovš (2021) Existence Results for Integro-
Differential Equations with Reflection, Numerical Functional Analysis and Optimization, 42:8,
919-934, DOI: 10.1080/01630563.2021.1933524

To link to this article:  https://doi.org/10.1080/01630563.2021.1933524

© 2021 The Author(s). Published with
license by Taylor and Francis Group, LLC

Published online: 12 Jun 2021.

Submit your article to this journal 

Article views: 138

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=lnfa20
https://www.tandfonline.com/loi/lnfa20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/01630563.2021.1933524
https://doi.org/10.1080/01630563.2021.1933524
https://www.tandfonline.com/action/authorSubmission?journalCode=lnfa20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lnfa20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/01630563.2021.1933524
https://www.tandfonline.com/doi/mlt/10.1080/01630563.2021.1933524
http://crossmark.crossref.org/dialog/?doi=10.1080/01630563.2021.1933524&domain=pdf&date_stamp=2021-06-12
http://crossmark.crossref.org/dialog/?doi=10.1080/01630563.2021.1933524&domain=pdf&date_stamp=2021-06-12


Existence Results for Integro-Differential Equations
with Reflection

Mohsen Miraouia,b and Du�san D. Repov�sc,d,e

aInstitut Pr�eparatoire aux Etudes d’ing�enieurs de Kairouan, Kairouan University, Kairouan, Tunisia;
bLR11ES53, FSS, Sfax University, Sfax, Tunisia; cFaculty of Education, University of Ljubljana,
Ljubljana, Slovenia; dFaculty of Mathematics and Physics, University of Ljubljana, Ljubljana,
Slovenia; eInstitute of Mathematics, Physics and Mechanics, Ljubljana, Slovenia

ABSTRACT
We prove several important results concerning existence and
uniqueness of pseudo almost automorphic (paa) solutions
with measure for integro-differential equations with reflection.
We use the properties of almost automorphic functions with
measure and the Banach fixed point theorem, and we discuss
two linear and nonlinear cases. We conclude with an example
and some observations.
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1. Introduction

Many authors have studied problems of existence of periodic, almost periodic
and automorphic solutions for different kinds of differential and integral equa-
tions (cf. Adivar and Koyuncuoǧ lu [1], Baskakov et al. [2], Bochner [3],
N’Gu�er�ekata [4], and Papageorgiou et al. [5, 6]). For example, the function

t ! sin t þ sin
ffiffiffi
2

p
t

is almost periodic but not periodic on R, whereas the function

t ! sin
1

2þ cos t þ cos
ffiffiffi
2

p
t

� �

is almost automorphic but not uniformly continuous, hence not almost
periodic on R:
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Recently, these research directions have taken various generalizations (cf.
Ait Dads et al. [7–9], Ben-Salah et al. [10], Blot et al. [11], Ch�erif and
Miraoui [12], Diagana et al. [13], Li [14], Miraoui [15, 16], Miraoui et al.
[17], Miraoui and Yaakobi [18], and Zhang [19]), as well as various appli-
cations (cf. e.g. Kong and Nieto [20], and the references therein).
Let l be positive measure on R and X a Banach space. A continuous

function f : R 7!X is said to be measure paa (cf. Ait Dads et al. [7] and
Papageorgiou et al. [6]), if f can be written as a sum of an almost periodic
function g1 and an ergodic function u1 satisfying

lim
z!1

1
lð �z, z½ �Þ

ðz
�z

ku1ðyÞkdlðyÞ ¼ 0,

where

lð �z, z½ �Þ :¼
ðz
�z

dlðtÞ:

Diagana [21] defined the network of weighted pseudo almost periodic func-
tions, which generalizes the pseudo almost periodicity in Gupta [22].
Motivated by above mentioned work, we investigate in the present paper

measure paa solutions of differential equations involving reflection of the
argument. This type of differential equations has applications in the study
of stability of differential-difference equations, cf. e.g. Sharkovskii [23], and
such equations show very interesting properties by themselves. Therefore
several authors have worked on this category of equations.
Aftabizadeh et al. [24], Papageorgiou et al. [25]. and Gupta [26] studied

the existence of unique bounded solution of equation

u0ðyÞ ¼ f ðy, uðyÞ, uð�yÞÞ, y 2 R:

They proved that u(y) is almost periodic by assuming the existence of
bounded solution. Piao [27, 28] studied the following equations

u0ðyÞ ¼ auðyÞ þ buð�yÞ þ gðyÞ, b 6¼ 0, y 2 R, (1)

and

u0ðyÞ ¼ auðyÞ þ buð�yÞ þ f ðy, uðyÞ, uð�yÞÞ, b 6¼ 0, y 2 R: (2)

Xin and Piao [29] obtained some results of weighted pseudo almost peri-
odic solutions for equations (1) and (2). Recently, Miraoui [30] has studied
the pseudo almost periodic (pap) solutions with two measures of equations
(1) and (2).
Throughout this paper, we shall assume the following hypothesis:

(M0): There exists a continuous and strictly increasing function b : R ! R

such that for all x 2 AAðR,RÞ, we have x � b 2 AAðR,RÞ:
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The key goal of our paper is to study equations which are more general
than equations (1) and (2), and are given by the following expression

u0ðyÞ ¼ auðyÞ þ buð�yÞ þ f ðy, uðbðyÞÞ, uðbð�yÞÞÞ (3)

þ
ðþ1

y
Kðs�yÞhðs, uðbðsÞÞ, uðbð�sÞÞÞds

þ
ðþ1

�y
Kðsþ yÞhðs, uðsÞ, uð�sÞÞds, y 2 R, (4)

where a 2 R, b 2 R
�, f , h : R3 ! R, and K : Rþ ! R

þ are continu-
ous functions.
Let X be Banach space. We begin by defining the notion of a measure

pseudo almost automorphic function.

Definition 1.1. (Bochner [3]) Let f 2 CðR,XÞ: Then f is said to be almost
automorphic, f 2 AAðR,XÞ, if for every real sequence ðsnÞ, there exists a
subsequence ðsnkÞ, such that the following limits

lim
nk!1 f ðt þ snkÞ ¼ f ðtÞ and lim

nk!1 gðt�snkÞ ¼ f ðtÞ,

exist for every t 2 R:

Definition 1.2. (Blot et al. [11]) Let B is the Lebesque r-field of R and l a
positive measure on B: Then l 2 M if the following conditions
are satisfied

� lð½a, b�Þ<1, for all a � b 2 R; and
� lðRÞ ¼ þ1:

In this paper we shall be working with a positive measure satisfying the
following two important hypotheses:

(M1) For every s 2 R, there exist b>0 and a bounded interval I such that

lðfaþ s : a 2 AgÞ � blðAÞ, whenever A 2 B satisfies A \ I ¼ ;:
(M2) There exist m, n>0 such that for all A 2 B,

lð�AÞ � mþ nlðAÞ:

Definition 1.3. (Diagana et al. [13]) Suppose that l 2 M: Then f 2
BCðR,XÞ is said to be l-ergodic, f 2 EðR,X, lÞ, if the following condition
is satisfied:

lim
z!1

1
lð �z, z½ �Þ

ð
�z, z½ �

kf ðyÞkdlðyÞ ¼ 0:
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Definition 1.4. (Diagana et al. [13]) Suppose that l 2 M: Then f 2
CðR,XÞ is said to be l-paa, f 2 PAAðR,X, lÞ, if

f ¼ g þ h,

where g 2 AAðR,XÞ and the function h is l-ergodic.
In the sequel, we shall also need the following hypotheses

(h0) There exists a continuous, strictly increasing function k : R ! R
þ

such that dlbðtÞ � kðtÞdlðtÞ, where l 2 M, lbðOÞ ¼ lðb�1ðOÞÞ, for
all O 2 BðRÞ and

lim sup
l �TðrÞ,TðrÞ½ �

l �r, r½ � SðTðrÞÞ<þ1,

where TðrÞ ¼ jbðrÞj þ jbð�rÞj and SðTðrÞÞ ¼ sup
t2½�TðrÞ,TðrÞ�kðTÞ

:

(h1) Given k :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�b2

p
, where a> b, the following holds

P1ðk, lÞ :¼ sup
z>0

�ðz
�z

exp ð�kðt þ zÞÞdlðtÞ
�
<1 and

P2ðk, lÞ :¼ sup
z>0

ðz
�z

exp ð�kð�t þ zÞÞdlðtÞ
�
<1:

(

(h2) There exists Lf > 0, such that f : R� R
2 ! R satisfies the Lipschitz

condition

jf ðt, x1, y1Þ�f ðt, x2, y2Þj � Lf ðjx1�x2j þ jy1�y2jÞ, for all ðx1, y1Þ, ðx2, y2Þ
2 R

2:

(h3) There exists Lh > 0 such that

jhðt,u1,u2Þ�hðt,v1,v2Þj<Lhðju1�v1jþju2�v2jÞ,for allu1,u2,v1,v22R:

(h4) There exists K : Rþ ! R
þ such that

c :¼
ðþ1

0
KðyÞdy<1:

Our first main result of the paper treats the case when Lf and Lh
are constant.

Theorem 1.1. Suppose that f , h 2 PAAðR,R, lÞ and that hypotheses
(h0)–(h4) and (M0)–(M2) hold. Then equation (3) has a unique l�paa
solution if and only if

jk�aj þ jkþ aj þ 2jbj
k2

ðLf þ 2cLhÞ<1:
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For the second main result of this paper we shall need the following
hypotheses for the case when Lf and Lh are not constant.
(h’2) l 2 M and f : R� R

2 ! R satisfy

jf ðt,x1,y1Þ�f ðt,x2,y2Þj�Lf ðtÞðjx1�x2jþjy1�y2jÞ,for allðx1,y1Þ,ðx2,y2Þ2R2,

where p>1,Lf2LpðR,R,dxÞ\LpðR,R,dlÞ,and1pþ1
q¼1:

(h’3) l 2 M and h : R� R
2 ! R satisfy

jhðt,x1,y1Þ�hðt,x2,y2Þj�LhðtÞðjx1�x2jþjy1�y2jÞ,for allðx1,y1Þ,ðx2,y2Þ2R2,

where p>1,Lh2LpðR,R,dxÞ\LpðR,R,dlÞand1pþ1
q¼1:

(h’4) There exists K : Rþ ! R
þ, such thatðþ1

0
ðKðyÞÞsdy<þ1, for all s>1:

Theorem 1.2 . Suppose that f , h 2 PAAðR� R
2,R, lÞ and that hypotheses

(h0)-(h1), (h’2)–(h’4) and (M0)–(M2) hold. Then equation (3) has a unique
l-paa solution if and only if

kLf kLpðR,R, dxÞ þ 2
ðþ1

0
ðKðyÞÞq

 !1
q

kLhkLpðR,R, dxÞ<
kðqkÞ1q

jk� aj þ jkþ aj þ 2jbj :

We conclude the introduction by description of the structure of the
paper. In Section 2, we collect some basic results needed for the proofs of
the main results of this paper. In section 3, we prove both main results
(Theorems 1.1 and 1.2). In Section 4, we give an application of the measure
paa, in connection with integro-differential equations with reflection and
delay. In Section 5 we discuss the results and their applications.

2. Preliminaries

Theorem 2.1. (Diagana et al. [13]) Suppose that l 2 M satisfies hypothesis
(M1). Then PAAðR,X, lÞ is translation invariant and ðPAAðR,X, lÞ, k:k1Þ
is a Banach space.

Lemma 2.1. (Miraoui [30]) Suppose that g 2 PAAðR,X, lÞ and that hypoth-
esis (M2) holds. Then

t ! gð�tÞ� � 2 PAAðR,X, lÞ:

Lemma 2.2. (Miraoui [30]) If l 2 M satisfies hypothesis (M1), then for all
p 	 1,
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LpðR,X, dlÞ 
 EðR,X, lÞ:

Lemma 2.3. (Ben Salah et al. [10]) Suppose that hypotheses (h0) and (M0)
hold. If v 2 PAAðR,R, lÞ, then ½t 7! vðbðtÞÞ� 2 PAAðR,R, lÞ:

Lemma 2.4. Suppose that hypotheses (h0),(h2) and (M0)–(M2) hold. If f 2
PAAðR3,R, lÞ, and v 2 PAAðR,R, lÞ, then ½t 7!f ðt,vðbðtÞÞ,
vðbð�tÞÞÞ� 2PAAðR,R,lÞ:

Proof. Let f 2 PAAðR3,R, lÞ: Then f can be written as f ¼ hþ u, where
h 2 AAUðR3,RÞ,u 2 EUðR3,R, lÞ (see [7]). We set VðtÞ ¼ vðbðtÞ, for all
t 2 R: By Lemma 2.3, we can conclude that V 2 PAAðR,R, lÞ, hence
V ¼ V1 þ V2, where V1 2 AAðR,RÞ,V2 2 EðR,R, lÞ, and so we have

f ðt,VðtÞ,Vð�tÞÞ ¼ u1ðt,V1ðtÞ,V1ð�tÞÞ þ f ðt,VðtÞ,Vð�tÞÞ
� f ðt,V1ðtÞ,V1ð�tÞÞ þ u2ðt,V1ðtÞ,V1ð�tÞÞ:

On the one hand, we shall prove that ½t ! u1ðt,V1ðtÞ,V1ð�tÞÞ� 2
AAUðR3,RÞ: Let HðtÞ ¼ u1ðt,V1ðtÞ,V1ð�tÞÞ: If fsng is a sequence of real
numbers, then we can extract a subsequence fsng of fsng such that

1. lim
n!1u1ðt þ sn, v, uÞ ¼ /ðt, v, uÞ, for all t, v, u 2 R;

2. lim
n!1/ðt�sn, v, uÞ ¼ u1ðt, v, uÞ, for all t, v, u 2 R;

3. lim
n!1V1ðt þ sn, v, uÞ ¼ U1ðt, v, uÞ, for all t, v, u 2 R;

4. lim
n!1U1ðt�sn, v, uÞ ¼ V1ðt, v, uÞ, for all t, v, u 2 R:

If UðtÞ : R ! R by UðtÞ ¼ /ðt,V1ðtÞ,U1ðtÞÞ, then we can show that

lim
n!1Hðt þ snÞ ¼ UðtÞ; lim

n!1Uðt�snÞ ¼ HðtÞ, for all t 2 R

and we get

jjHðt þ snÞ�UðtÞjj � jju1ðt þ sn,V1ðt þ snÞ,V1ð�t þ snÞÞ�u1ðt þ sn,U1ðtÞ,U1ð�tÞÞjj
þ jju1ðt þ sn,U�1ðtÞ,U1ð�tÞÞ�/ðt,U1ðtÞ,U1ð�tÞÞjj:

Since V1ðtÞ is almost automorphic, it follows that V1ðtÞ, and U1ðtÞ are
bounded. Therefore there exists a bounded subset K 
 R: From (3) and
(h2), we see that u1ðt,V1ðtÞ,V1ð�tÞÞ are uniformly continuous on every
bounded subset K 
 R, hence

lim
n!1 jju1ðt þ sn,V1ðt þ snÞ,V1ð�t þ snÞÞ�u1ðt þ sn,U1ðtÞ,U1ð�tÞÞjj ¼ 0

therefore
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lim
n!1Uðt�snÞ ¼ HðtÞ, for all t 2 R:

This proves that H is an almost automorphic function. On the other
hand, we shall show that ½t ! f ðt,VðtÞ,Vð�tÞÞ�f ðt,V1ðtÞ,
V1ð�tÞÞ� 2 EðR,R, lÞ:
We consider now the following function UðtÞ ¼ f ðt,VðtÞ,

Vð�tÞÞ�f ðt,V1ðtÞ,V1ð�tÞÞ: Clearly, UðtÞ 2 BCðR,RÞ: Since
jjf ðt, u1, u2Þ�f ðt, v1, v2Þjj � Lf ðjju1�v1jj þ jju2�v2jjÞ,

we have

1
lð �r,r½ �Þ

ðr
�r
jjUðtÞjjdlðtÞ¼ 1

lð �r,r½ �Þ
ðr
�r
jjf ðt,VðtÞ,Vð�tÞÞ�f ðt,V1ðtÞ,V1ð�tÞÞjjdlðtÞ

� 1
lð �r,r½ �Þ

ðr
�r
L1f jjVðtÞ�V1ðtÞjjþL2f jjVð�tÞ�V1ð�tÞjjdlðtÞ

� Lf
lð �r,r½ �Þ

ðr
�r
jjV2ðtÞjjdlðtÞþ

Lf
lð �r,r½ �Þ

ðr
�r
jjV2ð�tÞjjdlðtÞ,

so by Lemma 2.1,

lim
r!1

1
lð �r,r½ �Þ

ðr
�r
j UðtÞjjdlðtÞ¼0:j

Therefore ½t! f ðt,VðtÞ,Vð�tÞÞ¼ f ðt,vðbðtÞÞ,vðbð�tÞÞÞ�2PAAðR,R,lÞ: w

Lemma 2.5. Suppose that hypotheses (h0),(h2), (h4) and (M0)–(M2) hold.
Then for every h 2 PAAðR3,R, lÞ, v 2 PAAðR,R, lÞ,

t 7!
ðþ1

t
Kðs�tÞhðs, vðbðsÞÞ, vðbð�sÞÞÞds

" #
2 PAAðR,R, lÞ:

Proof. By Lemma 2.4, we know that ½t 7! hðt, vðbðtÞÞ, vðbð�tÞÞÞ� 2
PAAðR,R, lÞ, so

hðt, vðbðtÞÞ, vðbð�tÞÞÞ ¼ h1ðtÞ þ h2ðtÞ,
where h1 2 AAðR,RÞ and h2 2 EðR,R, lÞ: Set

HðtÞ ¼
ðþ1

t
Kðs�tÞhðs, vðbðsÞÞ, vðbð�sÞÞÞds:

Then

HðtÞ ¼
ðþ1

t
Kðs�tÞh1ðsÞdsþ

ðþ1

t
Kðs�tÞh2ðsÞds ¼ h1ðtÞ þ h2ðtÞ,
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where

h1ðtÞ ¼
ðþ1

t
Kðs�tÞh1ðsÞds and h2ðtÞ ¼

ðþ1

t
Kðs�tÞh2ðsÞds:

Since u1 2 AAðR,RÞ, it follows that for every sequence ðs0nÞn2N there
exists a subsequence (snÞ such that

h1ðtÞ ¼ lim
n!1 u1ðt þ snÞ (5)

is well-defined for each t 2 R and

lim
n!1 h1ðt�snÞ ¼ u1ðtÞ, for each t 2 R: (6)

Let MðtÞ ¼ Ðþ1
t Kðs�tÞu1ðsÞds: Then

jh1ðtÞ�Mðt þ snÞj ¼
				
ðþ1

t
Kðs�tÞh1ðsÞds�

ðþ1

tþsn

Kðs�t�snÞu1ðsÞds
				

¼
ðþ1

t
Kðs�tÞðh1ðsÞ�u1ðsþ snÞÞds

				
				:

Using Eq. (5), hypotheses (h4) and the LDC Theorem, it follows that				
				
ðþ1

t
Kðs�tÞðh1ðsÞ�u1ðsþ snÞÞds

				
				! 0, as n ! 1, t 2 R:

Therefore, we have

h1ðtÞ ¼ lim
n!1Mðt þ snÞ, for all t 2 R:

Using the same argument, we also obtain

lim
n!1 h1ðt�snÞ ¼ u1ðtÞ:

Therefore, h1 2 AAðR,RÞ: To prove that HðtÞPAAðR,R, lÞ, we need to
show that h2 2 EðR,R, lÞ: We know that

lim
r!þ1

1
l �r, r½ �

ðr
�r

jjh2ðtÞjjdlðtÞ ¼ lim
r!þ1

1
l �r, r½ �

ðr
�r

ðþ1

t
jjKðs�tÞh2ðsÞdsjjdlðtÞ

� lim
r!þ1

1
l �r, r½ �

ðr
�r

ðþ1

t
jjKðs�tÞjjjjh2ðsÞjjdsdlðtÞ

� lim
r!þ1

1
l �r, r½ �

ðr
�r

ðþ1

0
jjKðyÞjjjjh2ðyþ tÞjjdydlðtÞ

¼ lim
r!þ1

ðþ1

0

KðyÞ
l �r, r½ �

ðr
�r

j h2ðyþ tÞjjdlðtÞdy:j
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By the LDC Theorem and Theorem 2.1, we have

lim
r!þ1

1
l �r,r½ �

ðr
�r
jjh2ðtÞjjdlðtÞ�

ðþ1

0
KðyÞ lim

r!þ1
1

l �r,r½ �
ðr
�r
jjh2ðyþtÞjjdlðtÞdy¼0:

It follows that



t 7!
ðþ1

t
Kðs�tÞhðs,vðbðsÞÞ,vðbð�sÞÞÞds

�
2PAAðR,R,lÞ: w

Remark 2.1. We have shown that

t !
ðþ1

t
Kðs�tÞhðs, vðbðsÞÞ, vðbð�sÞÞÞds

" #
2 PAAðR,R, lÞ: (7)

From (M2) and Eq. (7) we can also obtain

t !
ðþ1

�t
Kðsþ tÞhðs, vðbðsÞÞ, vðbð�sÞÞÞds

" #
2 PAAðR,R, lÞ:

Lemma 2.6. (Ben Salah et al. [10]) Let l 2 M, g 2 PAAðR,R2, lÞ,
h 2 PAAUðR� R

2,R, lÞ, and suppose that hypotheses (M1) and (h’3) hold.
Then

t 7! hðt, gðtÞÞ� � 2 PAAðR,R, lÞ:

3. Proofs of main results

3.1. Proof of Theorem 1.1

Proof. By Aftabizadeh and Wiener [25], for any f , h 2 PAAðR,R, lÞ, a par-
ticular solution of equation (1) is as follows

CxðtÞ¼� 1
2k

expðktÞ
ð1
t
expð�kyÞððk�aÞf ðy,xðyÞ,xð�yÞÞþbf ð�y,xð�yÞ,xðyÞÞÞdy


 �

þ 1
2k

expð�ktÞ
ðt
�1

expðkyÞððkþaÞf ðy,xðyÞ,xð�yÞÞ�bf ð�y,xð�yÞ,xðyÞÞÞdy
" #

� 1
2k

expðktÞ
ð1
t
expð�kyÞððk�aÞgðyÞþbgð�yÞÞdy


 �

þ 1
2k

expð�ktÞ
ðt
�1

expðkyÞððkþaÞgðyÞ�bgð�yÞÞdy
" #

,

(8)

where
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gðyÞ¼
ðþ1

y
Kðs�yÞhðs,uðbðsÞÞ,uðbð�sÞÞÞds

þ
ðþ1

�y
KðsþyÞhðs,uðbðsÞÞ,uðbð�sÞÞÞds:

According to Lemmas 2.1, 2.4, and 2.5, we can conclude

y 7!
ðþ1

y
Kðs�yÞhðs, uðbðsÞÞ, uðbð�sÞÞÞds

" #
2 PAAðR,R, lÞ:

Also, by Lemma 2.1, we have

y 7!
ðþ1

�y
Kðsþ yÞhðs, uðbðsÞÞ, uðbð�sÞÞÞds

" #
2 PAAðR,R, lÞ:

Therefore g 2 PAAðR,R, lÞ: (We can also use the parity of g to see
that g 2 PAAðR,R, lÞ:)
So, using lemmas from Section 2, we can deduce that C is a mapping of

PAAðR,R, lÞ into itself. Set

Fðt, vðbðtÞÞ, vðbð�tÞÞÞ ¼ f ðt, vðbðtÞÞ, vðbð�tÞÞÞ

þ
ðþ1

y
Kðs�yÞhðs, uðbðsÞÞ, uðbð�sÞÞÞds

þ
ðþ1

�y
Kðsþ yÞhðs, uðbðsÞÞ, uðbð�sÞÞÞds: (9)

It remains to show that C : PAAðR,R, lÞ ! PAAðR,R, lÞ is a strict
contraction. Since by hypothesis (M0), b : R ! R is bijective, it follows
that for all u, v 2 PAAðR,R, lÞ,
jFðt, vðbðtÞÞ, vðbð�tÞÞÞ�Fðt, uðbðtÞÞ, uðbð�tÞÞÞj

¼ jf ðt, vðbðtÞÞ, vðbð�tÞÞÞ�f ðt, uðbðtÞÞ, uðbð�tÞÞÞj

þ
ðþ1

t
Kðs�tÞðhðs, vðbðsÞÞ, vðbð�sÞÞÞ�hðs, uðbðsÞÞ, uðbð�sÞÞÞÞds

þ
ðþ1

�t
Kðt þ sÞðhðs, vðbðsÞÞ, vðbð�sÞÞÞ�hðs, uðbðsÞÞ, uðbð�sÞÞÞÞds

� jf ðt, vðbðtÞÞ, vðbð�tÞÞÞ�f ðt, uðbðtÞÞ, uðbð�tÞÞÞj

þ
ðþ1

0
KðsÞðhððsþ tÞ, vðbðsþ tÞÞ, vðbð�ðsþ tÞÞÞÞ�hððsþ t, uðbðsþ tÞÞ, uðbð�ðsþ tÞÞÞÞÞds

þ
ðþ1

0
KðsÞðhðs�t, vðbðs�tÞÞ, vðbð�ðs�tÞÞÞÞ�hðs�t, uðbðs�tÞÞ, uðbð�ðs�tÞÞÞÞÞds

� 2ðLf þ 2cLhÞjjv�ujj1,

therefore
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jCvðtÞ�CuðtÞj � jk�aj þ jkþ aj þ 2jbj
k2

ðLf þ 2cLhÞjjv�ujj1:

Since

jk�aj þ jkþ aj þ 2jbj
k2

ðLf þ 2cLhÞ<1,

it follows that C : PAAðR,R, lÞ ! PAAðR,R, lÞ is indeed a strict con-
traction. Therefore C has a unique fixed point in PAAðR,R, lÞ and equa-
tion (3) has a unique measure paa solution. w

3.2. Proof of Theorem 1.2

Proof. We consider the function C defined in system (8). Using lemmas
from Section 2 and paying attention to coefficients Lf and Lh which are not
constants, we can deduce that C is a mapping of PAAðR,R, lÞ into itself.
It remains to show that C is a strict contraction. Indeed, knowing that F is
given by (9), we have

jFðt, vðbðtÞÞ, vðbð�tÞÞÞ�Fðt, uðbðtÞÞ, uðbð�tÞÞÞj
� jf ðt, vðbðtÞÞ, vðbð�tÞÞÞ�f ðt, uðbðtÞÞ, uðbð�tÞÞÞj

þ
ðþ1

0
KðsÞðhððsþ tÞ, vðbðsþ tÞÞ, vðbð�ðsþ tÞÞÞÞ�hððsþ t, uðbðsþ tÞÞ, uðbð�ðsþ tÞÞÞÞÞds

þ
ðþ1

0
KðsÞðhðs�t, vðbðs�tÞÞ, vðbð�ðs�tÞÞÞÞ�hðs�t, uðbðs�tÞÞ, uðbð�ðs�tÞÞÞÞÞds

� 2Lf ðtÞ þ 4ð
ðþ1

0
ðKðyÞÞqdyÞ1qkLhkLpðR,R, dxÞ

" #
jjv�ujj1,

where u, v 2 PAAðR,R, lÞ, hence

jCvðtÞ�CuðtÞj � jk�aj þ jkþ aj þ 2jbj
kðqkÞ1q

½kLf kLpðR,R, dxÞ

þ 2ð
ðþ1

0
ðKðyÞÞqdyÞ1qkLhkLpðR,R, dxÞ�jjv�ujj1:

Since

jk�aj þ jkþ aj þ 2jbj
kðqkÞ1q

kLf kLpðR,R, dxÞ þ 2
ðþ1

0
ðKðyÞÞqdy

 !1
q

kLhkLpðR,R, dxÞ

2
4

3
5<1,

the operator C : PAAðR,R, lÞ ! PAAðR,R, lÞ is indeed a strict contrac-
tion. Therefore C has a unique fixed point in PAAðR,R, lÞ and equation
(3) has a unique measure paa solution. w
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4. Applications

Let a measure l be defined by dlðtÞ ¼ qðtÞdt, where qðtÞ ¼
exp ð sin tÞ, t 2 R: Then l 2 M satisfies hypothesis (M1). Since 2þ
sin t 	 sin ð�tÞ, it follows that if I ¼ ½a, b�, we have 1þ e2lðIÞ 	 lð�IÞ
and so hypothesis (M2) is also satisfied.
Consider the following integro-differential equations with reflection and

delay.

x0ðtÞ ¼
ffiffiffi
2

p
xðtÞ þ xð�tÞ þ exp ð�jtjÞ

9
sin xðt�pÞ þ cos xð�t þ pÞ� �

þ
ðþ1

t
Kðs�tÞ exp ð�jsjÞ

9
sin xðs�pÞ þ cos xð�sþ pÞ� �

ds

þ
ðþ1

�t
Kðsþ tÞ exp ð�jsjÞ

9
sin xðs�pÞ þ cos xð�sþ pÞ� �

ds, (10)

where KðsÞ ¼ exp ð�sÞ, for all s 2 R
þ and p is a strictly positive real num-

ber which denotes the delay. If we put bðtÞ ¼ t�p, then hypothesis (M0)
is satisfied, cf. Ben-Salah et al. [10]. Then equation (10) is a special case of
equation (3) if we take

a ¼
ffiffiffi
2

p
, b ¼ 1, k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�b2

p
¼ 1andf ðt, x, yÞ ¼ hðt, x, yÞ

¼ exp ð�jtjÞ
9

sin xþ cos y½ �:

Let p ¼ q ¼ 1
2 : Then

jf ðt,x1,y1Þ�f ðt,x2,y2Þj�Lf ðtÞðjx1�x2jþjy1�y2jÞ, for all ðx1,y1Þ,ðx2,y2Þ2R
2,

and

jhðt,x1,y1Þ�hðt,x2,y2Þj�LhðtÞðjx1�x2jþjy1�y2jÞ, for all ðx1,y1Þ,ðx2,y2Þ2R
2,

where

t!Lf ðtÞ¼LhðtÞ¼ expð�jtjÞ
9


 �
2L2ðR,R,dxÞ\L2ðR,R,dlÞ,

since

kLf kL2ðR,R,dxÞ¼kLhkL2ðR,R,dxÞ¼
1
9
and kLf kL2ðR,R,dlÞ¼kLhkL2ðR,R,dlÞ�

1
9

ffiffi
e

p
:

930 M. MIRAOUI AND D. D. REPOVŠ



This implies that hypothesis (h3) is satisfied. Since

kLf kL2ðR,R, dxÞ þ 2

�ðþ1

0
ðKðyÞÞ2dy

�1
2

kLhkL2ðR,R, dxÞ

¼
ffiffiffi
2

p þ 1
9

<
k
ffiffiffiffiffi
qk

p
jk� aj þ jkþ aj þ 2jbj ¼

1ffiffiffi
2

p þ 2
,

we can deduce that all assumptions of Theorem 1.2 are satisfied and thus
equation (10) has a unique l-paa solution.

5. Epilogue

In practice, the purely periodic phenomena is negligible, which gives the
idea to find other solutions and consider single measure paa oscillations.
Based on composition, completeness, Banach fixed point theorem, and
change of variables theorems, we proved two very important results con-
cerning the existence and uniqueness of a single measure paa solution of a
new scalar integro-differential system. Compared to previous works, this is
first study of oscillations and dynamics of single measure paa solutions
for certain integro-differential equations with reflection for the case when
bðtÞ 6¼ t: Miraoui [30] studied pap solutions with two measures for our
equation (3) for the case when K¼ 0 or h¼ 0 and bðtÞ ¼ t: Ait Dads et al.
[9] described equation (3) with matrix coefficients for the case when
bðtÞ ¼ t: On the other hand, we studied the impact of functions K, f, h and
b on the uniqueness of the single measure paa solutions for equation (3).
Note that in the special case when b(t) ¼ t, hypotheses (M0) and (h0)

are satisfied, therefore the following new results can be deduced from
Theorems 1.1 and 1.2.

Corollary 5.1. Suppose that f , h 2 PAAðR,R, lÞ and that hypotheses
(h1)–(h4) and (M1)-(M2) hold. Then the following equation

u0ðyÞ ¼ auðyÞ þ buð�yÞ þ f ðy, uðyÞ, uð�yÞÞ þ
ðþ1

y
Kðs�yÞhðs, uðsÞ, uð�sÞÞds

þ
ðþ1

�y
Kðsþ yÞhðs, uðsÞ, uð�sÞÞds, y 2 R,

(11)

has a unique l�paa solution if and only if

jk�aj þ jkþ aj þ 2jbj
k2

ðLf þ 2cLhÞ<1:

Corollary 5.2. Suppose that f 2 PAAðR,R, lÞ and that hypotheses
(h1)–(h2) and (M1)-(M2) hold. Then the following equation
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u0ðyÞ ¼ auðyÞ þ buð�yÞ þ f ðy, uðyÞ, uð�yÞÞ, y 2 R, (12)

has a unique l�paa solution if and only if

jk�aj þ jkþ aj þ 2jbj
k2

Lf<1:

Corollary 5.3. Suppose that f , h 2 PAAðR� R
2,R, lÞ and that hypotheses

(h1), (h’2)–(h’4) and (M1)-(M2) hold. Then equation (11) has a unique
l-paa solution if and only if

kLf kLpðR,R, dxÞ þ 2

�ðþ1

0
ðKðyÞÞq

�1
q

kLhkLpðR,R, dxÞ<
kðqkÞ1q

jk� aj þ jkþ aj þ 2jbj :

Corollary 5.4. Suppose that f 2 PAAðR� R
2,R, lÞ and that hypotheses

(h1), (h’2), and (M1)-(M2) hold. Then equation (2) has a unique l-paa
solution if and only if

kLf kLpðR,R, dxÞ<
kðqkÞ1q

jk� aj þ jkþ aj þ 2jbj :
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