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1. Introduction and preliminary results

Let Q be a bounded domain in RY (N > 3) with smooth boundary 3Q. Assume that a : (0, 00) — R is a function such that
the mapping ¢ : R — R, defined by

a(t)t, for t#0,
t) =
() { 0, for t=0,

is an odd, increasing homeomorphisms from R onto R. This paper studies a nonlinear boundary value problem of the type

{—div(a(\Vu\)Vu):/lf(x,u), for xeQ, )
u=0, for xe€0Q,

where f : Q@ x R — R is a Carathéodory function and 1 is a positive parameter.

In order to go further we introduce the functional space setting where problem (1) will be discussed. In this context we
note that the operator in the divergence form is not homogeneous and thus, we introduce an Orlicz-Sobolev space setting for
problems of this type.

The first general existence results using the theory of monotone operators in Orlicz-Sobolev spaces were obtained by
Donaldson [6] and Gossez [8]. Other recent works that put the problem into this framework are contained in Clément
et al. [4,5], Garcia-Huidobro et al. [7], Gossez and Manasevich [9], Le and Schmitt [11], etc. In these papers, the existence
results are obtained by means of variational techniques, monotone operator methods, or fixed point and degree theory argu-
ments. The goal of our paper is to present a new multiplicity result for equations involving non-homogeneous operators.
Thus, it supplements the aforementioned results in the aspect that most of the papers guarantee existence but not multiplic-
ity of solutions.

We start by recalling some basic facts about Orlicz spaces. For more details we refer to the books by Adams and Hedberg [1],
Adams [2], Rao and Ren [17] and the papers by Clément et al. [4,5], Garcia-Huidobro et al. [7] and Gossez [8].
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For ¢ : R — R introduced at the start of the paper, we define

ot t
:/ Q(s)ds, @*(t) = / @ '(s)ds, forallteR.
0 0

We observe that @ is a Young function, that is, @(0) = 0, @ is convex, and lim,_, ., @(x) = +oo. Furthermore, since @(x) = 0 if and
only if x =0, lim,_,o ®(x)/x =0, and lim,_, ., @(x)/x = + oo, then @ is called an N-function. The function ®* is called the com-
plementary function of @, and it satisfies

@*(t) = sup {st — &(s); s = 0}, forall t=0.
We also observe that * is also an N-function and the Young’s inequality holds
st < &(s) + @*(t), forall s.t=0.

The Orlicz space Ly(£2) defined by the N-function @ (see [1,2,4]) is the space of measurable functions u : 2 — R such that

lull,, = sup{/(;uvdx; /g;(<1§)*(|z/|)dx < 1} < 0.

Then (Lg(€), || - ll,) is @ Banach space whose norm is equivalent to the Luxemburg norm

lull, = 1nf{k>0/< )dx }

For Orlicz spaces Holder’s inequality reads as follows (see [17, Inequality 4, p. 79]):
/ uvdx < 2||u||L®|\v|\L . forall uely(Q) and vel,;+(Q).
Next, we introduce the Orlicz-Sobolev spaces. We denote by W'L4(€2) the Orlicz-Sobolev space defined by
W'Le(Q) = {u € Ly(Q); g % € Ly(Q), i=1, N}
This is a Banach space with respect to the norm

[l o = llully + [[[Vulllg.

We also define the Orlicz-Sobolev space WL, (<) as the closure of C(2) in W'Lg(€2). By [8, Lemma 5.7] we may consider on
W{Ls(Q) the equivalent norm

[ull := [l[Vulllg-

For an easier manipulation of the spaces defined above, we define

to(t) to(t)
=inf -—= and =su
Po =% a() s X ToR
In this paper we assume that we have
(po\t(p—()\(p< vt > 0. (2)

o(t)

The above relation implies that @& satisfies the A4,-condition, i.e.
D(2t) < Ko(t) Vt =0, (3)

where K is a positive constant (see [15, Proposition 2.3]).
On the other hand, the following relations hold:

\ww<émwww<ww Vue WiLe(@), ull <1, ()
| % </Q¢(\Vu\)dx< ull® VueWiLe(Q), |ul>1, (5)

(see, e.g. [14, Lemma 1]).
Furthermore, in this paper we shall assume that the function @ satisfies the following condition:

the function [0,00) 5t — @(v/t) is convex. (6)

Conditions (3) and (6) assure that the Orlicz space Lgy(€2) is a uniformly convex space and thus, a reflexive Banach space (see
[15, Proposition 2.2]). This fact implies that also the Orlicz-Sobolev space WL, (Q) is a reflexive Banach space.
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Remark. We point out certain examples of functions ¢ : R — R which are odd, increasing homeomorphisms from R onto R
and satisfy conditions (2) and (6). For more details the reader can consult [5, Examples 1-3, p. 243].

1) Let
o) =p|tF 7t VteR
with p > 1. For this function it can be proved that
Po = ¢° =p.
Furthermore, in this particular case the corresponding Orlicz space Lg(€) is the classical Lebesgue space [P(£2) while the Or-
licz-Sobolev space WyLs(Q) is the classical Sobolev space W} (€2). We will use the classical notations to denote the Orlicz-

Sobolev spaces in this particular case.
2) Consider

@(t) =log(1 + [tF)[tf %t VieR,
with p, s > 1. In this case it can be proved that
Po=D, @ =p+s.
3) Let

P2t

=——(——— if t#0 0)=0
log(l_"_‘t')v 1 ’ (P( ) )

o(t)
with p > 2. In this case we have
Po=p-1, ¢°=p.
2. The main result

In this paper we study problem (1) in the special case when
fx =t -,
with
T<qg<p<o, (7)
and t > 0.
More precisely, we consider the degenerate boundary value problem
—div(a(|Vu|)Vu) = A(u-! —ud-1), for xeQ,
u=0, for xc0Q (8)
u =0, for xe Q.

We say that u € WL, (Q) is a weak solution of problem (8) if u > 0 a.e. in € and

/Qa(|Vu|)Vu -Vuodx — i/

v lydx + }v/ ulydx =0
Q

Q

for all v € WyLe(Q).
Our main result asserts that problem (8) has at least two non-trivial weak solutions provided that 1 > 0 is large enough.
More precisely, we prove.

Theorem 1. Assume that condition (7) is fulfilled and

. No
°<m1n{N, 0 } 9
¢ N- ¢, 9)

Then there exists 2* > 0 such that for all /> J* problem (8) has at least two distinct non-negative, non-trivial weak solutions.

Remark. We point out that our result was inspired by Perera [16, Theorem 1.2], where a related property was proved in the
case of the p-Laplace operators. The extension from p-Laplace operator to the differential operators involved in (8) is not triv-
ial, since the new operators have a more complicated structure than the p-Laplace operator, for example they are non-
homogeneous.
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Finally, we mention that a similar study regarding the existence and multiplicity of solutions for equations involving the
p(x)-Laplace operator can be found in Mihdilescu and Radulescu [12].

3. Proof of Theorem 1

Let E denote the generalized Sobolev space WyLs ().
Define the energy functional I : E — R by

Iu) = /¢(|Vu\)dxl / uﬁdx+£/ u! dx,
Jo 7 Ja BJa

where u.(x) = max{u(x),0}.
We remember that u € E implies u,, u_ € E and

0, if <o) 0, if o0,
= Vu_ =
Vil {Vu, if wso0, "V { Vu, if [u<0l,

where 1, = max{zu(x),0} for all x € 2 (see, e.g. [4, p. 52]). That fact and some standards arguments assure that functional I is
well-defined on E and I € C'(E, R) with the derivative given by

(I'(u), v) :/Qa(\VuDVu~Vvdx—/1/gu{’;11/dx+2/u?ﬂyd)@

Q

for all u, veE.

Remark. We point out that if u is a critical point of I then using the above information and condition (2) we have

0= (I'(u),u) :/a(Wu\)Vu.Vu,dx—z/

Q

/ a([Vu_ | Vu_ [ dx > / (| Vu_|)dx.

(ug’”u,dx-s—i/(u+)q’1u,dx:/a\Vu\)Vu»Vu,dx
Q Q

By the above estimates and relation (4) we deduce that u > 0. It follows that the non-trivial critical points of I are non-neg-
ative solutions of (8).

The above remark shows that we can prove Theorem 1 using the critical point theory. More exactly, we first show that for
4> 0 large enough, the functional I has a global minimizer u; > 0 such that I(u;) < 0. Next, by means of the Mountain Pass
Theorem, a second critical point u, with I(u;) > 0 is obtained.

Lemma 1. There exists /; > 0 such that
. ul)dx
/1= inf Jo® |V¢ ) .
ueEful>1  f,, |u|? dx

Proof. First, we note that by condition (2) we can deduce that E is continuously embedded in the classical Sobolev space
W}J"”"(Q). Consequently, E is continuously embedded in the classical Lebesgue space L?(Q). It follows that there exists
C> 0 such that

HuH 2 CH””L‘/’Q(Q) Vu S E
On the other hand, by (5) we have

/(D(Wu\)dx > |lu|?, VYucE with |u||>1.
Q
Combining the above inequalities we obtain
/¢(|Vu\)dx > c%/ wdx YueE with u| > 1.
Q Q

The proof of Lemma 1 is complete. O

Proposition 1. (i) The functional I is bounded from below and coercive.
(ii) The functional I is weakly lower semi-continuous.



6628 M. Mihdilescu, D. Repovs/Applied Mathematics and Computation 217 (2011) 6624-6632
Proof

(i) Since 1< g <p < ¢o we have
Lep _1¢q
i P - _
fim ' — = 0

Then for any 2 > 0 there exists C; > 0 such that
AGﬁ—1ﬂ>gﬁh%+CLVt>Q
p q 2

where 4; was defined in Lemma 1.
The above inequality and condition (5) show that for any u € E with |ju]| > 1 we have
A 1 1
1) > [ o(Vupde- [ i dx-Cu@) > 5 [ o(Vu)dx- Cui) > 5 lul™ - @)

This shows that I is bounded from below and coercive.
(ii) Similar arguments as those used in the proof of [13, Theorem 2] (see also [15, Lemma 4.3]) show that the functional
Iy : E — R defined by

Io(u) = /Q<1§(|Vu\)dx (10)

is weakly lower semi-continuous. We justify that I is weakly lower semi-continuous. Let (u,) C E be a sequence which con-
verges weakly to u in E. Since Iy is weakly lower semi-continuous we have

lo(u) < liminf Io(uy). (11)

On the other hand, since E is compactly embedded in L[P(€2) and L) it follows that (u,.) converges strongly to u. both in
[P(2) and in LY(Q). (The compact embedding of E into LP(Q) and LI(Q) is a direct consequence of the fact that E is continu-
ously embedded in the classical Sobolev space Wé"”“(ﬂ) combined with condition (7).) This fact together with relation (11)

imply
I(u) < liminf I(uy).
n—oo
Therefore, I is weakly lower semi-continuous. The proof of Proposition 1 is complete. [

From Proposition 1 and Theorem 1.2 in [18] we deduce that there exists u; € E a global minimizer of I. The following re-
sult implies that u; # 0, provided that / is sufficiently large.

Proposition 2. There exists J* > 0 such that infl < 0.

Proof. Let Q; C Q be a compact subset, large enough and ug € E be such that ug(x) = to in €27 and 0 < ug(x) < tp in 2\,
where to > 1 is chosen such that

%%—%@>0
We have

1 1 1 1 1/ 1/ 1 r 1
— u”dx——/u"dx;— u”dx——/ uldx — — u"dx;—/ updx——/ uldx ——tlu(Q\ Q) >0
P./.QO q/)o° p-5210 Q.Qlo qg\glo p5210 Q.Q]O QOM( \ )

and thus I(ug) < 0 for 4> 0 large enough. The proof of Proposition 2 is complete. O
Since Proposition 2 holds it follows that u; € E is a non-trivial weak solution of problem (8).
Fix 2 > 2*. Set
0, for t<O,
gx,t) =t e for 0<t<u(x),
()P —wmx)T, for > up(x)

and

G(x,t) = /O[g(x, s)ds.
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Define the functional J : E — R by
Ju) = /Q ®(|Vul)dx — A/KZG(x,u)dx.
The same arguments as those used for functional I imply that J € C'(E,R) and
J(u),v) = /Qa(|Vu|)Vu -Vuvdx — )L/Qg(x,u)vdx,

for all u, v € E.

On the other hand, we point out that if u € E is a critical point of ] then u > 0. The proof can be carried out as in the case of
functional I.

Next, we prove.

Lemma 2. If u is a critical point of | then u < u;.

Proof. We have
0=('(u)—I'(u),(u—uy),) = /Q(a(|Vu|)Vu —a(|Vui|)Vuy) - V(u —uy), dx — )./!;[g(x,u) - (u‘l”1 - u‘]”l)](u —uy), dx

- /[ (@) Vit a(( V) V) - V- )

Notice that since ¢ is increasing in R we have for each ¢ and y € RV
(@(I<) — @)l = wl) =0,
with equality if and only if ¢ = . Thus, we can deduce that
(alehiel = allwDlvhel = lvl) = 0,
for all ¢,y € RN, with equality if and only if ¢ =1. On the other hand, some simple computations show that
(@(lche —allyDy) - (€ =) = (a(€DIEl = @D DLl = [¥),
for all ¢,y € RN. Consequently, we conclude that
(@l —a(lyy) - (€ —y) =0,

for all ¢,y € RN, with equality if and only if ¢ = /.
Using the above pieces of information we deduce that the above equality holds if and only if Vu = Vu,. It follows that V
u(x) = Vuy(x) for all x € w :={y € Q; u(y) > u1(y)}. Hence

/ BV (u—up))dx = 0
and thus

[ @0V (=) pax=o.

By relation (4) we obtain
[(u—up),[|=0.
We obtain that (u—uq). =0 in €, that is, u < u; in Q. The proof of Lemma 2 is complete. O

In the following we determine a critical point u; € E of J such that J(u,) > 0 via the Mountain Pass Theorem. By the above
lemma we will deduce that 0 < u, < u;q in Q. Therefore

gxw)=uy' —ud! and G(x,up) = %ug 7%113
and thus

J(u) =1I(up) and J'(u2) =1I'(uy).
More precisely, we find

I(u3) >0=1(0)>I(u;) and [I'(uy)=0.

This shows that u, is a weak solution of problem (8) such that 0 < u, < uyq, tup # 0 and u, # u;.
In order to find u, described above we prove.
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Lemma 3. There exists p € (0, ||u;]|) and a > 0 such that J(u) > a, for all u € E with ||u|| = p.

Proof. Let u € E be fixed, such that |ju]| < 1. It is clear that
1#’ —ltq <0 Vvte|[0,1].
p q

Define
Qu:={xeQ; u(x)>min{l,u;(x)}}.
If x € Q\Q, then u(x) < min{1,u,(x)} < uy(x) and we have

1 1
G(x,u) = Eui —Eui <0.

If x € Q,N{xeQ; u(x)<u(x)<1} then
1 1
G(x,u) =5u’1’ fauq’ + (u’l”] = u‘{’l)(u —u;) <0.
Define

Qua =2\ {x e Qui(x) <u(x) <1}.
Thus, provided that |ju|| < 1 by relation (4) we get

Ju) = /Qdi(\Vu\)dx—)./; G(x,u)dx > Hu||“’n —/1/9 G(x,u)dx. (12)

By relation (9) it follows that ¢° < @F = %’:&. On the other hand, as we already pointed out, by condition (2) we deduce that
E is continuously embedded in the classical Sobolev space Wé'q’“(Q). Consequently, there exists s € (¢°, hﬁ‘fgﬂ) such that E is
continuously embedded in the classical Lebesgue space L°(€2). Thus, there exists a positive constant C > 0 such that

ulls) < Cllull, Yuek.

Using the definition of G, Holder’s inequality and the above estimate, we obtain
Using the definition of G and the above estimate, we obtain

),/ G(x,u)dx:i/ <1u‘j—1u‘i>dx+/1/ <1u’1’—1u‘1’>dx
Qua Qy1N[u<uy] p q Qu1N[u>uy] p q

, _ _ ) )
+ 7 W — I w—uy)dx < 2 wPdx + = ud dx
1 1 + 1
Qu1nfu>uy] D Jayinu<u) q Ja, nusu]

H/ u?'udx < D ugdxgw/ us dx < 2D |Julf’, (13)
Quin[u>uyg) Quq

Qu1

where D and D, are two positive constants. Combining inequalities (12) and (13) we find that for a p € (0, min{1, ||u4]|}) small
enough we have

— 0 0
Jay = (1= 2Dy =" Y ),

and taking into account that s > ¢° we infer that the conclusion of Lemma 3 holds true. [
Lemma 4. The functional ] is coercive.

Proof. For each u € E with |ju|| > 1 by relation (5) and Hélder’s inequality we have

J(u) > /Qcp(\w\)dx—;ﬁ u}G(&u)dx—A/ Gx, 1) dx

[u<uy]

A A A A 2
> HuH“’U——/ u’fdx——/ u’l”ludx——/ uh dx > |\u||“’°——/u’1’dx——/uﬁdx
p [u>uy] p [u>uy] p [u<uy] D Je D Ja

A N
> ful|* —E[H(Q)]] PCull” — G = Jlul® - G3lull” - s,

where C;, G, and Cs are positive constants. Since p < ¢q the above inequality implies that J(u) — oo as |[u|| — oo, that is, ] is
coercive. The proof of Lemma 4 is complete. O
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The following result yields a sufficient condition which ensures that a weakly convergent sequence in E converges
strongly, too.

Lemma 5. Assume that the sequence (u,) converges weakly to u in E and

limsup [ a(|Vua|)Vu, - (Vu, — Vu)dx < 0.
Q

n—oo

Then (u,) converges strongly to u in E.

Proof. Since u, converges weakly to u in E implies that it follows that (||u,||) is a bounded sequence of real numbers. That fact
and relations (4) and (5) imply thet the sequence (Io(u,)) is bounded, where Iy is defined by relation (10). Then, up to a sub-
sequence, we deduce that Ip(u,) — c. Furthermore, the weak lower semi-continuity of Iy (pointed out above) implies

I(u) < li{pinflo(un) =C.
On the other hand, since Iy is convex (because @ is convex), we have
Io(u) = Io(un) + o (un), u — Un).

Next, by the hypothesis limsup,_.. [, a(|Vu,|)Vu, - (Vu, — Vu) dx < 0, we conclude that Io(u) =c.
Taking into account that (u, + u)/2 converges weakly to u in E and using again the weak lower semi-continuity of Iy we
find

¢ = Io(u) < liminfIo (u”; u>. (14)

n—oo

We assume by contradiction that u, does not converge to u in E. Then by (4) it follows that there exist € >0 and a subse-
quence (up, ) of (u,) such that

Uy, — U
(=) > ¢ vm. (15)
On the other hand, relations (3) and (6) enable us to apply [10, Lemma 2.1] in order to obtain
1 1 u+ u”m u— unm
j10(u)+§10(u,1m)—10( 5 ) > Io< 5 ) >e vVm. (16)

Letting m — oo in the above inequality we obtain

. U+ Uy
c—€ = limsuply(—=—"=) dx
mﬂp"< 2 )

and that is a contradiction with (14). It follows that u, converges strongly to u in E and Lemma 5 is proved. [

Proof of Theorem 1 completed. Using Lemma 3 and the Mountain Pass Theorem (see [3] with the variant given by The-
orem 1.15 in [19]) we deduce that there exists a sequence (u,,) C E such that

Jw,) —c>0 and J(u;) =0, (17)
where

c= g,relﬁ gg[gﬁ](v(t))

and
I'={y e C([0,1,E); y(0) =0,y(1) = u1}.

By relation (17) and Lemma 4 we obtain that (u,) is bounded and thus passing eventually to a subsequence, still denoted by
(un), we may assume that there exists u; € E such that u, converges weakly to u,. Since E is compactly embedded in L'(€2) for
any i € [1,¢o), it follows that u, converges strongly to u, in L'(Q2) for all i € [1, ¢o]. Hence

(To(un) = To(u2), tn — t2) = (J'(Un) = J'(U2), Un — U2) + l/[g(& Un) — &(X, Ua)] (U — Uz) dx = 0(1),
Q
as n — oo, where Iy is defined by relation (10). By Lemma 5 we deduce that u,, converges strongly to u, in E and using relation
(17) we find
Jw)=c>0 and J(up)=0.
Therefore, J(u;) =c >0 and J'(uz) = 0. By Lemma 2 we deduce that 0 < u, < u; in Q. Therefore
1

gxu) =ub' —ud' and G(x,u) = %u’; faug
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and thus
Jwz) =1(uz) and J'(uz) =1'(u2).

We conclude that u5 is a critical point of I and thus a solution of (8). Furthermore, I(u;) = ¢ > 0 and I(uy) > 0 > I(u4). Thus u, is
not trivial and u, # u;. The proof of Theorem 1 is now complete. O
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