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1 INTRODUCTION

The objective of this work is to study the existence of solutions for the following problems involving the Leray–Lions type
operators in variable exponent spaces {

Δ (a(x,Δu)) = 𝜆𝑓 (x,u) in Ω,
u = Δu = 0 on 𝜕Ω, (1)

where Ω is a bounded domain in RN≥2 with smooth boundary 𝜕Ω, 𝜆> 0 is a parameter, f is a Carathéodory function,
p ∈ C(Ω) satisfies infx∈Ωp(x) > N∕2, for all x∈Ω, and the potential a satisfies a set of conditions (see Section 2.2).
The operators include the p(x)-biharmonic operator and other important cases. We point out that the extension from the
p-biharmonic problem to the p(x)-biharmonic problem is nontrivial since the p(x)-biharmonic problem possesses a more
complicated structure; for example, it is nonhomogeneous, and it usually does not have the so-called first eigenvalue.
Here, Δ(a(x,Δu)) is the Leray–Lions operator, where a is a Carathéodory function satisfying some suitable supplementary
conditions.

Investigations of this type of operators have been going on in various fields, for example, in electrorheological fluids
(see Ružička1), elasticity theory (see Zhikov2), stationary thermorheological viscous flows of non-Newtonian fluids (see
Antontsev and Rodrigues3), image processing (see Chen et al.4), and mathematical description of the processes filtration
of barotropic gas through a porous medium (see Antontsev and Shmarev5). For more details about this kind of operators,
the reader is referred to Leray and Lions6 (see also Papageorgiou et al.7 and the references therein).
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We briefly recall the literature concerning related problems involving the Leray–Lions type operators. The existence of
three solutions for a problem involving the p(x)-Laplacian in a variable space was established by Bonanno and Chinnì.8 In
particular, in the absence of small perturbations of the nonlinear term, they proved that one of the solutions is the trivial
solution. Bonanno and Chinnì9 also proved the existence of three solutions for a problem without small perturbations of
the nonlinear term, whenever p(x)>N. Motivated by these results, we shall establish in this paper the existence of three
nontrivial solutions for more general problems involving the Leray–Lions type operators in variable exponent spaces (see
Theorem 2 in Section 3).

This paper is organized as follows: in Section 2, we present preliminary definitions and results, Section 3 is devoted to
the statement and the proof proof of the main result, and Section 4 presents an application.

2 PRELIMINARIES

In this section, we first review key definitions and basic properties of variable exponent Sobolev spaces and then intro-
duce all conditions for parameters and nonlinearities which we need for the statement and proof of our main result
(Theorem 2).

2.1 Variable exponent Sobolev spaces
For a comprehensive treatment, we refer the reader to Rădulescu and Repovš.10 Let

C+(Ω̄) ∶= {h|h ∈ C(Ω̄), h(x) > 1, for all x ∈ Ω̄},

and let p ∈ C+(Ω̄), p ∈ C+(Ω̄) be such that

1 < p− ∶= min
x∈Ω̄

p(x) ≤ p+ ∶= max
x∈Ω̄

p(x) < +∞. (2)

We define the Lebesgue space with variable exponent as follows:

Lp(x)(Ω) ∶=
⎧⎪⎨⎪⎩u|u ∶ Ω → R is measurable,∫

Ω

|u(x)|p(x)dx < ∞
⎫⎪⎬⎪⎭ ,

and we equip it with the Luxemburg norm

|u|p(x) ∶= inf
⎧⎪⎨⎪⎩𝜇 > 0|∫

Ω

||||u(x)
𝜇

||||p(x)
dx ≤ 1

⎫⎪⎬⎪⎭ .

Variable exponent Lebesgue spaces are like classical Lebesgue spaces in many respects: they are Banach spaces, and they
are reflexive if and only if 1< p− ≤ q+ <∞. Moreover, the inclusion between Lebesgue spaces is generalized naturally, that
is, if q1, q2 are such that p1(x)≤ p2(x) a.e. x∈Ω, then there exists a continuous embedding Lp2(x)(Ω) → Lp1(x)(Ω).

For every u∈Lp(x)(Ω), v∈Lp′(x)(Ω), the Hölder inequality

|||||||∫Ω uvdx
||||||| ≤

(
1

p− + 1
(p′)−

) |u|p(x)|v|p′(x) (3)

holds, where p′(x) satisfies 1∕p(x) + 1∕p′(x) = 1. The modular on the space Lp(x)(Ω) is the map 𝜌p(x) ∶ Lp(x)(Ω) → R,
defined by

𝜌p(x)(u) ∶= ∫
Ω

|u|p(x)dx.
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For any k ∈ N, we define the Sobolev space with variable exponents as follows:

W k,p(x)(Ω) ∶= {u ∈ Lp(x)(Ω)|D𝛼u ∈ Lp(x)(Ω), |𝛼| ≤ k},

where 𝛼 ∶= (𝛼1, 𝛼2, ..., 𝛼n) is a multi-index, |𝛼| = ∑n
i=1 𝛼i, and

D𝛼u ∶= 𝜕|𝛼|u
𝜕𝛼1 x1 … .𝜕𝛼N xN

.

Then Wk, p(x)(Ω) is a separable and reflexive Banach space equipped with the norm

||u||k,p(x) ∶=
∑
|𝛼|≤k

|D𝛼u|p(x).

The space W k,p(x)
0 (Ω) is the closure of C∞

0 (Ω) in Wk, p(x)(Ω). It is well-known that both W2, p(x)(Ω) and W 1,p(x)
0 (Ω) are separable

and reflexive Banach spaces (for more details, see Rădulescu and Repovš10).
It follows that X = W 2,p(x)(Ω) ∩ W 1,p(x)

0 (Ω) is also a separable and reflexive Banach space, equipped with the norm

||u||X ∶= ||u||W2,p(x)(Ω) + ||u||W1,p(x)
0 (Ω).

Let

||u|| ∶= inf
⎧⎪⎨⎪⎩𝜇 > 0|∫

Ω

||||Δu
𝜇

||||p(x)
dx ≤ 1

⎫⎪⎬⎪⎭
represent a norm, which is equivalent to ||.||X on X (see Remark 2.1 in Amrouss and Ourraoui11). Therefore, in what
follows, we shall consider (X , ||.||). The modular on the space X is the map 𝜌p(x) ∶ X → R defined by

𝜌p(x)(u) ∶= ∫
Ω

|Δu|p(x)dx.

This mapping satisfies the following properties.

Lemma 1 (El Amrous et al.12). For every u, un ∈W2, p(.)(Ω),

(1) ||u|| < 1 (resp. = 1, > 1) ⇐⇒ 𝜌p(x)(u) < 1 (resp. = 1, > 1);
(2) min{||u||p−

, ||u||p+} ≤ 𝜌p(x) ≤ max{||u||p−
, ||u||p+}; and

(3) ||un|| → 0 (resp. → ∞) ⇐⇒ 𝜌p(x)(un) → 0 (resp. → ∞).

We recall that the critical Sobolev exponent is defined as follows:

p∗(x) ∶=

{ Np(x)
N−2p(x)

, if p(x) < N
2
,

∞, if p(x) ≥ N
2
.

Remark 1 (Rădulescu and Repovš10). Assume that p ∈ C+(Ω̄) satisfies p− >N/2. Then there exist a continuous embed-
ding X → W 2,p−(Ω) ∩ W 1,p−

0 (Ω) and a compact embedding W 2,p−(Ω) ∩ W 1,p−

0 (Ω) → C0(Ω̄), such that X is compactly
embedded in C0(Ω̄) and ||u||∞ ≤ c0||u||, where c0 is a positive constant and ||u||∞ ∶= supx∈Ω|u(x)|.
Proposition 1 (Gasiński and Papageorgiou13). If X is a reflexive Banach space, Y is a Banach space, Z⊂X is nonempty,
closed and convex, and J : Z→Y is completely continuous, then J is compact.

Our key tool will be Theorem 3.6 in Bonanno and Marano,14 which we restate here in a more convenient form.

Theorem 1 (Bonanno and Marano14). Let X be a reflexive real Banach space and let Φ ∶ X → R be a coercive, continu-
ously Gâteaux differentiable, and sequentially weakly lower semicontinuous functional, whose Gâteaux derivative admits
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a continuous inverse on X. Let Ψ ∶ X → R be a continuously Gâteaux differentiable functional whose Gâteaux derivative
is compact and such that infx∈XΦ(X) = Φ(0) = Ψ(0) = 0. Assume that there exist r > 0, x̄ ∈ X, such that r < Φ(x̄),
r−1supΦ(x)≤rΨ(x) < Ψ(x̄)∕Φ(x̄), and for each 𝜆 ∈ Λr ∶=

(
Φ(x̄)∕Ψ(x̄), r(supΦ(x)≤rΨ(x))−1), functional Φ− 𝜆Ψ is coercive.

Then for each 𝜆∈Λr, functional Φ− 𝜆Ψ has at least three distinct critical points in X.

2.2 Conditions for parameters and nonlinearities
In problem (1), parameters and nonlinearities are assumed to satisfy the following conditions:

(H 1) a ∶ Ω̄ ×R → R is a Carathéodory function such that a(x, 0) = 0, for a.e. x∈Ω.
(H 2) There exist c1 > 0 and a nonnegative function d ∈ L

p(x)
p(x)−1 (Ω), such that

|a(x, t)| ≤ c1(d(x) + |t|p(x)−1), for a.e. x ∈ Ω and all t ∈ R.

(H 3) For all s, t ∈ R, the inequality |a(x, t) − a(x, s)|(t − s) ≥ 0 holds, for a.e. x ∈ Ω, with equality if and only if s= t.
(H 4) There exists 1≤ c2 such that

c2|t|p(x) ≤ min{a(x, t)t, p(x)A(x, t)}, for a.e.x ∈ Ω and all s, t ∈ R,

where c1 is the constant from condition (H2) and A ∶ Ω̄ ×R → R represents the antiderivative of a,

A(x, t) =

t

∫
0

a(x, s)ds.

(H 5) |𝑓 (x, t)| ≤ 𝜉(x) + 𝜁 |t|q(x)−1, for all (x, t) ∈ Ω ×R, where 𝜉 ∈L1(Ω), 𝜁 is a positive constant, and 1< q− ≤ q+ < p−.

Remark 2. (Boureanu15) Concerning conditions (H1)− (H5), the following can be observed:

(i) A(x, t) is a C1-Carathéodory function; that is, for every t ∈ R, A(., t) ∶ Ω → R is measurable, and for a.e. x∈Ω,
A(x, .) is C1(R).

(ii) There exists a constant c3 such that |A(x, t)| ≤ c3(d(x)|t| + |t|p(x)), for a.e.x ∈ Ω and all t ∈ R.

In order to formulate the variational approach to problem (1), recall that a weak solution for our problem satisfies the
following definition.

Definition 1. We say that u∈X ∖ {0} is a weak solution of problem (1) if Δu = 0 on 𝜕Ω and

∫
Ω

a(x,Δu)Δvdx − 𝜆∫
Ω

𝑓 (x,u)vdx = 0, for all v ∈ X .

Denote
Φ(u) ∶= ∫

Ω

F(x,u)dx.

The Euler–Lagrange functional corresponding to problem (1) is defined by Ψ𝜆 ∶ X → R, where Ψ𝜆(u) = J(u) −
𝜆Φ(u), for all u ∈ X , such that

J(u) = ∫
Ω

A(x,Δu)dx.

By condition (H5), we have |F(x,u)| ≤ 𝜉(x)|u| + 𝜁

q(x)
|u|q(x);

hence,

Φ(u) ≤ |𝜉(x)|L1(Ω)||u||∞ + 𝜁

q− ∫
Ω

(|u|q+ + |u|q−)dx,
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so we get

Φ(u) ≤ |𝜉(x)|L1(Ω)||u||∞ + 𝜁

q− (c
q+

0 ||u||q+ + cq−

0 ||u||q−)|Ω|.
This shows that Φ is well defined. In the sequel, we shall need the following lemma.

Lemma 2 (Boureanu15). Functional J is coercive on X, and J′ : X→X∗ is a strictly monotone homeomorphism.

Proof. It is clear from Lemma 1 and hypothesis (H4) that for u∈X with ||u||>1,

J(u) ≥ ∫
Ω

c2

p(x)
|Δu|p(x)dx ≥ 1

p+ 𝜌p(x)(u) ≥ 1
p+ ||u||p−

, (4)

and thus, J is coercive. For the rest of the proof of Lemma 2, see Boureanu.15

Next, we shall show that Φ′(u) is compact. Let vn ⇀ v in X. Remark 1 asserts that vn → v in C0(Ω), so for any u∈X,

| < Φ′(u), vn > | − | < Φ′(u), v > | ≤ ||vn − v||∞ ∫
Ω

𝑓 (x,u)dx.

As a consequence of condition (H5), we have

| < Φ′(u), vn > | → | < Φ′(u), v > |, as n → +∞.

This means that Φ′(u) is completely continuous, hence compact by Proposition 1.

3 THE MAIN RESULT

Setting 𝛿(x) ∶= sup{𝛿 > 0|B(x, 𝛿) ⊆ Ω}, for all x∈Ω, one can prove that there exists x0 ∈Ω such that B(x0, D)⊆Ω, where
D ∶= supx∈Ω𝛿(x). For each r> 0, let 𝛾r ∶= max

{
(p+r)1∕p+

, (p+r)1∕p−}. Let

L ∶= w
(

DN −
(D

2

)N)
,where w ∶= 𝜋

N
2

N
2
Γ
(

N
2

) ,
and Γ denotes the Euler function. We can now state the main result of this paper.

Theorem 2. Let a ∶ Ω × RN → RN be potential satisfying conditions (H2)− (H4) and 𝑓 ∶ Ω × R → R a Carathéodory
function satisfying condition (H5) and the following requirement

ess infx∈ΩF(x, t) ∶= ess inf
x∈Ω

t

∫
0

𝑓 (x, s)ds ≥ 0, for all t ∈ [0, h],

where h is a nonnegative constant. Suppose that there exist r> 0, h> 0 such that

r <
L

p+ min

{(
8hN
3D2

)p−

,

(
8hN
3D2

)p+}
,

𝛽h ∶=
w
(

D
2

)N
ess inf x∈ΩF(x, h)

c3L
1

p+

[
N

1
p+ 8h

3D2 |d(x)| p(x)
p(x)−1

+ L
p+−1

p+ max
{(

8hN
3D2

)p−

,

(
8hN
3D2

)p+}] (5)
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> 𝛼r ∶=
1
r ∫

Ω

sup|t|≤c0𝛾r

F(x, t)dx.

Then for every 𝜆 ∈ Λ̄ ∶= (1∕𝛽h, 1∕𝛼r), problem (1) admits at least three weak solutions.

Proof. We shall apply Theorem 1. Let X = W 2,p(x)(Ω) ∩ W 1,p(x)
0 (Ω) and Ψ𝜆(u) ∶= J(u) − 𝜆Φ(u), for all u∈X, where

J(u) = ∫
Ω

A(x,Δu)dx and 𝜙(u) = ∫
Ω

F(x,u)dx.

As we have seen before, functionals J and Φ satisfy the regularity assumptions of Theorem 1. Now let v̄ ∈ X be defined
by

v̄ =
⎧⎪⎨⎪⎩

0, if x ∈ Ω∖B(x0,D)
h, if x ∈ B

(
x0,

D
2

)
4h

3D2 (D2 − |x − x0|2), if x ∈ B(x0,D)∖B
(

x0,
D
2

)
,

where |.| denotes the Euclidean norm in RN , and

△v̄ =
⎧⎪⎨⎪⎩

0, if x ∈ Ω∖B(x0,D) ∪ B
(

x0,
D
2

)
−8h
3D2 N, if x ∈ B(x0,D)∖B

(
x0,

D
2

)
.

Using the above information, Remark 1, Lemma 1, and the continuity of embedding Lp+(Ω) → Lp(x)(Ω), we obtain

L
p+ min

{(
8hN
3D2

)p−

,

(
8hN
3D2

)p+}
≤ J(v̄)

≤ c3L
1

p+

[
N

1
p+

8h
3D2 |d(x)| p(x)

p(x)−1
+ L

p+−1
p+ max

{(
8hN
3D2

)p−

,

(
8hN
3D2

)p+}]
,

and

Φ(v̄) ≥ ∫
B
(

x0,
D
2

) F(x, v̄(x)dx ≥ w
(D

2

)N
essinf

x∈Ω
F(x, h).

It follows from (5) that r < J(v̄). Moreover, since the embedding X → C0(Ω̄) is continuous, we have

max
x∈Ω

|u(x)| ≤ c0 max
{
(p+r)

1
p+ , (p+r)

1
p−
}
= c0𝛾r, for all u ∈ X , such that J(u) ≤ r.

Therefore,

sup
J(u)≤r

Φ(u) ≤ ∫
Ω

sup|t|≤c0𝛾r

F(x, t)dx.

By the definitions of 𝛼r and 𝛽h in Theorem 2, we obtain

supJ(u)≤rΦ(u)
r

≤ 𝛼r < 𝛽h ≤ Φ(v̄)
J(v̄)

.

Hence, the first condition of Theorem 1 has been verified.
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Next, we shall prove that for each 𝜆> 0, the energy functional J− 𝜆Φ is coercive. For any q ∈ C+(Ω̄), we have|u(x)|q(x) ≤ |u(x)|q+ + |u(x)|q− . Condition (H5), Remark 1, and the above inequality imply

Φ(u) ≤ |𝜉(x)|L1(Ω)||u||∞ + 𝛼

q− ∫
Ω

(|u|q+ + |u|q−)dx

≤ |𝜉(x)|L1(Ω)||u||∞ + 𝛼

q−

(||u||q−

+∞ + (||u||q+

+∞

) |Ω|
≤ |𝜉(x)|L1(Ω)||u||∞(cq+

0 ||u||q+ + cq−

0 ||u||q−)|Ω|.
The above inequality and (4) give

J(u) − 𝜆Φ(u) ≥ 1
p+ ||u||p− − c0|𝜉(x)|L1(Ω)||u|| + 𝛼

q− (c
q+

0 ||u||q+ + cq−

0 ||u||q−)|Ω|.
Since 1≤ q− ≤ q+ < p−, it follows that J(u)− 𝜆Φ(u) is coercive.

Finally, we use the fact that

Λ̄ ∶=
(

1
𝛽h

,
1
𝛼r

)
⊆

⎛⎜⎜⎝
J(v̄)
Φ(v̄)

,
r

sup
J(u)≤r

Φ(u)

⎞⎟⎟⎠ .
Theorem 1 now ensures that for each 𝜆 ∈ Λ̄, functional J(u)− 𝜆Φ(u) admits at least three critical points in X which
are weak solutions for problem (1). This completes the proof of Theorem 2.

Remark 3. Setting r = 1 in Theorem 2, we get 𝛾r = (p+)1∕p− , and inequalities (5) become

p+ < L min

{(
8hN
3D2

)p−

,

(
8hN
3D2

)p+}
,

and

𝛽h ∶=
w
(

D
2

)N
essinf

x∈Ω
F(x, h)

c3L
1

p+

[
N

1
p+ 8h

3D2 |d(x)| p(x)
p(x)−1

+ L
p+−1

p+ max
{(

8hN
3D2

)p−

,

(
8hN
3D2

)p+}]
> 𝛼 ∶= ∫

Ω

sup|t|≤c0(p+)
1

p−

F(x, t)dx.

Remark 4. We note that, if f(x, 0)≠ 0, then by Theorem 2, there exist at least three nonzero solutions.

Remark 5. We are interested in the Leray–Lions type operators because they are quite general. Indeed, consider

a(x, t) = 𝜃(x)|t|p(x)−2t, (6)

where p(x) satisfies condition (2), and for 𝜃 ∈L∞(Ω), there exists 𝜃0 > 0 with 𝜃(x)≥ 𝜃0 > 0, for a.e. x∈Ω. One can see
that Equation (6) satisfies conditions (H1)− (H4), and we arrive at operator 𝜃(.)Δ2 (|Δ|p(.)−2u

)
.

Note that when 𝜃 ≡ 1, we get the well-known p(x)-biharmonic operator Δ2
p(.)(u). Moreover, we can make the follow-

ing choice a(x, t) = 𝜃(x)(1 + |t|2)p(x)∕p(x)−2t and obtain operator 𝜃(.)Δ
(
(1 + |Δu|2)p(.)∕p(.)−2Δu

)
, where p and 𝜃 are as

above.
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4 AN APPLICATION

We present an interesting application of Theorem 2. Let 𝛼 ∶ [0, 1] → R, be a positive, bounded, and measurable function.
Put 𝛼0 = ess inf

x∈[0,1]
𝛼(x) and ||𝛼||1 = ||𝛼||L1([0,1]). Moreover, set

k = 1
p+c3

(3
8

)p+
𝛼0||𝛼||1

,

where c3 is the constant from Remark 2.

Theorem 3. Let g ∶ R → R be a nonnegative continuous function such that lim|t|→+∞g(t)|t|−𝜈 = 0, for some
0≤ 𝜈 < p− − 1 and g(0)≠ 0. Let G(𝜉) = ∫ 𝜉

0 g(t)dt, for all 𝜉 ∈ R, and assume that there exist positive constants h and l, with

l ≤ 1 ≤ (8∕3h)p−∕p+
(1∕4)1∕p+

, such that G(l)∕lp+
< kG(h)∕hp+ . Then for every 𝜆 ∈

((
8
3

)p+
hp+ c3

𝛼0G(h)
,

lp+

p+||𝛼||1G(l)

)
, the following

problem {
(|u′′|p(x)−2u′′)′′ = 𝜆𝛼(x)g(u) in (0, 1),

u(0) = u(1) = 0,
u′′(1) = u′′(0) = 0

(7)

has at least three nontrivial solutions.

Proof. For each u∈X and x∈ [0, 1], we have

u(x) =

x

∫
0

u′(t)dt =

x

∫
1

u′(t)dt

and

|u(x)| = 1
2

⎛⎜⎜⎝
|||||||

x

∫
0

u′(t)dt
||||||| +

|||||||
x

∫
1

u′(t)dt
|||||||
⎞⎟⎟⎠ = 1

2

⎡⎢⎢⎣
x

∫
0

|u′(t)|dt +

x

∫
1

|u′(t)dt|⎤⎥⎥⎦ = 1
2

1

∫
0

u′(t)dt. (8)

For each u∈C2([0, 1]), there exists 𝜂 ∈ (0, 1) such that u′(𝜂) = 0. Hence, one has

u′(t) =

t

∫
𝜂

u′′(s)ds, for all t ∈ (0, 1).

By the Hölder inequality (3), we can conclude that

|u′(t)| ≤ ∫
1

0
|u′′(s)|ds ≤ 1

2
|u′′ |Lp(x)([0,1])|1|Lq(x)([0,1]), 0 < 𝜂 ≤ t ≤ 1,

where 1∕p(x) + 1∕q(x) = 1. Since |1|Lq(x)([0,1]) ≤ 1, we see that

|u(x)| ≤ 1
4
||u||, for all t ∈ [0, 1],u ∈ W 2,p(x)([0, 1]) ∩ W 1,p(x)

0 ([0, 1]),

so c0 ≤ 1, where c0 is the constant from Remark 1. If we take r = lp+∕p+, we get 𝛾r = l, and a simple computation shows
that all hypotheses of Theorem 2 hold, and thus, it can be applied. This completes the proof of Theorem 3.

Remark 6. Our Theorem 3 generalizes Theorem 3.3 in Bonanno and Chinnì.9
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