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ABSTRACT. For a closed topological n—manifold K and a map p : K — B
inducing an isomorphism 71 (K) — 71 (B), there is a canonically defined mor-
phism b : Hy41(B, K,L) — S(K), where L is the periodic simply connected
surgery spectrum and S(K) is the topological structure set. We construct
a refinement a : H;{_H(B,K, L) — S:,s(K) in the case when p is UV, and
we show that a is bijective if B is a finite-dimensional compact metric ANR.
Here, HTT_H(B, K,L) C Hpy1(B, K,L), and S, 5(K) is the controlled structure
set. We show that the Pedersen-Quinn-Ranicki controlled surgery sequence is
equivalent to the exact L-homology sequence of the map p : K — B, i.e. that

Hpy1(B,L) = H\ (B, K,L) = Hp(K,L") - Hy(B,L), LT - L,

is the connected covering spectrum of L. By taking for B various stages of the
Postnikov tower of K, one obtains an interesting filtration of the controlled
structure set.

1. INTRODUCTION

Let K denote a closed topological manifold of dimension n. As usual, S(K)
denotes the topological structure set of K. Elements of S(K) are equivalence
classes of pairs (M, h), where M is a closed topological n-manifold and h : M — K
is a simple homotopy equivalence. The pairs (M, h), (M7, h1) are equivalent if there
is a homeomorphism ¢ : M7 — M such that h o ¢ is homotopic to hy. S(K) has a
group structure. If B is a finite-dimensional compact metric ANR and p: K — B
a continuous UV'! map, the controlled structure set S s(K — B) (cf. [PQR]) of
d-homotopy equivalences can be defined (see precise definitions below). There is
an obvious forgetful map S, s(K — B) — S(K). An element of the image will be
called a controlled homotopy equivalence h : M — K with respect to p. Varying
p: K — B, we get the subset of controlled homotopy equivalences in S(K).

Dranishnikov and Ferry studied the subset (indeed a subgroup) S¢F(K) c S(K)
of elements realized by cell-like maps (cf. [DrFe]). They observed that these ele-
ments belong to the image of a natural map

b: Hn+1(E2(K),K,L) — S(K)

localized away from 2.

Received by the editors October 28, 2010 and, in revised form, December 3 2012.

2010 Mathematics Subject Classification. Primary 57R67, 57P10, 57R65; Secondary 55N20,
55M05.

Key words and phrases. Controlled surgery, UV -property, L-homotopy, L-homology, con-
trolled structure set, Wall obstruction.

©2014 American Mathematical Society

3987

Licensed to University of Ljubljana. Prepared on Wed Sep 10 02:51:33 EDT 2014 for download from IP 141.255.204.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2014-12131-9

3988 FRIEDRICH HEGENBARTH AND DUSAN REPOVS

Here L is the simply connected 4-periodic surgery spectrum, and Eq(K) is the
second stage of the Postnikov tower of K. The map b can be defined using the
diagram on p. 207 of [Ran|. The main ingredient is the m# — m—theorem. The
morphism b can be defined for any map p : K — B satisfying p. : m(K) = m1(B).

We shall generically call it b.

One may ask of what type are homotopy equivalences of images of other Post-
nikov stages. In this paper we shall give an answer in the case of the first stage,
i.e. Bm, where m = m1(K). As a consequence of the main theorem we shall get the
following result:

Theorem 1. Let n > 5. Then the image of the map
b: Hyy1(Bm, K,L) —» S(K)
contains the controlled homotopy equivalences.

In order to be able to state the main result we shall need some more notations.
Recall that Ly = Z x G/TOP. Let L™ — L be the simply connected spectrum
covering L. In particular, L = G/TOP. For any pair (Z,Y) there is the following
exact sequence (cf. [Ranl, p. 153]):

() -+ = Hmy2(Z,Y,Z) = Hpi1(Z,Y, L) = Hpi1(Z,Y,L) = Hypir(Z,Y,Z) — -+ .

In particular, for (K, @), where K is an oriented closed topological n-manifold,
we have an injection
H,(K,L") — H,(K,L).
Let us denote the inverse image of H,(K,L*) under 9. : H,41(B,K,L) —
H,(K,L) by H,", ,(B,K,L) C Hy11(B, K,L). Here B is a space containing K, or
more generally, a map K — B.

Theorem 2. Suppose thatp: K — B is a UV'-map into a compact metric ANR-
space, with K as above and n > 5. Then there is a map

a: H;[H(B,K, L) - S.s(K — B),
where €, are appropriately choosen (see below). The map a fits into the following
diagram:
() Hyy (B, K,L) ——S.5(K — B)

| |

H,1(B,K,L) - §(K).

The natural map H,,1(B,L) — H,1(B, K, L) factors over H,, | (B, K,L), and
one can easily see that the sequence

<= Hp(B,L) — H:H(B,K,]L) — H,(K,L") - H,(B,L) — - --

is exact.
Recall that by the Poincaré duality H,(K,L") = [K,G/TOP)].

Theorem 3. Let K be a closed oriented topological n-manifold, n > 5, and let
p: K = B be a UVi-map into a finite-dimensional compact metric ANR. Then
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there exists a commutative diagram of exact sequences

Hopi(K,LY) = Hup(B,L) — HP (B,K,L) — H (KLY — H.(BL)

[SX,G/TOP] — H.(B,L) — 8.s(K—B) — [K,G/TOP] — H,(B,L)

In particular, a is bijective.

Here the lower exact sequence is the controlled surgery sequence from [PQR] and
€ and § are to be appropriately chosen: There is an g > 0, depending on B and n,
such that for any 0 < € < gg there is 6 > 0 such that the lower sequence is exact.

Theorem 2 and Theorem 3 will be proved in §5 and §6, respectively. Theorem 1
follows from Theorem 2, since any UV '-map K — B composed with the canonical
map B — B determines a map (B,K) — (Bm, K). Since K is a manifold of
dimension > 5 we can assume that K — B is UV (cf. [BEMW]). Hence we get
an induced morphism

Hn-‘rl(BvKaL) - Hn-‘rl(Bﬂ-aKv]L)'

On the other hand, any [y] € Hp4+1(B7, K,L) has a compact support (B, K) C
(Bm,K) (cf. [Ranl §12]), and we may assume K — B is UV

To define the map a we recall the geometric L-spectrum, and represent elements
[z] € Hy(K,L) and [y] € Hp4+1(B, K, L) in terms of normal degree 1 maps. We shall
follow [Qul], [Nic] and [Ran]. One reason to recall these is to stabilize the notations
used in the proofs. Another reason is that [Ran] used the algebraic L-spectrum
defined by quadratic Poincaré chain complexes which led to representing [z] by a
normal degree 1 map between closed manifolds (cf. Corollary 18.6(I) in [Raunl).
The gluing construction using the geometric L-spectrum gives surgery problems
with homotopy equivalences on boundaries. Explicit examples have recently been
given (cf. [Ham| Example 5.4]).

2. THE PERIODIC SIMPLY CONNECTED LL-SPECTRUM

We briefly recall the semi-simplicial surgery spectrum introduced in [Qui] (cf.
also [Nic]), denoted by L = {LL4|g € Z}. It is an Q-spectrum, and each L, sat-
isfies the Kan condition. Its homotopy groups are the Wall groups of the trivial
fundamental group, more precisely, m;(Ly) = L;14({1}), and Ly = Z x G/TOP.

Let Ly(j) denote the j-simplices of L,. An element z in Ly(j) is a degree 1
normal map of (j + 3)-ads, which we shall shortly denote by

z={(f,b): M = X},

where (M, 00M, ...,0;M,0; 11 M) (resp. (X,00X,...,0;X,0;11X)) are the (j+3)-
ads M (resp. X). It is required that fls,,,as is a (simple) homotopy equivalence. M
and X are topological manifolds of dimension j+ ¢ with boundaries X = Ufi& 0; X
and M = U/} 9;M. To = belongs a reference map from X to the (j + 3)-ad A7,
ie. amap (X,00X,...,0;X,0;11X) = (A, 9A ., 0;AT, A7), We emphasize
that the condition that flp,, v @ Oj41 M — 8]+1X is a homotopy equivalence is
necessary to indentify the homotopy groups of L. with the Wall groups.

The Cartesian product with CP? defines a semi-simplicial map L, — L4 which
is a homotopy equivalence, called the periodicity map.
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3990 FRIEDRICH HEGENBARTH AND DUSAN REPOVS

3. L-HOMOLOGY CLASSES

We shall follow [Ran| §12], to describe elements [x] € H,,(K,L), where K is a
finite ordered simplicial complex. The relative case will be given in §4.

The class [z] is represented by a “cycle” x, which roughly is a semi-simplicial map
from K to L, for some g. More precisely, one embeds K into JA™ ! A™T! the
standard (m + 1)-simplex with vertices denoted {0,1,...,m + 1}. The embedding
is order-preserving and one may assume m + 1 = number of vertices of K. For any
o € OA™T! let D(o,0A™T) be the dual cell, and let ¥™ be the dual cell-complex
decomposition of JA™FL. Note that D(o, JA™T1) is an (m — |o|)-ball with bound-
aries 9; D (0, 0A™ ) = D(§;0,0A™F), where o = {jo,...,jr} C {0,...,m + 1},
and 0,0 = o U{A;} with {0,...,m+1}\ {jo,--.,Jn} = {Aos. -, Am—r} (written in
that order). Hence {D(a,0A™ "), 0oD(a, 0A™ 1), ..., 00D (0, 0A™ 1)} is an
(m — |o| + 2)-ball-ad.

Define K = {D(o,0A™*1)|c € OA™T!1\ K} and call it the supplement of K.
The cycle x can be considered as a semi-simplicial map

T (Em,F) — (Ln—ma@);

ie. #(D(o,0A™Y)) € L,,_(m — |o|) is a surgery problem of (m — |o| + 3)-ads
denoted simply

T = {xo = (fa',bg) : Mo- — XU|0' S 6Am+1}

between manifold (m — |o| 4+ 3)-ads of dimension n — |o| together with a reference
map of (n — |o| + 3)-ads
(Xaa 80Xg, s ,am—|a|XUa am—|a|+1XU)

— (D(0,0A™1),00D(0,0A™ ), ..., 0o D (0, OA™ 1), D(a, 0A™1)).
Moreover, f, restricted to 0p,—|o|+1 Mo — Opm—|o|+1Xo is @ homotopy equivalence.
Note that X, #0 = o € K.

If 2/ = {z]o € OA™"'} is a cycle defining the same class as z, there is a
semi-simplicial map

y=A"x (2" K) = (Ly_m,?)
such that y(GpA! x o) = z(0), y(I Al x o) = 2/(0).

Next we assemble the pieces {X,}, resp. {M,}; i.e. we build colimits. For this
we use results from [LaMc| which are elegant reformulation of [BRS].

Let AsTop be the graded category with objects n-dimensional oriented topologi-
cal manifolds with boundaries. The morphisms are orientation preserving inclusions
(if dimension preserving) or inclusions with the image in boundaries (if dimension
increasing). We refer to Example 3.5 from [LaMCd].

Given the cycle  as above we obtain two functors (¥, K) — (Asrop,®) of
degree m — n, namely we associate to x(o) either the target or the domain: i.e.

D(0,0A™ ) = X, and D(a,0A™ ") — M,.

Let X, resp. M, denote its colimits, and denote by (f,b) : M — X the resulting
map. By Proposition 6.6 of [LaMc|], M and X are n-manifolds with boundaries OM,
0X, respectively. In fact, 9M and 0X are the colimits of the restricted functors to
the boundary components 0y, 5|41 Mo, 1€Sp. Opp— 0|41 Xo-

There are no more boundary components. To see this we may consider a (simpli-
cial) neighborhood N(K) of K C JA™T!. Then X, = ) for all ¢ € K; in particular
X,=0if c € IN(K).
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CONTROLLED HOMOTOPY EQUIVALENCES AND STRUCTURE SETS 3991

Together with the colimit of the reference maps one has obtained a normal
degree 1 map (f,b) : M — X with a reference map ¢ : X — N(K) — K, where
N(K) — K is a retraction.

Remarks.

(I) The restriction of f to dM is a homotopy equivalence. Indeed, it is a
0-homotopy equivalence. This can be seen by applying the gluing construc-
tion (cf. e.g. [Hat, Ch. 4.G]) inductively to the family { f5| : Op— |51 M5 —
Om—|o|+1Xo|o € K}. Here § can be chosen as small as necessary by taking
a sufficiently fine subdivision.

(IT) A careful construction shows that ¢ is transverse to all D(o, K), the duals
of o in K, and that

¢~ (D(0, K)) = X,

Conversely, any simplicial map from a manifold ¢ : X — K is transversal
to dual cells ([Coh]). Hence any normal degree 1 map M — X defines a
class [z] € H,(K,L).

(III) If K is not a finite complex, then one can choose for any [z] € H, (K ,L)
a finite complex J C K, so that [z] belongs to the image of H,(J,L) —
H,(K,L).

(IV) Instead of Proposition 6.6 from [LaMc], one can invoke the gluing procedure
applied in [Nic, Ch. 3]. However, the notion of degree decreasing functors
from [LaMc] is more appropriate here.

4. RELATIVE L-HOMOLOGY CLASSES

Here we consider ordered simplicial complexes B, K and a simplicial map p :
K — B. We assume B, K to be finite complexes, and as in §3 let B ¢ JA™*! be
an order preserving embedding. By the simplicial mapping cylinder construction
we substitute p by an inclusion K C B. An element [y] € H,41(B, K,L) is given
by a semi-simplicial map

y: (F7 E) — (Ln+1—m;®)7
i.e. by a family {y(7) € Lyy1—m(m — |7}

Each y(7) is a surgery problem (f;,b;) : W, — V. of manifold (m — |7| 4 3)-ads
with dimV, = dimW, = n+1—|7|, such that f; restricts to a homotopy equivalence
amf|7'|+1W‘r — amf|~r\+1‘/‘r~

It is convenient to give the family {y(7)} a “cobordism” interpretation: y can
be written as a semi-simplicial map:

y: (A" x T A x BUGA x KUGA x ™) = (Ly_m, D)
(cf. [Ranl p. 128]).

The connecting homomorphism 0, : Hyp+1(B, K,L) — H,(K,L) sends [y] to

0x[y] = [z], where
X : (80A1 X Em,80A1 X F) — (Lnfm,[b)
is the restriction of y.

If we write Al x o for Al x D(o,0A™H1) C Al x ¥™, considered as (m — |o| +

1) — ball, we have y(A! x ¢) € L,_,(m — |o| + 1); i.e. it is a surgery problem

. n+l—|o| n+1l—|o|
(fAlxovbAlxo) . WAlxg — VA1><0'

Licensed to University of Ljubljana. Prepared on Wed Sep 10 02:51:33 EDT 2014 for download from IP 141.255.204.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3992 FRIEDRICH HEGENBARTH AND DUSAN REPOVS

between (m — |o| + 5)-ads, such that Wai s, Vaix, are (n + 1 — |o|)-dimensional
manifolds and fa1y, restricts to a homotopy equivalence

8rn7|cf|+3VVA1 xo 7 arn7|(r|+3VYA1 Xo-
Note that dgVaixe = Voyatxos OoWailxe = Woyaix,. Furthermore, we have
(1) Varxe 0 = 0 € B;

(I1) OgVarxe # 0 = 0 € K; and

(III) 81VA1><U = ValAlxa = @ for all o € 8Am+1.

Hence {Wa1x, — Vaixs} can be considered as the adic-surgery problem bounding
the adic-surgery problem {JgWaix, — 9oVaixs}. The latter represents O.[y] =
[z] € H,(K,L).

Let (f,b) : W — V be the colimit understood as in §3. From Proposition 6.6
in [LaMc|] we obtain a degree 1 normal map (f,b) between (n + 1)-manifolds with
boundaries

OV =0V UV, W = 9W Ud'W,
where 9V is the colimit of x, 3’V is the colimit of the restrictions to all
Om—|o|+3VAa1xo, and similarly for 0W. Clearly, f restricted to 0'W is a ho-
motopy equivalence. The colimit of the reference maps gives a reference map
(V.oV) > (B.K).

We now describe the map p. : H,(K,L) — H,(B,L). Suppose that [z] is
represented by the normal degree 1 map (f,b) : M — X with the reference map
S: X — K. Then the family M, =% X,, ¢ € K, with X, = S~1(D(0, K)),
M, = f~Y(X,), fs = fla,, defines a cycle z. Note that p,[z] is represented by the
family M, =% X, 7 € B, with X, = §-(D(r, B)), M, = f~Y(X,), f- = fl57 ,
where we have put 8§ = S o p.

We also have to understand in this context the meaning of “homologies” between
cycles x, ' on K, ie. [x] = [z'] € H,(K,L). There is a semi-simplicial map

y: (A" x 2" A x K) = (Lp_m,0)

such that y(Al x o) = z(0), y(O1 Al x o) = 2/(0), i.e.
y(A' x 0) € Lyy_p(m — |o| + 1),

defining surgery problems

(Fatxo, Baixe) : Warxe = Vaixe
of (m — |o| + 5)-ads as above, such that it restricts to

(fosbs) : OoWatxe = My = OoVarwe = Xo

and

f/ [ O Watyy = ]\4:I = 0 Varxe = X;'

oY o
being x(o) and 2’(o), respectively. Moreover, Fa1y, restricts to a homotopy equiv-
alence
a7nf|cr|+3VVA1 xo 7 am.7|cr|+3VvA1 X0

The colimit construction gives a normal cobordism (F, B) : W+l — V"l guch
that OW = W UOLWUIW — 9V U VUIV with W — 9’V as a controlled
homotopy equivalence extending the homotopy equivalences OM — X and OM’' —
0X'. Moreover, QoW — 9V and O, W — 0,V represent x (resp. z') by normal
degree 1 maps.
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We shall now consider the case of a closed topological n-manifold K. By the
Poincaré duality (cf. [Ran]), we have

H,(K,L)= H°(K,L) = [K,Z x G/TOP).

The Z-sector is related to Quinn’s index invariant. The simply connected cover
L+ — L is characterized by L = G/TOP, and induces an injection [K, G /TOP] —
[K,Z x G/TOP] onto the 1-sector. By duality it is the image of H,(K,Lt) —
H,(K,L) (cf. [Qu2|], [Ran, §25], and [BEMW] for more details).

Given an element [x] € H,(K,L") it defines a normal degree 1 map between
closed manifolds

(g,¢): Z™ — K" giving a cycle representation
{26} ={90,¢s} : Zo = K, = D(0,K) C D(o, 0A™"1).

Obviously, 0p,—|s|+1Ks = 0, and the colimit of the family {K |0 € K} gives
K. The cycle {z,} = z represents [z] = [z] € H,(K,L") C H,(K,L). If (f,b) :
M™ — X™ is the normal degree 1 map obtained from the colimit of the cycle
x, there is a normal cobordism C"t1 — Y™+l with 9,C"*! — 9yY ! equal to
(f,b) and 9;C™ — 9, Y"1 equal to (g,¢). Y UdY C 9Y, 8,C U6 C C
0C, and 9Y \ (0pY U 81Y) have boundaries &’ X = 90X defined above. Similarly,
oC \ (0pC U 0,C) have boundaries ' M = M.

We define H,",, (B, K,L) C H,;1(B, K,L) as the inverse image of H,,(K,L*) C
H,(K,L) under 0, : H,41(B,K,L) — H,(K,L). Obviously, H,+1(B,K,L") C
H:’L_+1(Bv Ka L)'

Finally, let a class [y] € H,,,(B,K,L) be given with boundary cycle z, i..
[z] = Oi]y]. Let

W=V, oW =MLY oV = x

be the colimits of y and x. We glue C — Y to W — V along M (f—’bg X and obtain

a normal degree 1 map:
(FT,BT): W™ — V7T with restriction
(g,¢) : OWT =Z =50V =K, 0Wt =9W, oVt =09V,
(F*,B%) defines an element [y*] € H,", (B, K,L).

By the normal cobordism extension property (cf. [Med, p. 45] or [Wall p. 93]
applied in the proof of Theorem 9.6), W* — VT and W — V are normally
cobordant by a cobordism being a product outside a small neighborhood of C' — Y.

In summary, we got for any closed oriented n-manifold p : K — B a continuous

map into a simplicial complex and any [y] € H," 11(B, K, L) a cycle representation
y with colimit a degree 1 normal map
(f,0) : Wt -yt

between (n + 1)-dimensional manifolds such that K = 9V C 9V, f restricted
to W = M — K is the colimit of a cycle of d.[y] € H,(K,L). Moreover, f
restricted to OW \ oW — 9V \ 9V is a homotopy equivalence. It is a é-homotopy
equivalence with respect to the reference map oV \ 9oV — B.

A special case is given when [y] € H,, | (B, K,L) is in the image of i, : H,, 1 (B, L)
— H ,(B,K,L), ie. i.([2]) = [y]. In this case one gets a normal degree 1 map

W — V with W — 0oV = 0 and OW ='W — &'V = 0V a controlled homotopy
equivalence.
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3994 FRIEDRICH HEGENBARTH AND DUSAN REPOVS

For our later use we substitute W — V by adding C' — Y representing the trivial
element in HIH(B, K,L). We can take C = K x I =Y, with 90C = K x0 = 9,Y,
01C =0,Y =0 and 0'C = K x 1= 09"Y. We shall later refer to this case as the
“absolute case” and write it as

WuC — VUY.
Moreover, we shall ignore the boundaries W, &'V, 8’C and 9'Y.

5. THE MAP a: H,' (B, K,L) = S. 5(K)

We assume K to be a closed oriented n-manifold, p : K — B a UV'-map, and
B a compact finite-dimensional metric ANR. To define the map a it suffices to take
B a finite ordered simplicial complex contained in OA™*! as before.

We must first introduce the controlled structure set. Its definition comes with
the proof of the controlled surgery sequence of [PQR] (cf. also [Fer]):

Hy1(B,L) = Se (K 5 B) = [K,Grop| = Hu(B,L).

The precise statement is: There exists g > 0 such that for any 0 < € < g9
there is 6 > 0 such that the sequence is exact provided p is @ UV -map (UV!(d)
would be sufficient). With these ¢ and 4, the controlled structure set S; s(K — B)
can be defined: Elements in S, 5(K — B) are represented by pairs (M, f), where
M is a closed n-manifold and f : M — K is a d-homotopy equivalence with
respect to the control map p : K — B. Two pairs (M, f1) and (Ma, f2) are “e-
related” if there is a homeomorphism h : M; — M>s such that fs o h and f; are
e-homotopic over p : K — B (i.e. the homotopy has “tracks” of size < ¢ in B).
Now, with this € and f, “c-related” is an equivalence relation. We shall shortly
write S. 5(K —+ B) = S. 5(K).

Further remarks. In [PQR], L denotes the algebraic L-spectrum defined by adic
quadratic Poincaré complexes (see [Ran]). To a normal degree 1-map (f,b) : M —
K there is an obstruction in a controlled Wall group L, (B,e,d). It consists of
quadratic n-dimensional Poincaré complexes of radius § > 0 over B, modulo e-
cobordism. If this obstruction vanishes, controlled surgery can be completed in
the middle dimension. The controlled Hurewicz and Whitehead theorems give an
element in S 5(K). All this involves e-d-estimates. There is an assembly map A :
H,(B,L) = L,(B,¢,d) defined by gluing the adic parts of an element in H,(B,L),
similarly to how it was done in §3. This map is proved to be an isomorphism for
suitable €, 4. It is here, among other places, where the “stability threshold” ey > 0
drops in (see also [RanYa]).

Let [y] € H," (B, K,L) be given, and let y be a cycle with (o), given by normal
degree 1 (m — |o| + 5)-ads (fo,bs) : Wy — V. Let (f,b) : W — V be the colimit
obtained in §4; i.e. f restricts to a normal degree 1 map between closed manifolds
oW — K, and to a d’-homotopy equivalence @'W — 9'V. We claim that ¢’ can
be chosen smaller than §. First note that the above 9 > 0 depends on B (and on
n), and ¢’ becomes smaller and smaller if we subdivide B finer and finer.

Let S : V — B be the reference map. Restricting S to 9yV = K givesp : K — B,
and by assumption it is UV!.

We can assume that S : V — B is also UV'!: First, change W — V as in the
proof of Theorem 9.4 in [Wal| to obtain an isomorphism S, : m (V) — m1(B).
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Then since dimV > 5 one can approximate S (rel. V') to become a UV *-map (cf.
[BEMW| Theorem 4.4]).

We can invoke the controlled simply connected m —m-theorem (cf. e.g. [Fer]): We
have a §’-equivalence OgW — 9V = K, and we can assume that &'W — 0’V is a
¢’-equivalence too, and 4’ can be as small as we need it to be. By the m — m-theorem
there are dg > 0, k > 0, such that for ¢’ < §y there is a normal cobordism between
(W, 00W) — (V,00V) relative &'V to a k§’-homotopy equivalence

f/ : (W’,&)W’) — (V, 80‘/ = K)
Choosing further ké’ < d, we get a class in S; 5(K) represented by
fo:00W' = K, fo = f'lagw-
We shall define a : H,\, | (B, K,L) — S 5(K) by a([y]) = [}, SoW'].

It remains to show that a is well-defined. Suppose y, y; are cycles with [y1] = [y];
let
(W, a0W) L4 (V, 00V = K)

(W1, 00W1) () (Vi,00Vi = K)

be colimits and let ,
(W, 0W") L (V, 80V = K)

(W], 86W]) L5 (i, 00V = K)
be kd§’-homotopy (resp. kd;-homotopy) equivalences obtained from the controlled

7 — m-theorem. We may assume k§’ < 6, kdj < 0.
Let Q@ — © be a normal cobordism between (f,b) and (f1,b1). It restricts to

a normal cobordism P — K x I with 0P = M U M; T g« {0,1}, and with
boundary 0Q =W UPUW; - 0Q =V UK x TUV;.

To proceed we briefly have to recall the proof of the m — w-theorem: The first
step is to make (W, M = 9oW) — (V,0,V = K) highly connected, which we can
assume.

The second step consists of handle subtraction in the pairs (W, M) and (W7, M7),
ie. (W' 0oW’) is obtained from W by subtracting handles. We add these handles
to P along M. Similarly, we add the handles subtracted from (W7, M;) along M;
to P;. One obtains P’ with 9P’ = M’ U Mj. In other words, we obtain a new
decomposition of Q) and 9 and IQ — N as

Q=W UP UW| —-00=VUK x TUV;.
Hence @ — 2 displays a normal bordism between
(P',0P' =M'"UM]) = (K xI,K x {0} UK x {1})
and the controlled homotopy equivalence
(W', M"Y u (W{,M]) — (V,K)U (V, K).
We denote by ¢’ : P’ — K x I the first map. Then ¢’ restricted to M’, Mj is a
k&' (resp. kd}) equivalence, with kd’, kd) < 4.
Let us assume 07 = ¢'. Controlled surgery theory then implies (cf. [PQR], [Qul],
[Fer]) that ¢’ can be surgered to a simple kkq4’-homotopy equivalence
H:(P' M M])— (K xI,K x{0},K x {1})

(for some k > 0) with H|p = f', H|py = f1. In particular P” is an s-cobordism.
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Let G : P” — M’ x [0, 1] be a homeomorphism with
Glyur =1d , g =Gl : My — M.
The composition
VY B VR Ry SNy N
restricts to ffog: M{ x0 —= K x 0 and f] : M{ x {1} — K x {1}. Therefore f'og
and f] are kkd’-homotopic over B.

However, we can choose &' such that kkd§’ < e, showing f' : M’ — K, f| : M| —
K define the same element in S s(K); hence the map a is well-defined.

This finishes the generic case, and we shall now come to the absolute case. Now
let [y] € H,' (B, K,L) be the image of [z] € H,[, | (B,L), i.e. i.[2] = [y]. Then we
get a normal degree 1 map WUC — VUY such that gV =0, W =0, C = Y
is a controlled homotopy equivalence with 0C = K — JdY = K a homeomorphism.
The 7 — 7-theorem cannot be applied to (W, 9yW) since oW = 0. We define a([y])
as the result of the controlled Wall action of [z] on Id : K — K; i.e. afy] is the
image of [z] under

Hn+1 (B’ ]L) — 8675(‘[()
(cf. [PQR]). We have to show that the map a is well-defined. It suffices to consider
the following two types of cycle representations of i.([z]) = [y]:
(I) WUC — VUY is an absolute representation;

(IT) W1 — V; is a generic representation;
with 9oW7 — 9 V3 # 0.

Let Q — Q be a normal cobordism between them. Then 8Q = WUC IL% PUW; —
o0 = VvUYILéI(XIUVvl7 where (P,(‘)OP = K,@lp = 80W1) — (KXI,KXO,KX 1)

The restriction to Wo = CUPUW; — Vo =Y UK x I UV; is a normal degree
1 map with controlled homotopy equivalence on the boundary. It defines the same
element i,[z] = [y] € H," (B, K,L). We may also cancel C — Y thus obtaining

W3 =PUW; — V3 2 Vi, and identity on
80W3 =K — 80‘/3 =K.

It still defines the same element [y]. We can apply the = — m-theorem to
(W3,00W3 = K) — (V3,00V3 = K) and obtain a controlled homotopy equivalence
(W4, 00W35) — (V3,00V3 = K).

We have to show that the d-homotopy equivalence dyW; — K defines the same
element as the image of
[2] € Hyy1(B,L) = Sc 6(K).

First, one makes W3 — V3 highly connected by surgeries in the interior of Wj.
We shall assume this for W3 — V3. Assume n + 1 = 2k. The middle-dimensional
classes defining the surgery kernel can be represented by framed immersed (k + 1)-
handles

(H',0H") — (W3, K).

Let U = K x [0,p] U H C W5, where K x [0, p] denotes a small collar of K.
Note that U can be identified with the controlled Wall action of [z] on K. On the
other hand one can remove the intersection of the immersed handles across K (here
71 (K) — mWs is used) to get embedded handles (H,0H) C (W3, K).
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We may assume that U = K X [0, p] U H. Then (W}, 0,W4) = (W3 \ U,0,U) —
(Vs, K) is the result from the m — m-theorem. This shows that both definitions of
the map a on i.[z] = [y] give the same result.

The case when n+ 1 is odd goes as follows: One has to consider neighbourhoods
U of K in W3 given by attached embedded handles of the type S* x D**1 2k +1 =
n + 1. They have to be subtracted. On the other hand, in order to realize an
element of H,,1(B,L) one attaches trivial handles and then applies the controlled
obstruction to the transverse spheres 1 x S*. On this result one then performs the
surgeries. The resulting homotopy equivalence is the same.

6. PROOF OF THEOREM 3

The map b was defined in [DrFe] as the composite map
Hoy1(B,K,L) 2 S, 1(B, K,L) 2 S, (K,L) - S(K).

Here, Sp11(B,K,L), Sp,(K,L) are the structure sets defined in |[Ran] (however,
denoted differently as Sy4+2(B, K), Sp+1(K)).

An element in S, (K, L) is represented by a homotopy equivalence of n-manifolds
P™ — Q™ with the reference map Q™ — K. There is a natural inclusion S(K) C
Sp(K,L). The first isomorphism is due to the m — w-theorem. The map S,,(K,L) —
S(K) is such that the composite S(K) C S, (K,L) — S(K) is the identity.

Let [y] € H, (B, K,L). Our construction of a[y] produces a homotopy equiva-
lence (W', 00W') = (V, 09V = K) with the reference map (V, 9,V = K) — (B, K).

This is the image of [y] in Sp4+1(B, K,L); hence oW’ — 9yV is the image
in S, (K,L). However, it belongs already to S(K) C S,(K,L), and S(K) C
Sp(K,L) — S(K) is the identity. This shows that the diagram

H,1(B,K,L) ¢ S,1(B,K,L) — S,(K,L) — S(K)
. T
HJH(B, K,L) - S.5(K — B)
commutes.
To complete the proof of Theorem 3 we have to verify the commutativity of the
diagrams

H,1(B,L)——=H (B,K,L)

o | la

Hp1(B,L) —— S s(K — B)
and

HIH(B,K7 L) —— H,(K,L")

(II) ja j’:

S.5(K — B) — [K,G/TOP).
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Now, (I) follows from the definition. To prove commutativity of (II), we consider
the big diagram

O«

Sn41(B,K,L) Sn(K,L)
Hni1(B, K, L) O Hy(K,L)
Hppi(B,K,L) 5 HY L (BKL) -2 Hy(KL¥) —> Ha(K,L)
E | - 5
S(K) -~ Se,s5(K) —  [K,G,roP] K, Zx G,rop]
S(K) . [K,Grop]

The “inner” diagram is (II). The upper 3 rows are just definitions of various J,
(see also [Ran], p. 207). Commutativity of the middle left diagram is explained in
the above diagram. The middle right diagram commutes because of compatibility
of . and LT-Poincaré duality. The lower diagram commutes; here n associates
to a homotopy equivalence f : M — K its normal invariant, and pr denotes the
projection map. The composed maps of the “outer” diagram give the diagram

Spi1(B, K, L) 0 S, (K,L)
S(K) —" -~ [K, G rop)-

This commutes because of commutativity of

H,(K,L) ——— [K,G/r0p)

T |

Hn(KaL+) —_— [Kv G/TOP]'
Commutativity of (II) follows from commutativity of all these diagrams.
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