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1. Introduction

Since the variable exponent spaces have been thoroughly studied by Kovacik-Rékosnik [31], they have
been used in previous decades to model various phenomena. In the studies of a class of non-standard
variational problems and PDEs, variable exponent spaces play an important role, e.g. in electrorheological
fluids [36,37,39], thermorheological fluids [4,5], and image processing [1,12,32]. For nonlinear problems with
variable growth, there has been a great deal of interest in studying the existence, multiplicity, uniqueness
and regularity of solutions - for the main results (as well as definitions of some these properties) see [2,3,6,
10,11,13-15,19-21,25,27,28,31,33-35,38] and the references therein.
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The p(z)-curl operator defined by V x (|V x u[P(*)=2V x u) is a generalization of the p-curl operator
in which the constant exponent p has been replaced by a variable exponent p(x). The p(x)-curl systems
possess more complicated structure than the p-curl operators, due to the fact that they are not homogeneous.
Therefore the study of various mathematical problems with variable exponent is very interesting and raises
many difficult mathematical problems.

Moreover, the study of nonlinear elliptic equations involving quasilinear homogeneous type operators like
the p-Laplace or p-curl operators is based on the theory of standard Sobolev spaces W1?(Q) in order to find
weak solutions - see [7,24,26,30]. These spaces consist of functions that have weak derivatives and satisfy
certain integrability conditions. In the case of nonhomogeneous p(x)-Laplace operators, the natural setting
for this approach is to use of the variable exponent Sobolev spaces. The basic idea is to replace the Lebesgue
spaces LP(€) by more general spaces Lp(')(ﬂ), called the variable exponent Lebesgue spaces. However, in
literature the only results involving the p(x)-curl systems by variational methods can be found in [1,9,22,41].

In what follows, vector functions and spaces of vector functions will be denoted by boldface symbols. We
shall use 0, to denote the partial derivative of a function with respect to the variable x.

To introduce our problem precisely, we first give some notations. Let u = (uy, us, u3) be a vector function
on 2. The divergence of u is denoted by

V-ou= 81111,1 + (912712 + (')Tsu;z,
and the curl of u, written curl u or V x u, is defined to be the vector field
V xu= <8w2U3 — 81-3UQ, 6x3U1 — 81-IU3, (99611,62 — 6x2U1> .

Throughout this paper, unless otherwise stated, we shall always assume that exponent p(x) is continuous
on  with

1 <p =minp(r) <p' =maxp(z) < 3,
e e

and satisfies the logarithmic continuity, i.e. that there exists a function w : Rf — R{ such that
_ . 1
forall z,y € Q, |z —y| <1, |p(z) — p(v)| < w(]z —y|), and 11m+w(7') log — =C < 0. (1.1)
7—0 T

In 2016, Antontsev-Miranda-Santos [8] studied the qualitative properties of solutions for the following
p(x,t)-curl systems:

du+V x (|[Vxuf@)=2V xu) = f(u), V-u=0, in Qx (0,7),
IV xufP@)=2Y xuxn=0, u-n=0, ondQ x (0,7), (1.2)
u(l’,O) = u0($)7 in Q7

where V x (|V x u[P®)=2V x u) is the p(z,t)-curl operator

flu) = )\u(/ \u|2dm:)p%2 where A € {—1,0,1} and p is a positive constant.
Q

They introduced a suitable functional framework and a convenient basis in order to apply Galerkin’s method
and they studied the blow-up and finite time extinction properties of solutions, depending on the values
of A and p. In the same year, Xiang-Wang-Zhang [41] used for the first time, the variational methods for
equations involving p(z)-curl operator of the following type:
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{v x |V x u[P®) =2V x u) + a(z)[ufP®-2u= f(z,u), V-u=0, inQ, 13)

|V xuf®2V xuxn=0, u-n=0, on Q.

They studied the existence and multiplicity of solutions for system (1.3) with the following assumptions on
a(z) and f(z,u):

(A): a(x) € L*=(Q) and there exist ag,a; > 0 such that ap < a(z) < a; for all z € Q.
(Hy): There exists F': Q x R3 — R which is differentiable with respect to u € R? and such that

f(z,0) = 0y F(z,u): Q x R® - R?

is a Carathéodory function.
(Hs): There exist C > 0, ¢ € C(Q), and

1<q(z) <p'(z)=—"= in
such that
|f(z,0)] < O+ @) for all (x,u) € Q x R
(H3): There exists a constant p > p™ such that
0 < pF(z,u) < f(z,u)-u for all z € Q and u € R?\ {0}.
|/ (z, v

|u|P(I)_1
F(z,u) > 0.

(Hy): limsup = 0 uniformly in z € €.

u—0

inf
z€Q,ueR3 |u|=1

(Hg): F(x,—u) = F(z,u) for all (x,u) € Q x R3,

The proofs in [41] are based on Mountain Pass theorem and Symmetric Mountain Pass theorem. Under the
conditions (A) and (Hy)—(Hg), the following was proved in [41].

Theorem A (see [/1, Theorems 1.1 and 1.2]). Suppose that

for all z € Q.

Then the following holds:

1. If a(x) satisfies (A) and f(x,u) satisfies (Hy)—(Hs), then system (1.3) has one nontrivial mountain
pass solution.

2. If a(x) satisfies (A) and f(x,u) satisfies (H1)—(Hy) and (Hg), then system (1.3) has infinitely many
nontrivial mountain pass solutions.

In 2019, with the same method as in [41], Ge-Lu [22] gave some weaker conditions than in [41] and they
proved the existence and the multiplicity of solutions for (1.3). In 2017, Bahrouni-Repovs [9] studied the
following p(x)-curl system:



4 M.K. Hamdani, D.D. Repovs / J. Math. Anal. Appl. 486 (2020) 123898

{V X (|V x u[P®) =2V x u) = Af(z,u) — pg(z,u), V- -u=0, inQ, (1.4)

|V xuf®2V xuxn=0, u-n=0, on df.

Clearly, this problem is a special case of our main system when a = 0. Bahrouni-Repovs studied the existence
of solutions for system (1.4) when f satisfies (H;), plus the following conditions:

(Fy): There exist a, 3 > 0 and g € C(Q2) such that

pt < q(z) <p*(z) = — 4= in Q
and
|F(z,u)| > au|?™ and |f(z,u)| < B(1+ [u|?®~1), for all (z,u) € Q x R,
whereas for g they made the following assumptions:
(G1): There exist a nonnegative function g € L°°(2) and r € C(2) such that
pt <r” <r(z)<q¢ and G(z,u)=g(x)|ul"®, forall (z,u)e QxR
(G2): G : Q x R® — R is differentiable with respect to u € R? and g = 9,G(z,u) : @ x R3 — R3 is a
Carathéodory function.

(G3): There exist v, 1 >0, L > 1 and k,r € C(Q) such that 1 < k < p~ and 1 < r(x) < p*(z),

lg(z, )] < p(1+ [u"®=Y), for all (z,u) € @ x R?,

G(z,u)
lim su
u—)Op |u‘p+

= 0 uniformly in z € Q,

and

sup /G(m,u)dm >0, |G(z,u)| < y|u)*@| for all z € Q and |u| > L.
ueWMr)(Q)Q

Under the conditions (Hy), (Fy), (G1)—(G3), the following was proved in [9].
Theorem B (see [9, Theorems 1.1 and 1.2]).

1. Assume that hypotheses (Hy), (Fz), (G1)—(G2) hold. Then there exist A1, 1 > 0 such that, if 0 < A < Ay
and p > p1, then system (1.4) does not have any nontrivial weak solutions.

2. Assume that hypotheses (Hy), (F2), (G1)-(G2) hold. Then for each p > 0, there exists A\, > 0 such that
if X\ > A, then system (1.4) has at least one nontrivial weak solution.

3. Assume that hypotheses (Hy), (Fz), (G2)—(G3) hold. Then there exist A, Az,m > 0 such that, if A €
[A2, As], then there exists ps > 0 with the following property: for each p € [0, pa], system (1.4) has at
least three solutions whose norms are less than r.

Motivated by these results, we study in this paper the existence of solutions for the following p(x)-curl
systems by means of Fountain theorem and Dual Fountain theorem:
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{V x (|V x u|P® =2V x u) + a(z)[u[?®~2u = A\f(z,u) + pg(z,u), V- -u=0, inQ, (L5)

IV xuf®)2V xuxn=0 u-n=0, ondQ,
where Q C R? is a bounded simply connected domain with a C'! boundary denoted by 9, A and u are
parameters, p : Q1 — (1, 4+00) is a continuous function, a € L*°(£2), and f, g : @ x R® — R? are Carathéodory

functions.

Remark 1.1. To the best of our knowledge, there are no results concerning curl systems with variable
exponent based on Fountain theorem and Dual Fountain theorem. In this context, the results of our paper
can be seen as a generalization of the results above, to the p(z)-curl systems arising in electromagnetism.

We shall impose the following condition on a(x):
(A)y: a(z) € L>(Q2) such that lIelg a(z) =a~ > 0.
x
We shall also assume that f(z,u) and g(x,u) satisfy the following global conditions:

(f1): Condition (H;) stated above.
(f2): There exist ¢; > 0 and g(x) € C(Q) such that

1<ph <q <q@)<p(z)=5—"——~ in Q
and
|f(z,u)] < c¢|u)?™@ =1 for all (z,u) € Q x R®,
(f3): There are constants { > 0 and 6 > p™ such that

0<0F(z,u) < f(z,u)-u forall lu| > and z € Q.

(f4): Condition (Hg) stated above.
F(z,u)

(f5): limsup = 0 uniformly in = € Q.

u—o0o |u‘p

(f): f(z,u)-u> 0 forall (z,u) € Q x R3.

(g1): Condition (G3) stated above.
(g2): There exist c; > 0 and y(x) € C(Q) such that

1<v(z)<yT <p <p*(x) = =— = in Q
and
lg(z, )| < colul"™® =1 for all (z,u) € Q x R3.
(93): G(x,—u) = G(z,u) for all (z,u) € Q x R3.

(g4): liminf Gz, u)

u—0 |u|0‘

(g5): g(x,u)-u >0 for all (z,u) € Q x R3.

> 0 uniformly in z € Q with 0 < a < p~.
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The variational structure of this problem leads us to introduce the following space
WP@(Q) = {v e LY@ (Q) : V x v € LP@)(Q),V - v = 0,v - n |gpo= 0},

see Section 2.1 for more details. Let us proceed with setting system (1.5) in the variational structure. A
function u € WP (Q) is said to be a weak solution of (1.5) if

/|V x ulP® 72V x u- V x vdz + /a(m)\u|p(z)_2u -vdr = /\/f(a;,u) -vdr + u/g(x,u) -vdz,
Q Q Q Q

for all v € WP(®)(Q). The Euler-Lagrange functional associated to system (1.5) is defined by

Iny=®— A —pl, \pcR,

where
B(u) = [ 2 (17 @) + afa) ua) ) de
Q
J(u) = /F(:v,u)dx, U(u) = /G(x,u)dx,
Q Q
and

Now, we can state our main results as follows.

Theorem 1.1. Assume that a(z) satisfies (A),, that conditions (f1)-(f1), (91)-(g3) hold, and that p* < ¢~ <
q(z) < pi(x), v© < p~. Then system (1.5) has a sequence of weak solutions (+uy,) in WPE)(Q) for every
A >0, >0, such that Iy ,(+ug) = 400, as k — +o0.

Theorem 1.2. Assume that a(x) satisfies (A),, that conditions (f1)-(f2), (fa), (g1)-(ga) hold, and that p* <
¢ < q(x) < pi(x), v© < p~. Then system (1.5) has a sequence of weak solutions (£uy) in WPE)(Q) for
every A >0, p > 0, such that I ,(ug) < 0 and I ,(£ui) = 0, as k — +o0.

Theorem 1.3. Assume that a(x) satisfies (A),, that conditions (f1)-(f2), (f5), (91)-(92), (g9a) hold, and that
pt < q= < q(z) < pi(x), v+ < p~. Then system (1.5) has at least one nontrivial weak solution in WP®) ()
for every A <0, u> 0.

Theorem 1.4. Assume that a(x) satisfies (A),. If (f1)-(f2), (f6), (91)-(g2), (g5) hold and p* < ¢~ < ¢(z) <
pi(x), v& < p~. Then system (1.5) has no nontrivial weak solution in WP®)(Q) for every A < 0, p < 0.

We conclude with an outline of the structure of the paper. In Section 2, we introduce some preliminary
results and in Section 3, we give the proofs of the main results.

2. Preliminaries

In this section we shall give some preliminary results which will be used in the sequel.
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2.1. Variable exponent Lebesgue and Sobolev spaces
To study our problems, we shall need to introduce certain function spaces. Denote
Ci()={peC(): rwllelgp(x) > 1}.
Definition 2.1. The variable exponent Lebesgue space LP(®)(Q) is defined by

LP@(Q) = {u; u is a measurable real-valued function such that / lu|P®dz < +o0},
Q

and is endowed with the so-called Luxemburg norm

p(x)
|u\p(x):inf{)\>0:/‘;’ dxgl},
Q

If p(x) = p = constant for every x € Q, then the LP(®)(Q) space is reduced to the classical Lebesgue
space LP(€2) and the Luxemburg norm becomes the standard norm on L?(2),

1/p

oo = | [ Tute)p e
Q

If p(x) # constant in €2, then an important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular p,(.) of the space LPO)(Q), which is the mapping Pp(z) LP®)(Q) — R defined by

pp(z)(“) ::/|u|p(m) d.I,
Q

and the following properties hold:

4 _
‘u|p(w) <1l = |u|g(x) < pp(z)(u) < |u‘§(x)7

p+

‘u|p(:v) >1 = |u|£(x) < pp(w)(u) < |u‘p(x)v

[ufp@) =1 = ppa)(u) =1,
[u, —ulp@) = 0 & ppo)(u, —u) — 0.

For more details about these variable exponent Lebesgue spaces see [16,27,35].

Remark 2.1. Variable exponent Lebesgue spaces resemble the classical Lebesgue spaces in many respects,
they are separable Banach spaces and the Hélder inequality holds. The inclusions between Lebesgue spaces
also naturally generalize, that is, if 0 < meas(2) < oo and p(z),¢(z) are variable exponents such that
p(z) < q(z) a.e. in Q, then there exists a continuous embedding L(*) () < LP(*)(Q).

Definition 2.2. The variable exponent Sobolev space W1(#) is defined by
WP (Q) = {u € LP@(Q) : |Vu| € LP@(Q)},

with the norm
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Yu p(z)

. p(z)
Il = nt {30+ [ (|5 ) dr<1),
Q

‘ u
A

[u

Lp) = IVUllp@) + [alpa),

where

if p(z) < 3,
“+oo if p(z) > 3,
for every x € Q.

We define Wol’p(x)(Q) as the closure of C§°(Q2) with respect to the norm || - ||,(),
Wy P(Q) = {u: ulpq = 0,u € LP@(Q), |Vu| € L@ (Q)}.

The dual space of Wol’p(m)(Q) is denoted by W1 (#)(Q), where

1 1 _
—+ =1, forevery x € Q.
p(z)  p(z)

Next, we recall some embedding results regarding variable exponent Lebesgue and Sobolev spaces.
Theorem 2.1 (see [18, Theorem 1.8]). The following statements hold:

(%) (Wol’p(z)(Q), II-11) is a separable and reflexive Banach space.
(ii) If p,q € CL(Q) and q(x) < p*(x) for every x € Q, then there is a compact and continuous embedding

WhrE@(Q) s L1@)(Q).
(iii) There is a constant C > 0 such that
ulpe) < ClIVullpea, for all u e Wy ().
Let
LP@(Q) = LP@®)(Q) x LP®(Q) x LP@)(Q)
and define
WP@(Q) = {v e LPP(Q) : V x v € LP@)(Q),V - v = 0,v - n |spo= 0},

where n denotes the outward unit normal vector to 9. Equip WP(*)(Q) with the norm
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[Vlwee @) = VIl @) + IV X V] Lo (q)-
If p~ > 1, then by Theorem 2.1 of [8], WP(#)(Q) is a closed subspace of W,l{p(x)(ﬂ), where
Wyr(Q) = {v e WH(Q) s v n |po= 0}
and
WLP@ () = WhPE) (Q) x WHPE)(Q) x WhPE) ().
Thus, we have the following theorem.

Theorem 2.2 (see [/1, Theorem 2.1]). Assume that 1 < p~ < pt < oo and p satisfies condition (1.1).
e 6 .

Then WP)(Q) is a closed subspace of WP )(Q) Moreover, if p~ > 5 then ||V X -||lp(z) () 95 a norm on

WrE)(Q) and there exists C = C(N,p~,pT) > 0 such that

[VIiwre@ @) < CIV X V| Loe ()

Remark 2.2. By Theorems 2.1 and 2.2, the embedding W?(®)(Q) < L%*)(Q) is compact, with 1 < p~ <
— 3 —
pt <3,qg€ C(Q),and 1 < g(x) < Bpi in Q. Moreover, (WP(@)(Q), || -||) is a uniformly convex, reflexive

—p(x)

and separable Banach space.

Let
p(x) p(z)
|lul|e = inf n>0:/<‘w‘ +a(x)’m’ >dx§1
n n
Q
for all u € WP In view of a~ > 0 (see condition (A),), it is easy to see that | - ||, is equivalent to the

norms || - |we@) (@) and || - | Lre) () on WrE)(Q). In this paper, we shall use for convenience the norm || - ||,
on the space WP(®)(Q).

Proposition 2.1 (see [41]). Let

Apz),a(0) = / (|V x u(z)[P® + a(:c)|u(x)|p(x)> dz for all u e WP@(Q),
Q

Then

. .
1 Julg <1 = [uff < Aygya(u) < [ufp;

_ +
2. [ulg >1 = [uff <Ayg).(u) <|uff.

Proposition 2.2. The following functional

B(u) = [ 2 (17 @) + afa) ) ) d
Q

is well defined, even, convex, and sequentially weakly lower semi-continuous. Also, the functional ® is of
class Ct and
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(@ (), v) = / (|v X ufP® 2V x u- V x v+ a(z)[uf®2u - v) dz, for all u,v € W@ (Q),
Q

where (-,-) is the dual pairing between WP®)(Q) and its dual (WP (Q))*. Similar to [}1], we can deduce
that

(i) ® : WPE)(Q) — (WPE)(Q))* is a continuous, bounded and strictly monotone operator;
(i) ®' is a mapping of type (S1), namely: v, — u and limsup(A’(u,),u, —u) < 0, hence u, — u in

n—oo
WrE)(Q).
(ii7) @ : WP (Q) — (WPE)(Q))* is a homeomorphism.

Remark 2.3 (see [17, Remark 2.1]). We note that the sum of a mapping of type (S ) and a weakly-strongly

continuous mapping is still a mapping of type (S ). Therefore I} , = &' — A\J" — p¥’ is a mapping of type
(S4). Hence any bounded (P.S) sequence of I , has a convergent subsequence.

2.2. Preliminary lemmas

From the statement above we know that WP(*)(Q) is a reflexive and separable Banach space (see [8]).
Therefore there exist {e;} € WP (Q) and {er} C (WP@)(Q))* such that

Wr)(Q) =span{e; : j =1,2,..}, (WPE(Q))* = span{e} :j=1,2,..},
with

o L ife=y
<€j,3j>— e .
0, ifi#j.

Define
k oo
X; =span{e;},  Yi=EPX;, Z=PX;. (2.1)
Jj=1 j=k

We need the following lemmas which will be used in the proof of our main results.
Lemma 2.1. If ¢(x), v(z) € C+(Q), q(x),v(z) < pi(z) for x € Q, let

Br = sup{|ulgz) : [Julla =1, ue Zy},
Or = sup{|ulyz) : |Julla =1, ue Zy}.

Then limg_soo Bt = 0 and limyg_soo0r = 0.

Proof. Obviously, 0 < Br11 < Bk, so B, — B > 0. Let uy € Zj, satisfy

1

[uglla =1, 0 < By — [uply) < E'

Then there exists a subsequence of {uy} (which we still denote by uy) such that ux — u, and

*

VR

(e, u) = klim (ef,ur) =0, forall e
— 00
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which implies that u = 0, and so u; — 0. Since the embedding from WP®) (Q) to LI®)(Q) is compact, it
follows that ugy — 0 in L) (Q). Hence, we get 8, — 0 as k — oco. The proof for 6, can be obtained by the
same procedure. O

Lemma 2.2. I, ,, is weakly lower semi-continuous on WP (Q).

Proof. By Proposition 2.2, we know that ® is weakly lower semi-continuous. Assuming u,, — u in W»(*) (),
the compact embedding by Remark 2.2 gives us

u, — u in LP®(Q)andu, ~u in LYQ). (2.2)

By the mean value theorem, there exists z which takes on values strictly between u and u,, such that

/ |F(z,u,) — F(z,u)|dz < / |u, —ul|sup |f(z,z)|dx,
z€Q
Q Q

hence by assumptions (f2), (g2) and (2.2), the functional J(u) = / F(z,u)dz is weakly continuous, and so
Q

is ¥(u) = / G(x,u)dz. Consequently, the functional Iy , is weakly lower semi-continuous. O
Q

3. Proofs of the main results
Recall the definitions of (PS). and (PS)? conditions.
8.1. The Palais-Smale compactness condition

Definition 3.1. The C'-functional I, , satisfies the Palais-Smale condition at the level ¢ (in short (PS).
condition) for ¢ € R if any sequence (u,)p,en € WP®)(Q) for which I ,(u,) = ¢ and If\w(un) — 0 as
n — o0, has a convergent subsequence.

Definition 3.2. The C'-functional I , satisfies the (PS)} condition for ¢ € R if any sequence (up,)jen+ C
Wr@)(Q) such that u,, € Yy, In u(u,,) = ¢, and (I ,|Yy,) (u,,) — 0 as n; — 400, contains a subse-
quence converging to a critical point of I ,.

Theorem 3.1. Under the hypotheses of Theorem 1.1, the functional I, satisfies (PS). condition.

Proof. By Lemma 2.2 and Remark 2.3, it suffices to verify the boundedness of (PS). sequences. Suppose
that (u,), C WP@)(Q) is a (PS) sequence at the level ¢ € R, i.e., I ,(u,) < c and I ,(a,) = 0asn — oo.
Arguing by contradiction, we assume that ||u,|l, — +00. For n large enough, by the conditions (f1), (f3),
(91), (g2) and Proposition 2.1 we have

1
et [[uplla > In p(an) — p<IlA,;L(un),un>

1 1) 1
> = = = | Ap@)e(0) — 1 <—G(m, u,) — g(z,uy) -un> dx
<p+ p Q/ Iz

1 We refer the readers to [23,24,29] for further information on the Palais-Smale condition with assumption weaker than (f3).
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1
+)\/ (;f(x,un)-un—F(:c,un)>da:
L 1 P l z,u,) —g(z,u,) - u T
> <p_+_;> [, (|5 M/(MG( Juy) — g(z,uy) n>d

Q
1
+ A / (;f(m,un) ‘u, — F(x,un)> dx — C|Q|
Qn{|u,|>1}
11 _ .
> ——=]ul|? —Culu.|} —C|Q|.
<p+ u)” | | 19

Dividing the above inequality by |lu,||? , taking into account that p~ > 4" and passing to the limit as
n — oo, we obtain a contradiction. It follows that (u,), is bounded in WP (Q). O

Theorem 3.2. Under the hypotheses of Theorem 1.2, functional Iy, satisfies (PS)} condition.
Proof. Suppose that (u,,); C WP(®)(Q) is such that
u,, €Y, Iu(u,,)—c (InplYn,) (un,) =0 as nj; — 4oo0.
In a similar way as in the proof of Theorem 3.1, we obtain the boundedness of the sequence (up,;);jen+ C

Wr@)(Q). Hence, there exists u € WP®)(Q) such that u,, — u weakly in WP(®)(Q) = U, Y,,,. Then we
can obtain v, € Y}, such that v,, — u. We have

<I§\7H(u”1)7 Un; — u) = <I§\,u(unj)v Upn; — an> + <I$\,u(unj)’vnj —u).
Since u,; — vy, € Y,,, then
(Iﬁ\wﬂ(unj),unj —u) = (I ulY,) (un, ), un, —vi,) + <I§\’#(un].),vnj —u) = 0 asn — oo.

Since I} , is of S type, we can deduce that u,; — u in Wr@)(Q). Furthermore, I (un;) = I} ,(u). Now
we claim that u is a critical point of I, ,. Taking wy € Y}, when n; > k, we have

(I\ (@), wi) = (I3, (w) = Iy (), Wie) + (T3, (U, ), W)

= <I;\,u(u) - I;\,p,(unj)vwk> + <(I>\7M|Klj)/(unj)vwk>'

Taking n; — oo, we obtain (I} ,(u),wy) = 0, for all wy, € Yj. So I} ,(u) = 0, which verifies that I ,
satisfies (PS)* condition. O

3.2. Proof of Theorem 1.1

The following Fountain theorem will be used to get our first result. For the reader convenience, we state
it as follows.

Theorem C (Fountain theorem [/0]). Let X be a reflexive and separable Banach space, I € C*(X,R) an
even functional and let the subspaces Xy, Yy, Zx be as defined in (2.1). Suppose that for each k € R, there
exist p > 1 > 0 such that
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(A7) inf{I(u): u € Z, ||Jul|=r} = 400 as k = +o0;
(A2) max{I(u): ueYy, ||lul|=pr} <0;
(As) I satisfies (PS) condition for every ¢ > 0.

Then I has an unbounded sequence of critical points.
Proof of Theorem 1.1. By (g3), (f4) and Theorem 3.1, I , is an even functional and satisfies (PS). con-
dition. Therefore, by Theorem C it suffices to show that if k is large enough, then there exist px > i > 0

such that (A;) and (Az) hold.

Verification of (A;): Let u € Zj, with ||ul|, > 1. Then it follows from (f2) and (g2) that

1
(1) = / e (IV < u@P + o) @) dz - A / Fla, w)dz — / Gz, w)dz
Q
1 -
= —|[ulfg —)\/F(x,u)dx—,u/G(x,u)dx
b Q Q
1 _
> cllulle” =AC [ ful@ds [ jap o
Q Q
1 +
p—+||u||p = ACpy(z)(u) — pCllul]
) X _
FH“H’; —C—pClully if [uly@) <1
>
= 1 - A + + +
—+Hu||§ ——_0513 [alld” —pClully -, if uly@) > 1.

1
—+||u||p - q—Cﬂk Jullg” — pClluly” ~
where
Br = sup{|uly@) ¢ [Jufla =1, u € Zx}.

A o
Choose |[ull, = rx = (Tq+CﬁZ )p " and notice that p~ < p* < ¢*. By Lemma 2.1 we can deduce
q

that rp, — +00 as k — oo, hence

iz ) et ) et ) et ) e
- (pi"" B q%) (qi—q—FC*BZJr)p_pﬁ - uC(qi_q+Cﬁ,3+)”J:+ —C — oo as k — oo.

Verification of (Az): Clearly, condition (f3) implies the existence of two positive constants ¢; and ¢y such
that

F(x,u) > ci|ul? — ¢y, for all (z,u) € Q x R, (3.1)

Assume now that (3.1) and (g2) hold. Let u € Y}, be such that ||u||, = pr > rr > 1. Then
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1
I ,(u) = /() (|v x u(z) [P + a(x)|u(x)\p(””)) dx — )\/F(x,u)dx — M/G(x,u)dx
x
Q P Q Q
1
< F||u||§+ - /\/F(x,u)dx - M/G(m,u)dm
Q Q

1
< Z¢||u||g+ — a1 / lu|?da +Mc/ lu]" @ da + .
Q Q

Since dimY}, < oo, all norms are equivalent in Yy, there are Cf,, C%, > 0 such that

[ ultds = Clall and [ jap@ds < Gl
Q Q

Hence, we get
I, (a <—1 ul?" = AerCL A |u 9+/¢C’CQ u 7++ Q
Ay#( )— _|| ||a 1Ly H ||a WH ||a CQ| "

so we see that I ,(u) — —oo as ||ull, = 400 because v* < p* < 6. Conclusion of Theorem 1.1 is now
reached by invoking Theorem C. O

8.8. Proof of Theorem 1.2

We shall apply the following Dual Fountain theorem to prove our second main result.

Theorem D (Dual Fountain theorem [}0]). Let X be a reflexive and separable Banach space, I € C*(X,R)
an even functional, and Xy, Yy, Zy, the subspaces defined in (2.1). Assume that there is ko > 0 such that for
each k > ko, there exist pi > 1 > 0 such that

(B1) inf{I(JJul)): ue€ Z, ||Ju||=rx} <0
(B2) max{I(u): ueYy, ||ul|=pr}>0;
(B3) inf{I(u): ueZ, ||lul|=pr} = 0 as k = +o0;
(By) I satisfies (PS)% condition for every ¢ € [dj,,0).

Then I has a sequence of negative critical values converging to 0.

Proof of Theorem 1.2. According to (g3), (f1) and Theorem 3.2, I , is an even functional and satisfies
(PS)} condition. Thus it suffices to verify (B1), (Bz2) and (Bg) of Theorem D.

Verification of (B;): Assume that (fz) and (g2) hold. For any u € Zj, we have

In,(u) = /ﬁ (|V x u(z)P®) +a(x)|u(m)\p(m)) dx — /\/F(m,u)dx — M/G(x,u)dx
Q Q Q
> p—lJr||qu7+ —)\/F(x,u)dx—y/G(%u)dx

Q Q

1
> cllullz” = AClully ~ Ci / P @ da. (3.2)
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- 1
Notice that g— > pT, so there exists small enough py > 0 such that \C|ul|? < 2—+||u|\7;r as 0 < p =
p

lalla < po-
Then by the proof above, we have

a

1 + - - .
g+ 1lle = pCO e, if fulym) <1

I u(a) > (3.3)

]. + — + .
gprllulle —nOO% ul2”, if uly) > 1.
Choose

pr = maz{(2p" Cpd) )7 (20" O )77 ),

and notice that p™ > 7T, so by Lemma 2.1 we can deduce that py — 0 as k — oo. Hence I ,(u) > 0, i.e.,
(B1) is satisfied.

Verification of (Bz): Assume that u € Y}, with ||ul|, < 1. Assumption (g4) is equivalent to the following
there exists § > 0, G(z,t) > C|t|*, a <p~, for all [t]| € (0,9). (3.4)

Then by (3.4) and (f2) we have

In,(u) = /L (|V x u(z)|P® + a(w)|u(m)\p(x)> dx — )\/F(m,u)dm — u/G(m,u)dm

p(x)
Q Q

< —|Jul[r” +/\C/|u|‘I(“”)d:c—uC/|u|adx
Q Q

1
P
1 P q a
< FHuHa + Clullg = pClullg.
Since a < p~ < q7, there exists r, € (0, pr) such that I ,(u) < 0 when |uf|, = 7.
Verification of (Bj): Notice that Y, N Zy # 0 and r, < pi, so we have
dr = infuez,,|jullo<pp Drp (@) < b = MaXueyy |juf,=r, Iru (1) <0,
For u € Zy, |Ju|ls < pi is small enough. From (3.3), we can now obtain

1 + + +
Iy p(w) = 2]Fllul\ﬁ — pCO; lully

Since 0, — 0 and k — oo, it now follows that (Bg) is also satisfied. Invoking Theorem D, we thus complete
the proof of Theorem 1.2. O

8.4. Proof of Theorem 1.3
In order to prove Theorem 1.3, we shall need the following two lemmas.
Lemma 3.1. For any A < 0, > 0, the following holds:

(1) I, is weakly lower semi-continuous on WP (Q).
(2) I, is bounded from below and coercive on WP®)(Q).
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Proof. (1) The proof is similar to that of Lemma 2.2, so we shall omit it.
(2) From the hypothesis (f5), for any small enough € > 0, there exists M > 0 such that

|F(x,t)| < C'[t|P for [t| > M.

Therefore, when A < 0, 1 > 0, we can deduce that for any u € WP (Q) with |Ju||, > 1, the following holds

Do) = il — [ Flawds — p [ Gl wis
Q

p+
Q
1 - - +
ZFHUWZ +AC[ulff = pCllullg (3.5)

Since vt < p~, I, is bounded from below and coercive, so (2) is also proved. O
Lemma 3.2. Assume that (f2) and (g4) hold. Then for any A < 0,u > 0 we have

inf [ .
uGV\}E(m)(Q) ap(u) <0

Proof. Using again assumption (g4), there exists § > 0 such that
G(z,e) > Ce®, a<p, forall le| € (0,9). (3.6)

Choose vg € C§°(€) such that 0 < vg < 6, and let ug = svg. Then by (f2) and (3.6), for A < 0, > 0, we
have

I u(svo) < 8P |[voll? — )\/F(x,svo)dm - u/G(m,svo)daz
Q Q

wawm+uw/ﬂmwwwmwc/ﬁwwm
Q Q

<P ||[vol|2 +|NCsP /|V0|p($)d$ — uCs® / |vo|*dz.
Q Q

Since a < p~ and s is small enough, it follows that in(f) Iy, (u) <0, which completes the proof. O
uEWP(@) (Q)

Proof of Theorem 1.3. By Lemma 3.1, it follows that for any A < 0,4 > 0, Iy , has a global minimizer ug
to Iy ,(u) in WP@)(Q) such that I3 (o) = 0 (see [40]). Therefore ug is a weak solution of system (1.5).
Moreover, since I ,(0) = 0 and I ,(uo) < 0 (see Lemma 3.2), u # 0, i.e. ug is a nontrivial solution. This
completes the proof of Theorem 1.3. O

3.5. Proof of Theorem 1./

When A < 0, u < 0, we argue by contradiction that u € WP (Q) \ {0} is a weak solution of system
(1.5). Multiplying the first equation of system (1.5) by u, we get

/V x (|V x ulP®=2Y x u) - udz + /a(x)|u\p(z)*2u cudr = )\/f(x,u) -udr + ,u/g(x,u) -udz.
Q Q Q Q
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Using the boundary conditions in (1.5) and integrating by parts, we get

/|V x u|P® dz + /a(:r)|u|p(z)d:z: = /\/f(x,u) -udx +,u/g(:r,u) -udwx,
Q Q

Q Q

which contradicts (fg) and (gs). This completes the proof of Theorem 1.4. O
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