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Abstract This article concerns a class of elliptic equations on Carnot groups depending on
one real positive parameter and involving a subcritical nonlinearity. As a special case of our
results we prove the existence of at least one nontrivial solution for a subelliptic equation
defined on a smooth and bounded domain D of the Heisenberg group H

n = C
n × R. The

main approach is based on variational methods.
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1 Introduction

Analysis on Carnot–Carathéodory (briefly CC) spaces is a field currently undergoing great
development. These abstract structures are a special class of metric spaces in which the
interactions between analytical and geometric tools have been carried out with prosperous
results.
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In this setting, a fundamental role is played by Carnot groups that, as it is well-known,
are finite dimensional, simply connected Lie groups G whose Lie algebra g of left invariant
vector fields is stratified (see Sect. 2). Roughly speaking Carnot groups can be seen as local
models of CC spaces. Indeed, they are the natural tangent spaces to CC spaces, exactly as
Euclidean spaces are tangent to manifolds (see, for instance, [22] for details).

It is well-known that a great attention has been focused by many authors on the study of
subelliptic equations on Carnot groups and in particular, on the Heisenberg group H

n . See,
among others, the papers [2,4,5,8–10], as well as [11,13,15–17,20] and references therein.
We point out that the bibliography does no escape the usual rule, being incomplete. Indeed,
we have listed only papers that are closer to the topics discussed along the manuscript.

Motivated by this large interest, we study here the existence of weak solutions for the
following problem

(P f
λ )

{−�Gu = f (ξ, u) in D
u|∂ D = 0,

where D is a bounded domain of the Carnot group G, �G is the subelliptic Laplacian on G,
and λ is a positive real parameter.

Problem (P f
λ ) has a variational nature, hence its weak solutions can be found as critical

points of a suitable functional Jλ defined on the Folland–Stein space S1
0(D), whose analytic

construction is recalled in Sect. 2.
Thanks to this fact, the main approach is based on the direct methods of calculus of

variations (see [19]) and on the geometric abstract framework on Carnot groups (see, among
others, the classical reference [3] and references therein).

More precisely, under a suitable subcritical growth condition on the nonlinear term f , we
are able to prove the existence of at least one (non-trivial) weak solution of problem (P f

λ )

provided that λ belongs to a precise bounded interval of positive parameters.
The main novelty of this new framework is that, instead of the usual assumptions on func-

tionals, it requires some hypotheses on the nonlinearity, which allow for better understanding
of the existence phenomena. This allows us to enlarge the set of applications of the direct
minimization exploiting this abstract method without any asymptotic condition of the term
f at zero, as requested in [8, Theorem 3.1].
A special case of our result, in the Heisenberg setting, reads as follows.

Theorem 1.1 Let D be a bounded domain of the Heisenberg group H
n and let f : R → R

be a continuous function such that

sup
t∈R

| f (t)|
1 + |t |p

≤ κ, (1)

where p ∈ (1, γ 2∗
h − 1), with γ ∈ (2/2∗

h, 1) and 2∗
h := 2

(
n + 1

n

)
. Assume that

0 < κ <
(p − 1)

p−1
p

pc
p−1

p
1,γ c

p+1
p

2,γ

|D|
1−γ

p + (1−p)(γ 2∗h−1)

pγ 2∗h , (2)

where c1,γ and c2,γ denote the embedding constants of the Folland–Stein space H
1
0(D) in

Lγ 2∗
h (D) and L

p+1
γ (D), respectively. Then the following subelliptic problem

(Pκ )

{−�Hn u = f (u) in D
u|∂ D = 0,
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has a weak solution u0,κ ∈ H
1
0(D) such that

‖u0,κ‖
H
1
0(D) <

(
κpcp+1

2,γ ‖β‖
L

1
1−γ (D)

) 1
1−p

.

For the sake of completeness we recall that very recently, in [18], the existence of multiple
solutions for parametric elliptic equations on Carnot groups has been proved by exploiting
the celebrated Ambrosetti–Rabinowitz condition and a local minimum result due to Ricceri
(see [21]).We emphasize that in the present paper we don’t require such technical assumption
on the nonlinearity f .

The plan of the paper is as follows. Section 2 is devoted to our abstract framework and
preliminaries. Next, in Sect. 3, Theorem 3.1 and some preparatory results (see Lemmas 3.2
and 3.3) are presented. In the last section, Theorem 3.1 is proved.

2 Abstract framework

In this section we briefly recall some basic facts on Carnot groups and the functional
space S1

0(D).

Dilatations. Let (Rn, ◦) be a Lie group equipped with a family of group automorphisms,
namely dilatations, F := {δη}η>0 such that, for every η > 0, the map

δη :
r∏

k=1

R
nk →

r∏
k=1

R
nk

is given by

δη

(
ξ (1), . . . , ξ (r)

)
:=

(
ηξ(1), η2ξ (2), . . . , ηr ξ (r)

)
,

where ξ (k) ∈ R
nk for every k ∈ {1, . . . , r} and ∑r

k=1 nk = n.

Homogeneous dimension. The structureG := (Rn, ◦,F) is called a homogeneous group with
homogeneous dimension

dimhG :=
r∑

k=1

knk . (3)

From now on, we shall assume that dimhG ≥ 3. We remark that, if dimhG ≤ 3, then
necessarily G = (RdimhG,+). Note that the number dimhG is naturally associated to the
family F since, for every η > 0, the Jacobian of the map

ξ 	→ δη(ξ), ∀ ξ ∈ R
n

equals ηdimhG.

Stratification. Let g be the Lie algebra of left invariant vector fields on G and assume that g
is stratified, that is:

g =
r⊕

k=1

Vk,
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where the integer r is called the step ofG, Vk is a linear subspace of g, for every k ∈ {1, . . . , r},
and

dimVk = nk, for everyk ∈ {1, . . . , r};
[V1, Vk] = Vk+1, for 1 ≤ k ≤ r − 1, and [V1, Vr ] = {0}.

In this setting the symbol [V1, Vk] denotes the subspace of g generated by the commutators
[X, Y ], where X ∈ V1 and Y ∈ Vk .

The notion of Carnot group and subelliptic Laplacian onG. ACarnot group is a homogeneous
group G such that the Lie algebra g associated to G is stratified.

Moreover, the subelliptic Laplacian operator onG is the second-order differential operator,
given by

�G :=
n1∑

k=1

X2
k ,

where {X1, . . . , Xn1} is a basis of V1. We shall denote by

∇G := (X1, . . . , Xn1)

the related horizontal gradient.

Critical Sobolev inequality. A crucial role in the functional analysis on Carnot groups is
played by the following Sobolev-type inequality

∫
D

|u(ξ)|2∗
dξ ≤ C

∫
D

|∇Gu(ξ)|2 dξ, ∀ u ∈ C∞
0 (D) (4)

due to Folland (see [6]). In the above expression C is a positive constant (independent of u)
and

2∗ := 2dimhG

dimhG − 2
,

is the critical Sobolev exponent. Inequality (4) ensures that if D is a bounded open subset of
G, then the function

u 	→ ‖u‖S10 (D) :=
(∫

D
|∇Gu(ξ)|2 dξ

)1/2

(5)

is a norm in C∞
0 (D).

Folland–Stein space. We shall denote by S1
0 (D) the Folland–Stein space defined as the

completion of C∞
0 (D) with respect to the norm ‖ · ‖S10 (D). The exponent 2∗ is critical for

�G since, as in the classical Laplacian setting, the embedding S1
0 (D) ↪→ Lq(D) is compact

when 1 ≤ q < 2∗, while it is only continuous if q = 2∗, see Folland and Stein [7] and the
survey paper [14] for related facts.

The Heisenberg group. The simplest example of Carnot group is provided by the Heisenberg
group H

n := (R2n+1, ◦), where, for every

p := (p1, . . . , p2n, p2n+1) and q := (q1, . . . , q2n, q2n+1) ∈ H
n,
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the usual group operation ◦ : Hn × H
n → H

n is given by

p ◦ q :=
(

p1 + q1, . . . , p2n + q2n, p2n+1 + q2n+1 + 1

2

2n∑
k=1

(pkqk+n − pk+nqk)

)

and the family of dilatations has the following form

δη(p) := (ηp1, . . . , ηp2n, η2 p2n+1), ∀ η > 0.

Thus Hn is a (2n + 1)-dimensional group and by (3) it follows that

dimhH
n = 2n + 2,

and

2∗
h := 2

(
n + 1

n

)
.

The Lie algebra of left invariant vector fields on H
n is denoted by h and its standard basis is

given by

Xk := ∂k − pn+k

2
∂2n+1, k ∈ {1, . . . , n}

Yk := ∂n+k − pk

2
∂2n+1, k ∈ {1, . . . , n}

T := ∂2n+1.

In such a case, the only non-trivial commutators relations are

[Xk, Yk] = T, ∀ k ∈ {1, . . . , n}.
Finally, the stratification of h is given by

h = span{X1, . . . , Xn, Y1, . . . , Yn} ⊕ span{T }.
We denote by H

1
0(D) the Folland–Stein space in the Heisenberg group setting, as well as by

�Hn the Kohn–Laplacian operator on H
n .

We cite the monograph [3] for a nice introduction to Carnot groups and [19] for related
topics on variational methods used in this paper.

3 The main result and some preliminary lemmas

The aim of this section is to prove that, under natural assumptions on the nonlinear term
f , weak solutions to problem (P f

λ ) below do exist. More precisely, the main result is an
existence theorem for equations driven by the subelliptic Laplacian, as stated here below.

Theorem 3.1 Let D be a bounded domain of the Carnot groupG of homogeneous dimension
dimhG ≥ 3 and let f : D × R → R be a Carathéodory function such that

| f (ξ, t)| ≤ α(ξ) + β(ξ)|t |p almost everywhere in D × R, (6)

where

α ∈ L
γ 2∗

γ 2∗−1 (D) and β ∈ L
1

1−γ (D)
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with γ ∈ (2/2∗, 1), p ∈ (1, γ 2∗ − 1), and 2∗ := 2dimhG

dimhG − 2
. Furthermore, let

0 < λ <
(p − 1)

p−1
p

pκ

p−1
p

1,γ κ

p+1
p

2,γ ‖α‖
p−1

p

L
γ 2∗

γ 2∗−1 (D)

‖β‖
1
p

L
1

1−γ (D)

, (7)

where κ1,γ and κ2,γ denote the embedding constants of the Folland–Stein space S1
0 (D) in

Lγ 2∗
(D) and L

p+1
γ (D), respectively. Then the following subelliptic parametric problem

(P f
λ )

{−�Gu = λ f (ξ, u) in D
u|∂ D = 0,

has a weak solution u0,λ ∈ S1
0 (D) and

‖u0,λ‖S10 (D) <

(
λpκ

p+1
2,γ ‖β‖

L
1

1−γ (D)

) 1
1−p

.

We recall that a weak solution for the problem (P f
λ ), is a function u : D → R such that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫
D
〈∇Gu(ξ),∇Gϕ(ξ)〉 dξ

= λ

∫
D

f (ξ, u(ξ))ϕ(ξ)dξ, ∀ ϕ ∈ S1
0 (D)

u ∈ S1
0(D).

Let us consider the functional Jλ : S1
0 (D) → R defined by

Jλ(u) := 1

2
‖u‖2

S10 (D)
− λ

∫
D

F(ξ, u(ξ))dξ, ∀ u ∈ S1
0(D) (8)

where λ ∈ R and, as usual, we set F(ξ, t) :=
∫ t

0
f (ξ, τ )dτ .

Note that, under our growth condition on f , the functional Jλ ∈ C1(S1
0 (D)) and its

derivative at u ∈ S1
0 (D) is given by

〈J ′
λ(u), ϕ〉 =

∫
D
〈∇Gu(ξ),∇Gϕ(ξ)〉 dξ − λ

∫
D

f (ξ, u(ξ))ϕ(ξ)dξ,

for every ϕ ∈ S1
0 (D).

Thus the weak solutions of problem (P f
λ ) are exactly the critical points of the energy

functional Jλ.
Fix λ > 0 and denote

�(u) := ‖u‖S10 (D) and �λ(u) := λ

∫
D

F(ξ, u(ξ))dξ,

for every u ∈ S1
0 (D).

Note that, thanks to condition (6), the operator�λ is well defined and sequentially weakly
(upper) continuous. So the operator Jλ is sequentially weakly lower semicontinuous on
S1
0 (D). With the above notations we can prove the next two lemmas that will be crucial in

the sequel.
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Lemma 3.2 Let λ > 0 and suppose that

lim sup
ε→0+

supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,�0−ε]) �λ(v)

ε
< �0, (9)

for some �0 > 0. Then

inf
σ<�0

supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,σ ]) �λ(v)

�2
0 − σ 2

<
1

2
. (10)

Proof First, by condition (9) one has

lim sup
ε→0+

supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,�0−ε]) �λ(v)

�2
0 − (�0 − ε)2

<
1

2
. (11)

Indeed, if ε ∈ (0, �0), one has

supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,�0−ε]) �λ(v)

�2
0 − (�0 − ε)2

= supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,�0−ε]) �λ(v)

ε

× −ε/�0

�0

[(
1 − ε

�0

)2

− 1

] ,

and

lim
ε→0+

−ε/�0

�0

[(
1 − ε

�0

)2

− 1

] = 1

2�0
.

Now, by (11) there exists ε̄ > 0 such that

supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,�0−ε]) �λ(v)

�2
0 − (�0 − ε)2

<
1

2
,

for every ε ∈]0, ε̄[. Setting σ0 := �0 − ε0 (with ε0 ∈]0, ε̄[), it follows that
supv∈�−1([0,�0]) �λ(v) − supv∈�−1([0,σ0]) �λ(v)

�2
0 − σ 2

0

<
1

2
,

and thus inequality (10) is verified. ��
Lemma 3.3 Let λ > 0 and suppose that condition (10) holds. Then

inf
u∈�−1([0,�0))

supv∈�−1([0,�0]) �λ(v) − �λ(u)

�2
0 − ‖u‖2

S10 (D)

<
1

2
. (12)

Proof Assumption (10) yields

sup
v∈�−1([0,σ0])

�λ(v) > sup
v∈�−1([0,�0])

�λ(v) − 1

2
(�2

0 − σ 2
0 ), (13)
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for some 0 < σ0 < �0. Thanks to the weakly regularity of the functional �λ, since

sup
v∈�−1([0,σ0])

�λ(v) = sup
‖v‖

S10 (D)
=σ0

�λ(v),

by (13) there exists u0 ∈ S1
0(D) with ‖u0‖S10 (D) = σ0 such that

�λ(u0) > sup
v∈�−1([0,�0])

�λ(v) − 1

2
(�2

0 − σ 2
0 ), (14)

that is,

supv∈�−1([0,�0]) �λ(v) − �λ(u0)

�2
0 − ‖u0‖2S10 (D)

<
1

2
, (15)

with ‖u0‖S10 (D) = σ0. The proof is now complete. ��

4 Proof of Theorem 3.1

For the proof of our result, before, we note that problem (P f
λ ) has a variational structure.

Indeed, it is the Euler–Lagrange equation of the functional Jλ.
Hence, fix

λ ∈

⎛
⎜⎜⎜⎝0,

(p − 1)
p−1

p

pκ

p−1
p

1,γ κ

p+1
p

2,γ ‖α‖
p−1

p

L
γ 2∗

γ 2∗−1 (D)

‖β‖
1
p

L
1

1−γ (D)

⎞
⎟⎟⎟⎠ , (16)

and let us consider 0 < ε < �. Setting

�λ(ε, �) := supv∈�−1([0,�]) �λ(v) − supv∈�−1([0,�−ε]) �λ(v)

ε
,

one has

�λ(ε, �) ≤ 1

ε

∣∣∣∣∣ sup
v∈�−1([0,�])

�λ(v) − sup
v∈�−1([0,�−ε])

�λ(v)

∣∣∣∣∣ .
Moreover, it follows that

�λ(ε, �) ≤ sup
v∈�−1([0,1])

∫
D

∣∣∣∣∣
∫ �v(ξ)

(�−ε)v(ξ)

λ
| f (ξ, t)|

ε
dt

∣∣∣∣∣ dξ.

Now the growth condition (6) yields

sup
v∈�−1([0,1])

∫
D

∣∣∣∣∣
∫ �v(ξ)

(�−ε)v(ξ)

λ
| f (ξ, t)|

ε
dt

∣∣∣∣∣ dξ ≤ sup
v∈�−1([0,1])

∫
D

λα(ξ)|v(ξ)|dξ

+ sup
v∈�−1([0,1])

∫
D

λβ(ξ)

p + 1

(
�p+1 − (� − ε)p+1

ε

)
|v(ξ)|p+1dξ.
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Since the Folland–Stein space S1
0 (D) is compactly embedded in Lq(D), for every q ∈ [1, 2∗),

bearing in mind that

λα ∈ L
γ 2∗

γ 2∗−1 (D) and λβ ∈ L
1

1−γ (D),

the above inequality yields

�λ(ε, �) ≤ κ1,γ ‖λα‖
L

γ 2∗
γ 2∗−1 (D)

+ κ
p+1
2,γ

p + 1
‖λβ‖

L
1

1−γ (D)

(
�p+1 − (� − ε)p+1

ε

)
.

Thus passing to the limsup, as ε → 0+, we get

lim sup
ε→0+

�λ(ε, �) < κ1,γ ‖λα‖
L

γ 2∗
γ 2∗−1 (D)

+ κ
p+1
2,γ ‖λβ‖

L
1

1−γ (D)
�p. (17)

Now, consider the real function

ϕλ(�) := κ1,γ ‖λα‖
L

γ 2∗
γ 2∗−1 (D)

+ κ
p+1
2,γ ‖λβ‖

L
1

1−γ (D)
�p − �,

for every � > 0.
It is easy to see that inf�>0 ϕλ(�) is attained at

�0,λ :=
(

λpκ
p+1
2,γ ‖β‖

L
1

1−γ (D)

) 1
1−p

.

and, by (16), one has

inf
�>0

ϕλ(�) < 0.

Hence inequality (17) yields

lim sup
ε→0+

�λ(ε, �) < �0,λ.

Now, it follows by Lemmas 3.2 and 3.3 that

inf
u∈�−1([0,�0,λ))

supv∈�−1([0,�0,λ]) �λ(v) − �λ(u)

�2
0,λ − ‖u‖2

S10 (D)

<
1

2
.

The above relation implies that there exists wλ ∈ S1
0(D) such that

�λ(u) ≤ sup
v∈�−1([0,�0,λ])

�λ(v) < �λ(wλ) + 1

2

(
�2
0,λ − ‖wλ‖2S10 (D)

)
,

for every u ∈ �−1([0, �0,λ]).
Thus

Jλ(wλ) := 1

2
‖wλ‖2S10 (D)

− �λ(wλ) <
�2
0,λ

2
− �λ(u), (18)

for every u ∈ �−1([0, �0,λ]).
Since the energy functionalJλ is sequentiallyweakly lower semicontinuous, its restriction

on �−1([0, �0,λ]) has a global minimum u0,λ ∈ �−1([0, �0,λ]).
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Note that u0,λ belongs to �−1([0, �0,λ)). Indeed, if ‖u0,λ‖S10 (D) = �0,λ, by (18), one has

Jλ(u0,λ) = �2
0,λ

2
− �λ(u0,λ) > Jλ(wλ),

which is a contradiction.
In conclusion, it follows that u0,λ ∈ S1

0(D) is a local minimum for the energy functional
Jλ with

‖u0,λ‖S10 (D) < �0,λ,

hence in particular, a weak solution of problem (P f
λ ). This completes the proof.

Remark 4.1 A crucial step in our approach is the explicit computation of the embedding
constants κi,γ that naturally appear in Theorem 3.1 and its consequences. In the special case
of the Heisenberg group H

n an explicit expression of these quantities can be obtained by
using the best constant in the Sobolev inequality∫

D
|u(ξ)|2∗

h dξ ≤ C
∫

D
|∇Hn u(ξ)|2 dξ, ∀ u ∈ C∞

0 (D) (19)

that was determined by Jerison and Lee in [12, Corollary C].

Remark 4.2 It is clear that Theorem 1.1 is a simple consequence of Theorem 3.1. Indeed,
preserving our notations and assuming that

0 < κ <
(p − 1)

p−1
p

pc
p−1

p
1,γ c

p+1
p

2,γ

|D|
1−γ

p + (1−p)(γ 2∗h−1)

pγ 2∗h ,

it is easy to note that

(p − 1)
p−1

p

pc
p−1

p
1,γ c

p+1
p

2,γ ‖κ‖
p−1

p

L
γ 2∗

γ 2∗−1 (D)

‖κ‖
1
p

L
1

1−γ (D)

> 1.

Since all the assumptions of Theorem 3.1 have been verified (with λ = 1) the conclusion of
Theorem 1.1 immediately follows.

A special case of Theorem 3.1 reads as follows.

Corollary 4.3 Let D be a bounded domain of the Carnot groupG of homogeneous dimension
dimhG ≥ 3 and let f : D × R → R be a Carathéodory function such that condition (6)
holds. Assume that

‖α‖p−1

L
γ 2∗

γ 2∗−1 (D)

‖β‖
L

1
1−γ (D)

<
(p − 1)p−1

pκ
p−1
1,γ κ

p+1
2,γ

. (20)

Then the following subelliptic problem

(Pf )

{−�Gu = f (ξ, u)in D
u|∂ D = 0,

has a weak solution u0 ∈ S1
0(D) and

‖u0‖S10 (D) <

(
pκ

p+1
2,γ ‖β‖

L
1

1−γ (D)

) 1
1−p

.
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Remark 4.4 Since the technique used in the paper does not require any Lie group structure
the results that we state here are also valid for more general operators than the sub-Laplacians
on Carnot groups. A special case of Corollary 4.3 in the Euclidean setting has been proved
in [1] by exploiting the variational principle obtained by Ricceri in [21].

In conclusion, we present a direct application of our main result.

Example 4.5 Let D be a bounded domain of a Carnot group G with dimhG ≥ 3 and let

α ∈ L
γ 2∗

γ 2∗−1 (D)\{0},
with γ ∈ (2/2∗, 1).

By virtue of Theorem 3.1, there exists an open interval � ⊂ (0,+∞) such that for every
λ ∈ �, the following problem{−�Gu = λ(α(ξ) + |u|p) in D

u|∂ D = 0,

where p ∈ (1, γ 2∗ − 1), admits at least one non-trivial weak solution u0,λ ∈ S1
0 (D) such

that

‖u0,λ‖S10 (D) <
(
λpκ

p+1
2,γ |D|1−γ

) 1
1−p

.

More precisely, a concrete expression of the interval � is given by

� :=

⎛
⎜⎜⎜⎝0,

(p − 1)
p−1

p |D| γ−1
p

pκ

p−1
p

1,γ κ

p+1
p

2,γ ‖α‖
p−1

p

L
γ 2∗

γ 2∗−1 (D)

⎞
⎟⎟⎟⎠ .
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