
Topology and its Applications 120 (2002) 397–401

On (co)homology locally connected spaces

Katsuya Edaa, Umed H. Karimovb, Dušan Repovšc,∗

a School of Science and Engineering, Waseda University, Tokyo 169-0072, Japan
b Institute of Mathematics, Academy of Sciences of Tajikistan, Ul. Ainy 299A, Dushanbe 734063, Tajikistan

c Institute of Mathematics, Physics and Mechanics, University of Ljubljana, P.O. Box 2964,
Ljubljana 1001, Slovenia

Received 8 June 2000; received in revised form 16 January 2001

Abstract

We prove that there exists a cohomology locally connected compact metrizable space which is
not homology locally connected. In the category of compact Hausdorff spaces a similar result was
proved earlier by G.E. Bredon. 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

It is well known that the concept of (co)homology local connectedness plays an
important role in the isomorphism theorems of homology and cohomology theories. If a
compact metrizable spaceX is homology locally connected with respect to the singular
homology (abbreviated asHLC), then the Borel–Moore, thěCech, the Vietoris, the
Steenrod–Sitnikov, and the singular homology groups with integer coefficients ofX are
all naturally isomorphic (cf. [2,7,9,10]).

The concepts of (co)homology local connectedness with respect to different homology
and cohomology theories are very closely related. For example, theHLC property implies
the cohomology local connectedness with respect to theČech cohomology(clc) (cf. [2,
p. 195]).
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Bredon observed that there exists a compact Hausdorff space, which is aclc-space,
but not anHLC-space (cf. [2, pp. 130, 131]). Griffiths proved in [4,5] that there exists
a compact metric, homology locally connected in Vietoris homology, topological space
which is notHLC.

The purpose of the present note is to prove the following theorem which extends the
Bredon result [2] and which could be considered as an alternative proof of some Griffiths’
results (cf. [5, p. 477]):

Theorem 1.1. There exists a two-dimensional compact metrizable space XP such that:
(1) XP is acyclic in Čech cohomology;
(2) XP is a clc-space; and
(3) XP is not an HLC-space.

2. Preliminaries

Let Hs∗ (X) (respectivelyȞ ∗(X)) denote singular homology (respectivelyČech coho-
mology) groups of a topological spaceX with integer coefficients. A finite-dimensional
spaceX is said to behomology (respectivelycohomology) locally connected, and called
anHLC-space (respectively,clc-space), if for every pointx ∈ X and every neighborhood
Ux ⊂ X of x there exists a neighborhoodVx ⊂ Ux of x such that the inclusion-induced
homomorphismHs∗(Vx, {x})→ Hs∗ (Ux, {x}) (respectivelyȞ ∗(Ux, {x})→ Ȟ ∗(Vx, {x}))
is zero.

Let g ∈G be an arbitrary element of a groupG. By the commutator length cl(g) of g we
shall denote theminimal number of commutators of the groupG whose product is equal
to g, i.e.,

cl(g)=min
{
n ∈N | g = [g1, g2] ◦ · · · ◦ [g2n−1, g2n], for somegi ∈G

}
.

If such a number does not exist then we set cl(g)=∞ (cf. [3, Definition 4.15]).
Since clearly, for everygi, h ∈G, one has that[g1, g2]−1= [g2, g1] and

h ◦ [g1, g2] ◦ h−1= [h ◦ g1 ◦ h−1, h ◦ g2 ◦ h−1],
it follows that

cl(g)=∞ if and only if g /∈G′, (1)

whereG′ = [G,G] is thecommutator subgroup ofG.
If ϕ :G1→G2 is any homomorphism between groupsG1 andG2, then for everyg ∈G1

clearly,

cl
(
ϕ(g)

)
� cl(g). (2)

For every path connected spaceX, its fundamental groupπ1(X) does not depend on the
choice of the base point and

Hs
1(X)= π1(X)/

[
π1(X),π1(X)

]
. (3)
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The compact bouquet of topological spacesXi rel pointsxi ∈ Xi , i ∈ N, is defined as
the quotient space of the topological sum

⊔∞
i=1Xi by the subset

⊔∞
i=1{xi}, equipped with

thestrong topology, i.e., a setU ⊂⊔∞i=1Xi/
⊔∞

i=1{xi} is open if and only if:
(1) for everyi ∈N, the setΠ−1(U)∩Xi is open inXi , where

Π :
∞⊔
i=1

Xi→
∞⊔
i=1

Xi/

∞⊔
i=1

{xi}

is the canonical projection onto the quotient space; and
(2) if U contains the point̄x ∈⊔∞i=1Xi/

⊔∞
i=1{xi} which corresponds to the pointsxi ,

then there exists an indexn0 ∈N such thatΠ(Xj )⊂U , for all j � n0.
The pointx̄ is called thebase point of the bouquetX. We shall denote the compact bouquet
of spacesXi rel the pointsxi ∈Xi , i ∈N, by (X, x̄)=∨∞i=1(Xi, xi).

3. Proof of Theorem 1.1

Let for every integeri ∈ N, Pi be any finite acyclic 2-dimensional polyhedron with a
nontrivial fundamental group—for example, take the 2-polyhedron constructed by any of
the presentations (cf., e.g., [1]):{

a, b | b−2 ◦ a ◦ b ◦ a, b−3k ◦ a6k−1}
or {

a1, . . . , ar | a1 ◦ a2 ◦ a−1
1 ◦ a−2

2 , a2 ◦ a3 ◦ a−1
2 ◦ a−2

3 , . . . , ar ◦ a1 ◦ a−1
r ◦ a−2

1

}
,

wherer > 3 (cf. [6]).
Let furthermoreXi denote the bouquetPi ∨Pi . For everyi ∈N, choose a pointxi ∈Xi

and letX be the compact bouquet ofXi ’s rel the points{xi}, i.e.,

(X, x̄)=
∞∨
i=1

(Xi, xi).

By the continuity property of̌Cech cohomology we can conclude thatȞ ∗(X, x̄) = 0.
Indeed,X is the inverse limit of the following spectrum:{

i=n∨
i=1

Xi←
i=n+1∨
i=1

Xi

}
n∈N

.

Since the polyhedraXi are acyclic,X is acyclic with respect tǒCech cohomology, i.e.,

Ȟ ∗(X, x̄)= 0. (4)

Since every point ofX \ {x̄} has a closed polyhedral neighborhood and the pointx̄ has
arbitrary small closed neighborhoods inX which are all homotopy equivalent toX, the
spaceX is aclc-space.

Since clearly, for everyi ∈N,

π1(Xi)= π1(Pi) ∗ π1(Pi),
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there exists, by [3, Lemma 4.17], for everyi ∈N, an elementqi ∈ π1(Xi) such that:

i < cl(qi) <∞, for everyi ∈N. (5)

Consider now the unit circleS1⊂C and its closed subset

A= {eiϕ ∈ S1 | ϕ = 2π/k, k ∈N
}
.

The quotient spaceS1/A is homeomorphic to theHawaiian earring H , i.e., to the
compact bouquet of a countable number of circles{S1

i }i∈N. Let p :S1 → H be the
canonical projection.

For everyi ∈N, let fi :S1
i →Xi be a representative ofqi , which maps the base point to

the base point. Next, letf :H →X be a continuous mapping such that for everyi ∈N, its
restriction ontoS1

i is fi . Finally, letg = f ◦ p :S→X.
Suppose thatHs

1(X)= 0. Then by (1) and (3),

[g] ∈ π ′1(X, x̄) and cl
([g])< n0 <∞, for somen0 ∈N.

Let pn0 :X→Xn0 be the canonical projection andpn#
0
:π1(X)→ π1(Xn0) the induced

homomorphism of fundamental groups. Then it follows by (2) that

cl
(
pn#

0
[g])< cl

([g])< n0.

However, by (5) we can conclude that

n0 < cl(qn0) and qn0 = pn#
0
[g].

This is a contradiction. ThereforeHs
1(X) �= 0. It now follows by the Universal

Coefficient Theorem, thatH ∗s (X, x̄) �= 0. Since by (4),Ȟ ∗(X, x̄) = 0, it follows that the
compactumX cannot be anHLC-space (forHLC-spaces, thěCech cohomology groups
are naturally isomorphic to the singular cohomology groups—cf. [2]).✷
Remark 3.1. It can be shown [3, Theorem 4.14] that the groupHs

1(X) of the spaceX
constructed in the proof above contains a torsion-free divisible group of the cardinality of
the continuum. On the other hand, the groupH 1

s (X) is trivial. In order to verify this, it
suffices to show that every homomorphism fromπ1(X) to Z is trivial.

Indeed, by [3, Theorem A.1],π1(X) is the freeσ -product of the groupsπ1(Pi ∨ Pi).
Next, by [3, Proposition 3.5 and Corollary 3.7], any homomorphism fromπ1(X) to Z

factors through the free product of finitely many groupsπ1(Pi ∨ Pi). Hence the assertion
follows.

Remark 3.2. SinceH ∗s (X) �= 0, it follows by the Mayer–Vietoris exact sequence that
none of thekth suspensionsΣk(X) is acyclic and hence none of them is contractible. On
the other hand, it follows by the Seifert–van Kampen and the Hurevicz Theorems that all
suspensions

Σk

(
i=n∨
i=1

Xi

)

are contractible spaces (cf. [8]).
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Question 3.3. Let G be one of the following two types of groups:{
a, b | b−2 ◦ a ◦ b ◦ a, b−3k ◦ a6k−1}

or {
a1, . . . , ar | a1 ◦ a2 ◦ a−1

1 ◦ a−2
2 , a2 ◦ a3 ◦ a−1

2 ◦ a−2
3 , . . . , ar ◦ a1 ◦ a−1

r ◦ a−2
1

}
,

where r > 3 (cf. [6]). Does it then follow that: sup{cl(g): g ∈G} =∞?

Acknowledgements

We wish to acknowledge remarks from the referee. The second author wishes to express
his gratitude to Narzullo C. Mirzobaev for everything he has learned from him. The
third author acknowledges the support of the Ministry for Science and Technology of the
Republic of Slovenia.

References

[1] W.H. Beckmann, A certain class of nonaspherical 2-complexes, J. Pure Appl. Algebra 16 (1980)
243–244.

[2] G.E. Bredon, Sheaf Theory, 2nd edn., Graduate Texts in Math., Vol. 170, Springer, New York,
1997.

[3] K. Eda, Freeσ -products and non-commutatively slender groups, J. Algebra 148 (1992) 243–
263.

[4] H.B. Griffiths, A note on commutators in free products, Proc. Cambridge Philos. Soc. 50 (1954)
178–188.

[5] H.B. Griffiths, Infinite products of semi-groups and local connectivity, Proc. London Math. Soc.
(3) 6 (1956) 455–485.

[6] G. Higman, A finitely generated infinite simple group, J. London Math. Soc. 26 (1951) 61–64.
[7] O. Jussila, On homology theories in locally connected spaces, II, Ann. Acad. Sci. Fenn. Ser. A

I Math. 378 (1965).
[8] U.H. Karimov, D. Repovš, On suspensions of noncontractible compacta of trivial shape, Proc.

Amer. Math. Soc. 127 (1999) 627–632.
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