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1. Introduction

In this paper we shall prove the existence of solutions to the following free boundary value problem:

—Lu=Au-— l)if, in Q\ H(u),
|Vgut|? — |Vgu |* = 2, in H(u), (1.1)
u =0, on 0f).

Here, A > 0, (u — 1)y = max{u — 1,0}, and H(u) = d{u > 1}. Also, Vgu® are the limits of Vgu for the
sets {u > 1} and {u < 1}°, respectively. Next, f € L*>(Q) is a positive bounded function. The domain
Q) C G is bounded, where G is a stratified Lie group. Finally, £ is the sub-Laplacian which will be defined
in Section 2.

The study of elliptic free boundary value problems (FBVPs) has recently gained momentum, owing to its
rich mathematical content besides its physical applications. A naturally occurring free boundary condition
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can be found in the classical problem in fluid dynamics to model a 2-dimensional ideal fluid in terms of
its stream function (see DIPIERRO ET AL. [11]). Interested readers can also check BATCHELOR [4,5] for the
Prandtl-Batchelor free boundary.

From a mathematical point of view, the problem

—Au =0, in Q\ G(u),
|Vut|? — |Vu™ |2 =2, on G(u), (1.2)
u =0, on 0f)

has been studied by ALT-CAFFARELLI [2], ALT ET AL. [3], CAFFARELLI ET AL. [6,7], and WEISS [28,29].
Later on, JERISON-PERERA in [19,20] considered the problem

~Au=(u—17", in Q\ Gu), (1.3)

in particular with the same boundary conditions as in (1.2), with G(u) = 0{u > 1}, thus pioneering the
study of the existence of a mountain pass point at which the associated energy functional has a higher value
compared to the global minimum (see [18, Definition 1]). Such a critical point was referred by them as a
higher critical point. A slightly more general problem was considered by PERERA in [24], as follows

—Au = O‘X{u>1}(x)f(x7 (u - 1)+)7 in 2 \ G(u)a
|Vut|? — |[Vu™ |2 =2, on G(u), (1.4)
u =0, on 0f2.

This problem was also studied by ELCRAT-MILLER [12] and JERISON-PERERA [19] for the case N = 2.
The main result of [24] is the establishment of a higher critical point. Some of the important works in the
Euclidean setting have been documented in DIPIERRO ET AL. [11] and PERERA [24], and the references
therein.

Motivated by the above mentioned works, albeit in the Euclidean setting, we consider (1.1) in the non-
Euclidean setup. One key work in this direction is FERRARI-VALDINOCI [13], in which a free boundary
value problem was studied on the Heisenberg group, and the authors established some density estimates for
local minima. The problem which we shall study in this paper is classical, however its consideration over a
stratified Lie group is new since the Heisenberg group is also a particular kind of a stratified Lie group.

We now state the main result of this paper pertaining to the existence of solutions to problem (1.1):

Theorem 1.1. There exists Ax > 0 such that for any 0 < X < Ay, there exists a positive solution u to problem
(1.1) with the following properties:

(i) w is a critical point of I;
(ii) u satisfies the free boundary condition in the sense of viscosity.

Remark 1.2. Notice that by a nontrivial solution to (1.1) we mean u > 0 on Q and w > 1 on a nonempty
open subset of Q on which —Lu = A(u — 1)2f holds.

The organization of the paper is as follows. In Section 2 we recall the preliminaries of the stratified Lie
group and the space description. In addition, we prepare the necessary tools required to attack problem
(1.1). In Section 3 we prove a monotonicity lemma (Lemma 3.1). In Section 4 we prove a convergence lemma
(Lemma 4.1). In Section 5 we prove the main result of this paper (Theorem 1.1). Finally, in Section 6 we
prove an auxilliary lemma on the Radon measure (Lemma 6.1).
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2. Preliminaries

This section includes the necessary tools to study problem (1.1). For all other background information
we refer to the comprehensive handbook [23]. We begin by the definition of a homogeneous Lie group.

Definition 2.1. A Lie group G, on R is said to be homogeneous, if for any x> 0 there exists an automor-
phism 7}, : G — G defined by

TH(I):(NTlevﬂT2x27'“ 7:uTN‘TN)a Ti>07 7’:1727 7N'
The map T}, is called a dilation on G. Here, z = (x1, 22, -+ ,ZN).

It is worth noting that NN represents the topological dimension of G, whereas D = ry +7r3 + -+ ry
represents the homogeneous dimension of the homogeneous Lie group G. The symbol dx will serve as
our notation for the Haar measure, which is the standard Lebesgue measure on RY. The following is the
definition of a stratified Lie group.

Definition 2.2. A homogeneous Lie group G = (R x) is called a stratified Lie group (or a homogeneous
Carnot group) if the following two conditions are satisfied:

(i) The decomposition RY = RN x RNz x ... x RN holds for some natural numbers Ny, No,--- , N},
such that Ny + Ny + -+ 4+ N = N. Furthermore, for each p > 0 there exists a dilation of the form
T (x) = (pzW, p22®@ ... p#2®) which is an automorphism of the group G. Here, () € RY: for

eachi=1,2,--- k.

(i) Let N; be the same as in the above decomposition of RY and let X1, X»,---, Xy, be the left invari-
ant vector fields on G such that X;(0) = %b for i =1,2,---, N;. Then the Hérmander condition
rank(Lie{ X1, Xo,---, Xn,}) = N holds for every 2 € R™. Roughly speaking, the Lie algebra corre-
sponding to the Lie group G is spanned by the iterated commutators of Xy, Xo,--- , Xn,.

Here, k is called the step of the homogeneous Carnot group. In the case of a stratified Lie group, the

homogeneous dimension becomes D = Zle iN;. Throughout the paper, we set N = N; in Definition 2.2.

We call a curve v : [0,1] — R admissible if there exists ¢; : [0,1] = R, for ¢ = 1,2,--- , N such that

Y () =Y a®Xi(y(t), Y e)® < 1.

i=1 i=1

Here, ' is the derivative with respect to ¢t. The functions ¢; may not be unique since the vector fields X;
may not be linearly independent. For any =,y € G, the Carnot-Carathéodory distance is defined by

dee(z,y) = inf{l > 0 : there exists an admissible 7 : [0,!] — G such that v(0) = z,y(I) = y}.

If no such curve exists, d..(z,y) is set to 0. Although d.. is not a metric in general, the Hérmander condition
over the vector fields X7, X, -+, X, ensures that it is. The space (G, d..) is then referred to as the Carnot-
Carathéodory space. The definition of the homogeneous quasi-norm on the homogeneous Carnot group G
is another important entity that will be used in the course of this work. See GHOSH ET AL. [15, Definition
2.3] for a definition of a homogeneous quasi-norm.

Furthermore, the sub-Laplacian, the horizontal gradient and the horizontal divergence on G is defined as

L:=X{+X5+ -+ X}, Ve :=(X1,Xs,--+,Xp,), divgv := Vg - v,
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respectively. The sub-Laplacian on the stratified Lie group G is defined as Agu := divg(Vgu).

Now, let S be a Haar measurable subset of G. Then H(T},(S)) = pPM(S), where H(S) is the Haar
measure of (2. A quasi-ball of radius r and centered at z € G is defined by B(z,r) ={y € G : [y ' xx| < r}
with respect to the quasi-norm | - |.

We define the Sobolev space, which is very essential in order to venture into this problem. For 1 < p < oo,

the Sobolev space W1P(2) on a stratified Lie group is defined as

WhP(Q) := {u € LP(Q) : [Vgu| € LP(Q)}. (2.1)
A norm on this space is given by ||ul1,, := |lull, + ||u||. Here,
1/p 1/p

= | [lut@pds | .l = | [ IVeuta)ras
Q Q

We define the space WO1 P(Q) as follows:
WEP(Q) = {u € WHP(Q) : u =0 on 09},

where u = 0 on 0f) is in the usual trace sense. We note that WO1 P(Q) is a real separable and uniformly
convex Banach space (see [14,26,27,30]). The following embedding result follows from [10, (2.8) |, [14], and
[17, Theorem 8.1]. We also suggest the reader to check [8, Theorem 2.3].

Lemma 2.3. Let Q C G be a bounded domain with piecewise smooth and simple boundary and assume

1 < p < v. Then Wol’p(Q) is continuously embedded in LI(Q) for every q € [1,v*], where v* = U”—_’;),

Moreover, the embedding is compact for every 1 < q < v*.

The following proposition, due to RUZHANSKY-SURAGAN [25], will be used on a regular basis. It is an
analogue of the divergence theorem in the Euclidean setup.

Proposition 2.4. Let f, € C*(Q)NC(Q), n=1,2,---,Ny. Then for eachn =1,2,--- , Ny, we have

!anndz/ 8{ fn( Xy, dv).

Consequently,

Q/,iX"f”d"/ifﬂXn,duy

an =1

Throughout the paper we shall assume that H(2) < co. We define an energy functional associated to
problem (1.1) as follows

2
I(w) :/%dﬂ/x{m}(mx— %/(u—nifdx.
Q

Q Q

The functional I exhibits the mountain pass geometry. Let

A= {y € ([0, 1; Wy () : (0) = 0, 1(1(1)) < 0}
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which consists of paths joining u = 0 and the set of points {u € W, *(Q) : I(u) < 0}. We further define

c:= inf max I(u).
e ueyp([0,1])

However, this functional is not even differentiable and hence is an ineligible candidate to fit into the realm
of the variational setup. We first define a smooth function ¢ : R — [0, 2] as follows

0, if <0
g(t) = { a positive function, if0 <t <1
0, it >1

and fol g(t)dt = 1. We further let G(t) = fot g(t)dt. Clearly, G is smooth and nondecreasing function such
that

0, ift<0
G(t) = { a positive function < 1, if0<t <1
1 ift > 1.

7

Finally, inspired by the work of JERISON-PERERA [19], we approximate I using the following functionals
which vary with respect to a parameter, a > 0,

|Vgul? (u— 1) A 5
I,(u)= | ———dz+ | G de — - [ (u—1)% fdx.
[T )]

An essential condition in variational techniques which a functional J : X — R requires to satisfy is the
Palais-Smale (PS) condition. It states that if J(w,) — ¢ and J'(u,) — 0 in X*, the dual of X, then there
exists a subsequence of (w,,) which strongly converges to, say w, in X. We shall prove that both functionals
1,1, defined above satisfy the (PS) condition.

3. Monotonicity lemma

Following the argument in CAFFARELLI ET AL. [6, Theorem 5.1], we shall prove an important mono-
tonicity result stated below. We refer to the monograph by NAGEL [22, Section 1.2] for the background
regarding our proof in a non-Euclidean setup. Most of our modifications are required by the differences
from the Euclidean setting.

Lemma 3.1. Let uw > 0 be a Lipschitz continuous function on the unit ball B1(0) C G, satisfying the
distributional inequalities

200 5 (2x(ueaicap@T(Teu) +4) (3.1)

for constants A >0, 0 < a < 1. Suppose further that F is a continuous function such that F(t) = o(t?) near
infinity. Then there exist C = C(N,A) >0 and fBl(O) u?dx, but not on «, such that

esssup {|Vgu(x)|} < C.
IGB% (O)
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Proof. Let u be a Lipschitz continuous function on the unit ball B;(0) C G. Denote

v(x) = Eu (gx) , v = v—i—rélax{v,}.

1/4

Since the proof is quite technical in nature, before giving the proof we sketch the idea. The primary challenge
is to prove that |Vwv| is bounded on, say Bj 3. In Step 1 we shall establish the L> bound on v, where
v1 is a perturbation of v. Next, we shall show in Step 2 that a uniform bound on |Vv| exists and this
depends on the bound on v and (3.1). This step is also essential to establish an interior regularity estimate
for the semilinear equation independent of the monotonicity theorem. The monotonicity theorem also helps
to produce an L* bound on v. A meticulous choice of 8 > 0 has to be made so that F(t) < Bt% + A(B).
Step 1: Since u is a Lipschitz continuous function on the unit ball, it is also bounded on it by a constant say,
Mpy. By MAGNANI-RAJALA [21, Theorem 1.1], u is also differentiable a.e. on By (0). Therefore, 0 < vy < Mj.
Step 2: Let us choose a function n € C§°(By4) such that 0 <7 < 1in Bg/4 and = 1 in By /5. Furthermore,
for any 8 € (0,1] we have a positive finite number A(f3) such that

F(t) < A(B) + Bt>. (3.2)

Thus by testing with n?v;, we have

/nz\VGvﬂQ =— /(21}177(@@177) + 7721)1Lv1d:£)dx

Q Q
1
<3 /n2\VGv1|2daz + 2/vf|VGn\2dx + AM, /772 (A(B) + B|Vgv1|?) dx (3.3)
Q Q Q
1
<5 [#IVeu o+ oM} [ [VonPdo+ 2t [ (3Veul + A(9)) da.
Q Q Q
Here, @vm = Zgil Xpv1Xg. It is thus established that
1
3 / Vg [2dx < M. (3.4)
B2
We define the maximal operator by
1
Mf(r) = sup ——— / fy)dy. 3.5
(=) 0<r<1/100|BT(m)| ) (3:5)

B (z)
For y > 0, we further denote
S, ={z € Byjzo : M(|Vgu1|*)(z) > p}.

Claim 3.2. There exists a constant Cy such that for any € > 0 there exists a finite positive number pg such
that for any p > po,

1. 18, N Qol < 1S, NQol < €lQol, where Qo is a cube with side length 271N and Qo N By /35 # 0.
2. If Q is a dyadic subcube of Qo for which |Sc,, NQ| > €|Q)|, then Q@ C Q* C S,,, where Q is an immediate
dyadic subcube of Q.
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Proof. We only sketch the proof of the claim as the ideas are borrowed from [6]. Assertion (1) follows from
the argument given in [6].

Suppose now that Assertion (2) fails to hold. Then one can find a cube @ such that |S, N Q| > €[Q)|
and y € Q*, however M(|Vgv1]?)(y) < p. Let p be 25V times the length of the side of @ and consider
M,,4(|Vgv1]?)(0), with the supremum taken over (0, p/4). Since M(|Vgv1|?)(y) < p, there exists a constant
Cs such that for any x € Q,

M(|Vgui]*)(z) < max{M,4(|Veui|*)(z), Cop}. (3.6)
Let ¢ be such that

—£¢=01in By(y)

(3.7)
¢ =wv1 on 0B,(y).
Since ¢ is a minimizer of the functional § | B, Vg ¢|?dz, we have
[ Weobde< [ [Voulds < ulB, ). (3.5)

B, (y) By (y)

Of course, we have the mean value property at our disposal (see ADAMOWICZ-WARHURST [1, Condition 1])
to establish that

sup {|Vgel|’} < Csp. (3.9)
B, 2(y)

On choosing C7 = 15max{Cs,C3} we have
A={ze@: E)ﬁp/4(\VGv1|2)(x) >Ciut={z€Q :M(|Vgu|})(z) > Cipu} =: B. (3.10)

If x € A, then it is easy see that x € B. Thus A C B. Suppose that x € B. Then M(|Vgv1|?)(z) > Cypu.
However, by (3.6) and by the choice of C; we have that x € A.
Also observe that

{z€Q: M, ,(|[Veo*)(z) > Cru/4} = 0.

For if not, then there exists z € Q such that M(|Vg¢|*)(z) > C,/4. One can thus produce r € (0, p/4)
such that

Cl/.t 1

Cip
_ - 2dqy < ==
1 “B@) / Veol'dy < 5

B,‘(x)

This is a contradiction since this leads to an absurdity 4 > 15. Therefore,

{z € Q:M,u([Veu|*) > Ciu}|
<z € Q:Myu(|Ve(vi = d)*) + Myu(|Vedl?) > Cru/2}|
<HzeQ: M, (Ve (v = ¢)*) > Crp/4} + {M,/a(|Vadl*) > Cru/4}|
=z e Q:M, (Ve (o1 — 9)°) > Cip/4}.

(3.11)
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Thus there exists a constant Cy, which follows by the weak (1,1) inequality for 9, such that
Cap™ / Vg (01— 0)[de > [{z € Q: M, /u(|Ve(v1 — d)°) > Cip/4}]. (3.12)
By (y)

Furthermore, by the maximum principle we have |v; — ¢| < C on the ball B,(y). By the weak formulation
of problem (3.7), we have

0= / Vo(vr — ¢)da. (3.13)
B, (y)
Furthermore,
- [ eute-ode=- [ (@or-2o)er - o). (3.14)
Bp(y) Bp(y)

Thus we have

Cs / V(o1 — 6)2de = / V(0 - B)(or — B

B, (y) By (y)
< — / (Lvy — L) (vy — ¢p)dr = — / (Lv1)(v1 — @)dz (3.15)
By (y) By (y)
< [ P+ aE)d.
By(y)

Using inequality (3.12), we get

o€ Qs Myul(Vau) > Cunt < G (54 22 ) gl 3.10)
Thus, for a sufficiently small § > 0 and large > 0, we have
Ced < €/3 CeA(B)/p < €/3.
Therefore
{z€Q:M(|Veui*) > Cip} < €|Q),
which indeed is a contradiction to the hypothesis. Therefore, assertion (2) indeed holds. O
One can now follow verbatim [6] to conclude that assertion (2) leads to

1Scr, N Qol < €71Qol. (3.17)

We further note from (3.17) that for any 1 < 6 < oo, a sufficiently small ¢ > 0 can be chosen so that
M(|Vgv1]?) is bounded in L?(By ), i.c.
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/ |VGU1|0dI < (7, (3.18)
Bi/16

where C7 is a uniform constant that depends on 6, A, F. On choosing § = N, we have 20 > N. Hence we
obtain from (3.2)

sup {|Vguv|} < Cs.
Bl/iﬂ cuil} < Cs (3.19)

Reverting back to the variables in terms of u, we get

sup {|Vgul} < Cs for any = € By /4 such that [{u(z) < o}, (3.20)
Ba/320(x) '

and in order to finally arrive at the conclusion

sup {[Vgul} < Cy,
o) (3.21)

we follow the proof of [6] again, however with the choice of
w(z) = Agr(rN72|z27N — 1) + A(jz? — ) + O(a).

Therefore sup{|Vgul} <co. O

B, /2

Remark 3.3. The above monotonicity bound of the type (3.1) implies uniform Lipschitz continuity of a
family of solutions to a class of semilinear equations with free boundary conditions. In fact, a very important
component in the passage to the limit in the proof of Theorem 1.1 in Section 5 will be the uniform Lipschitz
continuity result derived in the next section.

4. Convergence lemma

Before proving Theorem 1.1, we shall prove the following convergence result, which is also of independent
interest. It helps us to conclude that the obtained solution is nontrivial in the sense of Remark 1.2.

Lemma 4.1. Let (a;) be a sequence of positive numbers such that a; — 0, as j — oo, and let u; be a critical
point of I,. Suppose that (u;) is bounded in Wy () N L=(Q). Then there exists a Lipschitz continuous
function u on Q such that u € Wy (Q)NC2(Q\ H(u)), and for a renamed subsequence the following holds:

(1) w;j — u uniformly over Q;
(i) uj — u locally in C*(Q\ {u = 1});
(iii) w; — u strongly in Wy>(2); and
(iv) I(u) <liminf I, (u;) < limsup Iy, (u;) < I(u) + [{u = 1}].

In other words, u is a nontrivial function if liminf I, (u;) < 0 or limsup In;(uj) > 0. Furthermore, u
satisfies —Lu(z) = Mu(z) — 1)% f(z) classically in Q\ H(u) and u satisfies the free boundary condition in
the generalized sense and vanishes continuously on 2. In the case when u is nontrivial, the set {u > 1} is
nonempty.
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Proof. Let 0 < a; < 1. Consider the sequence of problems (P;)

Ly = 7a_jg (]a—]) +A(u—1)%f in Q,
u; > 0in Q, 4
u; = 0 on 9.

The nature of the problem allows us to conclude by an iterative technique that the sequence (u;) is bounded
in L>°(€2). Hence, there exists Cy such that 0 < (u; — 1)% f < Co. Let ¢o be a solution of

7,5@0 = )\CO in Q

(4.2)
wo = 0 on 0N.
Now, since g > 0, we have that —Lu; < ACy = Lo in Q. Therefore by the maximum principle,
0 < wuj(z) < @o(z) for all z € Q. (4.3)

Since {u; > 1} C {po > 1}, it follows that ¢( gives a uniform lower bound, say do, on the distance from
the set {u; > 1} to 9. Thus (u;) is bounded with respect to the C*® norm. Therefore it has a convergent

d
subsequence in the C2-norm on g—neighbourhood of the boundary 9. Obviously, 0 < g < 2x(_1,1) and

hence

1 u; — 1
+Lu; = ia_jg (%) FA(w; —1)3f

(4.4)
< o Xdluy-1)<a;} (#) + ACo.
Q;
Since, (u;) is bounded in L?(2), there exists by Lemma 3.1, A > 0 such that
A
esssup {|Vgu;(z)|} < o (4.5)

IEB% (z0)

for a suitable r > 0 for which B, (0) C €. However, since (u;) is a sequence of Lipschitz continuous functions
which incidentally are also C! functions a.e., we have

sup  {|Vgu;(z)[} <
xGBg (zo)

(4.6)

LS

Therefore (u;) is a sequence of uniformly Lipschitz continuous functions on the compact subsets, say K, of Q
such that d(K,0Q) > %. By the Ascoli-Arzela theorem applied to (u;), we get a subsequence, still referred
to by the same name, that converges uniformly to a Lipschitz continuous function w in €2 which vanishes on
the boundary 9. The convergence is strong in C? on a %O—neighbourhood of 0). By the Banach-Alaoglu
theorem we can conclude that u; — u in Wol’z(ﬂ).

We now prove that u satisfies

—Lu=Nu—1)3f (4.7)
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on the set {u # 1}. Let ¢ € C§°({u > 1}). Thus v > 1 + 26 on the support of ¢ for some § > 0. By using
the convergence of u; to u uniformly on €2, we conclude that |u; — u| < §. Thus for any sufficiently large j
with §; < 6 we have u; > 1+ §, on the support of ¢. Testing (4.7) with ¢ yields

/@ujgodx = )\/(uj —1)2 fedz. (4.8)

Q Q

By passing the limit j — oo to (4.7), we obtain

/ Vupds = \ / (u—1)% fpdz. (4.9)

Q Q

In order to obtain (4.9) we have used the weak and uniform convergence of u; to u in VVO1 2(Q) and Q,
respectively. Therefore u is a weak solution of —Lu = Af in {u > 1}. Similarly, by choosing ¢ € C§°({u <
1}), we can similarly find a 6 > 0 such that u <1 — 2§ due to which u; <1 — 0.

We now analyze the nature of u on the set {u < 1}°. Testing (4.7) with any nonnegative function, passing
to the limit j — oo and using the fact that g > 0, G < 1, it can be shown that u satisfies

Lu<ANu—1)%finQ (4.10)

in the sense of distribution. Furthermore, u = £(u—1)_ is a positive Radon measure supported on QNo{u <
1} (the reader can refer to Lemma 6.1 in Section 5). From (4.10), 11 > 0 and the usage of the regularity result
by GILBARG-TRUDINGER [16, Section 9.4] we establish that u € Wif({u < 1}°). Hence M is supported on
QNo{u <1} No{u > 1} and u satisfies Lu = 0 on the set {u < 1}°.

To prove (ii), we shall show that u; — u locally in C1(Q\ {u = 1}). We have already proved that u; — u
with respect to the C? norm in a neighbourhood of 99 of Q. Let M CC {u > 1}. In this set M we have
u > 1+ 26 for some 6 > 0. Hence, for sufficiently large j, with 6; < ¢, we have |u; —u| < d in Q and hence
uj > 149, in M. From (4.1) we have

Luj = Au—1)*f in M.

This analysis says something more stronger - since Lu; = A(u — 1)2f in M, we have that u; — U in
W?22(M). By the embedding W%2?(M) < CY(M) for p > 2, we have u; — u in C'(M). This proves that
u; — w in C*({u > 1}). Similarly, we can also show that u; — u in C*({u < 1}).

We shall now prove (4i¢). Since u; — u in I/VO1 P(2), we have by the weak lower semicontinuity of the
norm || - ||,

lu]| < liminf ||u;]|.

It suffices to prove that limsup ||u;|| < |lu||. To this end, we multiply (4.1) with (u; — 1) and then integrate

by parts. We shall also use that tg (%) > 0 for any ¢ € R. This yields

/|VGuj\2dm < /\/(uj —1)3 fdw — /uj<XZ-,dn>dS
Q

“ o0 (4.11)

— )\/(u —1)% fdz — /u(Xi,dn>dS

Q o0

as j — oo.
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We choose @ € C}(Q,G) such that u # 1 a.e. on the support of @. Multiplying by Zszl Y Xku, the
weak formulation of (4.1) and integrating over the set {1 — e~ < u, <1+ €T}, we get

1 (up—1\] &
—Agun, + — o Xpund
ot o () S
{1—e~<up<ltet} k=1

(4.12)

N
=\ / (up — 1)2+f Z opXpUndr.

{l1—e~<up<l4et} k=1

The term on the left hand side of (4.12) can be expressed as follows:

N N N
1
Ve - <§VGun|2 ZXkungok VGun> + ZZkaXlunXkun

k=1 k=11=1 (413)

N
1 Uy — 1
— Z|Vgun|?Vg - @ X.:G [ = .
51V un| G P+ Y ouXe ( o )

k=1 "
Using (4.13) and on integrating by parts, we obtain

N
[ |vGun| Z@k kadn ZXkunQOk ZXlun Xl,dn>

{un=1+et}U{u,=1—e} k=1 k=1 i=1

e <“"O; 1) XN: <pk<Xk7dn>]

k=1

N N N
1
= / <§VGun|2 PRI EXWzqunXkun> dx

(1= <um<1+et} k=1 k=11=1

(4.14)

_|_

{l—e~<up<l4et}

N N
Uy — 1
G < o ) ;ngmg + )\(un — 1)ifZXk¢k] dx.

The integral on the left of equation (4.14) converges to

|V(;,u| Zgok X, dn) — Zkapk ZXlu X, dn)

{u=14et}u{u=1—€e"} k=1

N
4 / > or (X, dn)

u=1+et k=1
{ ) (4.15)

N
1
= / (l — 5|V@U|2> Z <pk<Xk, dn> — Z goleuXku<Xl, dn)
k=1

{u=1+et}U{u=1—€"} kALLISkISN

N
1
= / (1 — 2|V<@,u|2) Z k{(Xk,dn) — Z e XuXpu{X;, dn)

(umitet) k£L1<k <N
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N
1
- / <§|VGU|2> Z%(Xlwdm - Z erXjuXpu(X;, dn)
k=1

{u=1—€"} = k#£L1<E,JI<N
1 N N N
- / <§|VGU2 ZXMP!@ - Z ZthszluXku> dx
k=1 k=11=1

{1—e~<u<l+et}

N N
+ / [Z Xipr + Mun — 13 f ZX'C‘P’C] dz,

{1—e~<u<l+et} k=1 k=1

as n — oo.
Note that the normal vector at the point P on the set {u =1+ et} U{u=1—¢"}isn= i%.
Thus equation (4.15) under the limit € — 0 becomes
1 N
T 2
0 =liny /'[ngm)gymm@@
{u=1+€et} -
) v (4.16)
. 2
_ EE}% / (§|Vgu| ) Z(pk<Xk,dn>‘| .
e k=1
{u=1—e"}

This proves that u satisfies the free boundary condition in the sense of viscosity. The solution cannot be
trivial since u € C'({u > 1}) and it satisfies the free boundary condition. O

Remark 4.2. Notice that I, satisfies the Palais-Smale (P.S) condition. To prove this, we define

uwf(x) = max{u,(z),0}, vt +u” = (u—1)y +[1-(u—1)_] =u.

Notice that

_ A
In(un) 2 2 ualP = 5 [ S(ufPdo
Q

) (4.17)
(L)) < un = % [ o+ 2 0.
Q

Let ¢ € R and consider

1 _ 2
et ofunll +0(1) = La(un) = (T (un), un) > 67 flun||* = =€, (4.18)
This implies that (u,) is bounded in W ?(€). This implies that there exists a subsequence of (u,) such
that u, — u in Wy?(Q), u, — u in L*(Q) and u, (z) — u(z) a.e. in Q. Since (I’ (u,),v) = 0 as n — oo we
have

n— 00 n— 00 o

- 1 (up—1
lim [ Vuyvder = lim /fg (“ - ) vdz + A/(un —1)%vufda| forallve Wy?(Q). (4.19)

We choose v = u,, — w in (4.19) to obtain
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n—00 n—00 « «

~ 1 n—1
lim | Vu,(u, —u)dr = lim / —g (u ) (up, —u)dz + )\/(un —1)% (up, — u)fdz
(4.20)
=0.
This implies that u,, — u in W,*(2). Hence I,, satisfies the (PS) condition.

5. Proof of the main theorem

Before we prove the existence of a solution to the problem (1.1), we develop a few tools which will be
used in the proof. We observe that

Io(u) < I(u) in Wy2().

Furthermore, we have

N
S
~—
\Y

gl =5 [ sz
o (5.1)

1 A
> ol = 2 oo el
by Lemma 2.3. Therefore, there exists 1o = ro(v, A, || f]loc) > 0 such that
L2
La(u) 2 7 lul (5:2)

for ||u|]| < rg. Furthermore, for a fixed nonzero u we have I, (tu) — —oc as t — oo and hence there exists a
function vy such that I (vg) < 0 = I,(0). This indicates that the set

Ao = {9 € C([0,1]; Wy () : (0) = 0, La(¥(1)) < 0}
is nonempty. Hence by the Mountain pass theorem we have

o = iInf I, (u).
o T Ehe web(0.]) () (5:3)

By the definition of the set A, we have A C A, and

OL< ]a S I
@ S 2 ) = L) (54)

for all » € A. This implies that ¢, < c.

Remark 5.1. Let ¢; be the first eigenfunction pertaining to the first eigen value A; (see Proposition 3.1 [9]).
Notice that

I(t$) = —o0 as t — 0. (5.5)

Thus there exists t. > 0 such that I(t.¢1) < 0. Consider the path which is defined by ¥(t) = t¢; for
t € [0,t,]. Then # yields a path from A on which
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Al o
I(t$1) < € :=sup 7t ¢1+ 1) de. (5.6)
Q

Therefore ¢ < C.

Proof of Theorem 1.1. From Remark 5.1 we conclude that ¢, < ¢ < €. Since I, obeys the (PS) condition,
it follows that a limit of the (PS) sequence, say u,, can be shown to be a critical point of I,. Hence we have
Iy (up) = co.

Now consider a sequence «,, which converges to zero and name u,, as u, and c,,, as ¢,. By Lemma 4.1
(1) — (i1), we know that a subsequence of (uy,), still denoted by the same name, converges uniformly in €,
locally in C'(Q\ {u = 1}), and strongly in W,*(Q), to a locally Lipschitz function u € W, *(Q) N C2(Q '\
H(u)). Moreover, by (5.2) in Remark 4.2 we have limsup I, (u,) = limsupc, > 2 > 0. This indicates
that one of the limit conditions limsup I, (u,) > 0 or liminf I, (u,) < 0 in Lemma 4.1 indeed holds.

Hence by the paragraph after Lemma 4.1 (iv), we can conclude that w is nontrivial. Furthermore, by
Lemma 4.1, u is a classical solution of Lu = A(u —1)7 f in © \ d{u > 1} and the free boundary condition
|[Vgut|? — [Vgu~|?> = 2 in the sense of (4.16), plus it vanishes on the boundary 9Q. 0O

Remark 5.2. We note that the limiting conditions in Lemma 4.1 are still an open problem, which is sublinear
in its nature.

6. Appendix: Radon measure lemma

Lemma 6.1. u € Wllof(Q) and the Radon measure M = Lu is nonnegative and supported on QN {u < 1}.

Proof. We follow the idea of the proof in ALT-CAFFARELLI [2]. Choose ¢ > 0 and a test function ©Px(,<1-5},
where ¢ € C§°(£2). Then

0= /@UV(QDQ min{u — 1+ §,0})dx
Q

= / Vu(p? min{u — 14 6,0} )dz

(6.1)
QN{u<1-5}
= / |Vgul?¢?dx + / o(u — 1+ 8)Vupdz,
QN{u<1-6} QN{u<1-4}
and so by the Caccioppoli like estimate, we have
|Vgul|?¢?de = —2 / o(u— 14 6)Vupdz
QN{u<1—6} QN{u<1-5} (6.2)
< c/u2|Vg<p|2da:.
Q

Since [, |ul*dz < oo, by passing the limit § — 0, we can conclude that u € WL 2(Q). Furthermore, for a
nonnegative ¢ € C§°(€2) we have
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—/@u(dw = / + / + / +
Q QN{0<u<1-26} QN{l1-26<u<l—e} QN{l-d<u<l} QN{u>1}

o o fomfo- 520 )

> / [@u (2— lgu>C+%|Vgu|2

QN{1-26<u<1-5}

dx > 0.

On passing to the limit 6 — 0, we obtain £(u — 1)_ > 0 in the distribution sense. Therefore there exists a
Radon measure, say M, such that M = L(u—1)_ > 0. O
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