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Abstract. In the present work we study the multiplicity and concentration of positive solutions for the following class of
Kirchhoff problems:

—(%a +¢b Jr3 IVul2dx)Au+ V@)u = fu)+ yu® inR3,

ue H'®Y, u>0 inR3,
where ¢ > 0 is a small parameter, a, b > 0 are constants, y € {0, 1}, V is a continuous positive potential with a local minimum,
and f is a superlinear continuous function with subcritical growth. The main results are obtained through suitable variational
and topological arguments. We also provide a multiplicity result for a supercritical version of the above problem by combining

a truncation argument with a Moser-type iteration. Our theorems extend and improve in several directions the studies made in
(Adv. Nonlinear Stud. 14 (2014), 483-510; J. Differ: Equ. 252 (2012), 1813-1834; J. Differ: Equ. 253 (2012), 2314-2351).
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1. Introduction

In this paper we focus our attention on the multiplicity and concentration of positive solutions for the
following class of Kirchhoff problems:

—(%a +¢eb [ [VulPdx)Au + V(x)u = f(u) +yu’ inR3,

1.1
ue H'@®®, u>0 inR? (I.D

where ¢ > 0 is a small parameter, a, b > 0 are constants, and y € {0, 1}. Throughout the paper we
will assume that the potential V : R* — R is a continuous function satisfying the following hypotheses
introduced by del Pino and Felmer [14]:

(V}) there exists Vy > 0 such that V) := inf, s V (x),
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(V,) there exists a bounded open set A C R3 such that

Vo<minV and M := [xeA: V) =V} #0.

We suppose that f : R — R is a continuous function such that f(¢#) = 0 for + < 0 and fulfills the
following conditions:

(fy) f@)=o()ast — 0,
(f>) if y = 0 then there exists ¢ € (4, 6) such that f(t) = o(t9~") as t — oo, whereas if y = 1 then
we suppose that there exist g, o € (4, 6), Cyp > 0 such that

t
f(t) > Coti™" forallz > 0, lim 240 =0,

t—o0 o1

(f3) there exists ¥ € (4, 6) such that
t
0<OF(@) <tf(t) forallt > 0, where F(t) := f f(r)dr,
0

(fs) themap t — % is increasing on (0, c0).
When b = 0 and R? is replaced by the more general space R", equation (1.1) reduces to a nonlinear
Schrodinger equation of the type

—?Au+V(x)u =gu) inRY, (1.2)

which has been widely investigated in the last thirty years. The main motivation for studying (1.2) arises
from seeking standing wave solutions, namely functions of the form i (x, ¢t) = u(x)e_%, with £ € R

constant, for the time-dependent Schrédinger equation

zs%—‘f =AY+ (V@) +E)y —g(¥) inRY xR,
An interesting class of solutions of (1.2), sometimes called semi-classical states, are families of solutions
u.(x) which concentrate and develop a spike shape around one (or more) special points in RY, while
vanishing elsewhere as ¢ — 0. We refer the interested reader to [3,13,14,17,19,31] and their references
for several existence and multiplicity results obtained by applying different variational and topological
methods.
On the other hand, problem (1.1) is related to the stationary analogue of the Kirchhoff equation

po E [F
putt_<70+i 0 |ux|2dx)uxx=0» (1.3)

which was proposed in 1883 by Kirchhoff [24] as an extension of the classical D’ Alembert wave equa-
tions for free vibration of elastic strings. The Kirchhoff model takes into account changes in the length
of the string produced by transverse vibrations. In (1.3), u = u(x, t) denotes the transverse string dis-
placement at the spatial coordinate x and time ¢, L is the length of the string, 4 is the area of the cross
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section, E is Young’s modulus of the material, p is the mass density, and py is the initial tension. We re-
fer to [10,30] for the early classical studies dedicated to (1.3). We also note that nonlocal boundary value
problems like (1.3) model several physical and biological systems where u describes a process which
depends on the average of itself, as for example, the population density (see [2,12]). However, only
after the pioneering work of Lions [25], where a functional analysis approach was proposed to attack
(1.3), problem (1.1) began to attract the attention of several mathematicians (see [2,4,16,18,21-23,34],
and also [6-8,36-38] for some interesting results for fractional Kirchhoff problems). In particular, He
and Zou [22] obtained the existence and multiplicity of concentrating solutions for small ¢ > 0 of the
following perturbed Kirchhoff equation

—(aez + be |Vu|2dx> Au+V@)u=gu) inR>, (1.4)

R3

assuming that V : R* — R is a continuous potential satisfying the assumption introduced by Rabinowitz
[31]:

Ve :=liminf V (x) > ian V(x)=1Vy, where V, < o0, V)
xeR

|x]—00

and g is a C! subcritical nonlinearity. Subsequently, Wang et al. [34] investigated the multiplicity and
concentration phenomenon for (1.4) when g(u) = Af (1) +u’, f is a continuous subcritical nonlinearity
and A is sufficiently large. Figueiredo and Santos Junior [18] proved a multiplicity result for a subcritical
Schrodinger—Kirchhoff equation via the generalized Nehari manifold method, when the potential V has
a local minimum. He et al. [23] considered the existence and multiplicity of solutions for (1.4) when
gu) = f(u) + u’, f € C! is a subcritical nonlinearity which does not satisfies the Ambrosetti—
Rabinowitz condition [5].

Motivated by the above works, in this paper we study the multiplicity and concentration of solutions
for (1.1) under conditions (V;)—(V,) on the potential V, and assuming ( f;)—(f4) for the continuous
nonlinearity f. In order to state our main result more precisely, we recall that if Y is a given closed set
of a topological space X, we denote by catx(Y) the Ljusternik—Schnirelmann category of ¥ in X, this
is the smallest number of closed contractible sets in X which cover Y (see [28,35] for more details). We
are able to prove the following main result:

Theorem 1.1. Assume that conditions (V1)—(V,) and (f1)—(f4) hold. Then for any 6 > 0 such that

Ms = {x € R’ : dist(x, M) < 8} C A,
there exists 5 > 0 such that for any ¢ € (0, g5), problem (1.1) admits at least caty, (M) positive
solutions. Moreover, if u, denotes one of these solutions and x, € R> is a global maximum point of u.,
then

lim V(x,) = Vj,

e—0
and there exist Cy, C, > 0 such that

0 <ue(x) < Clefcz‘x%g‘ forall x € R.
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Our proof of Theorem 1.1 is obtained by applying appropriate variational arguments. First, motivated
by [14], we overcome the lack of information about the behavior of potential V at infinity by making
a suitable modification on the nonlinearity, solve the modified problem and then check that, for ¢ > 0
small enough, the solutions of the modified problem are indeed solutions of the original one. Due to
the fact that f is only continuous, the Nehari manifold associated with the modified problem is not
differentiable, so we cannot apply standard variational arguments for C'-Nehari manifolds developed,
for example, in [3,13,22,23]. For this reason we use certain versions of critical point theorems due to
Szulkin and Weth [33]. We also note that the presence of the Kirchhoff term creates some difficulties
in getting the compactness of the modified functional 7. Indeed, it is not clear that weak limits of
bounded (PS) sequences are critical points of J,. Moreover, when y = 1, problem (1.1) presents an
extra difficulty due to the presence of the critical exponent, and in order to recover some compactness
properties for 7., we invoke the Concentration—Compactness Lemma [27]. Since we are interested in
obtaining multiple critical points, we use a technique introduced by Benci and Cerami [9], which consists
in making precise comparisons between the category of some sublevel sets of 7, and the category of the
set M. Then we apply Ljusternik—Schnirelmann theory to deduce a multiplicity result for the modified
problem. Finally, we show that the solutions of the modified problem are also solutions for (1.1), when
¢ > 0 is small enough, by using the Moser iteration technique [29].

In the last part of this paper we consider a supercritical version of problem (1.1). In this case, we deal
with the sum of two homogeneous nonlinearities and add a new positive parameter . More precisely,
we consider the following problem:

—(e*a+eb [oi [Vul?dx)Au+ V(x)u =u?~' + pu" inR3, (15)

u>0 inR3, u(x) = 0 asl|x| - oo, '
where €, 1 > 0 and the exponents satisfy 4 < p < 6 < r. Our multiplicity result for the supercritical
case can be stated as follows.

Theorem 1.2. Assume that conditions (V1)—(V>) hold. Then there exists (1o > 0 such that for any § > 0
satisfying

Ms = {x e R’ : dist(x, M) < 8} C A,

and for any w € (0, wo), there exists €5, > 0 such that for any ¢ € (0, &5,,,), problem (1.5) admits at
least caty, (M) positive solutions. Moreover, if u. denotes one of these solutions and x, € R is a global
maximum point of u., then

Iim V(x,) = V.
e—0

The main difficulty in the study of (1.5) is due to the fact that » > 6 is supercritical, and we cannot di-
rectly use variational techniques because the corresponding functional is not well-defined on the Sobolev
space H'(IR?). In order to overcome this obstacle, we use some arguments inspired by [11,17,32] which
can be summarized as follows. We first truncate in a suitable way the nonlinearity on the right hand side
of (1.5), so we deal with a new problem but with subcritical growth. In the light of Theorem 1.1, we
know that a multiplicity result for this truncated problem is available. Then we deduce a priori bound
(independent of ) for these solutions and by using an appropriate Moser iteration technique [29], we
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show that, for u > 0 sufficiently small, the solutions of the truncated problem also solve the original
one.

We stress that our theorems complement and improve the main results in [22,23,34], in the sense
that we are considering multiplicity results for subcritical, critical and supercritical Kirchhoff problems
involving continuous nonlinearities and imposing local conditions on the potential V.

The paper is organized as follows. In Section 2 we collect some notations and basic results. We also
modify the nonlinearity and prove some useful lemmas to overcome the non differentiability of the
Nehari manifold. In Section 3 we provide our first existence result. In Section 4 we deal with the au-
tonomous problems. In Section 5 we introduce some tools which are needed to establish a multiplicity
result. Section 6 is devoted to the proof of Theorem 1.1. In Section 7 we study the multiplicity of positive
solutions for the supercritical problem.

2. The functional setting
2.1. Notations and basic results
We start by giving some notations and collecting useful preliminary results. f A C R*and 1 < p <

0o, we denote by ||u| sy the L?(A)-norm of a function u : R3 — R. Let us define D"2(R?) as the
completion of C{° (R?) with respect to the norm

2 2
IVl = [ | IVul dx.
R3
Then we can consider the Sobolev space

H'(RY) = {u € L*(RY) : | VulJagps, < 00}

endowed with the norm
2 2 2
”u ||H1(R3) = “Vu ||L2(R3) + ||I/l ||L2(R3)'
We have the following well-known main Sobolev embeddings.

Theorem 2.1 (see [1]). H'(R?) is continuously embedded in L? (R?) for any p € [2, 6] and compactly
embedded in LY (R?) for any p € [1, 6).

loc

We denote by S, the best constant of the Sobolev embedding H'(R*) c LS(R?), that is

V|| s
= {7” “!L = :ueDl’z(IR{3)\{O}}.

||M||L6(R3)

We also recall the following classical lemma of Lions:



6 V. Ambrosio and D. Repovs / Kirchhoff problems via local mountain pass

Lemma 2.1 (see [26]). If {ut,}nen is a bounded sequence in H'(R?) and

lim sup / lun|*dx =0
Br(y)

n— 00 yeR3

for some R > 0, then u,, — 0 in L?(R?) for all p € (2, 6).
2.2. The modified problem

In order to study (1.1), we use the change of variable x — ex and we look for positive solutions to

[_<a +b fos IVu)Au+ V(exyu = fu) +yu®  inR?, 2.1)

ue H (R?), u>0 inR.

In what follows, we introduce a penalized function [14] which will be useful to obtain our results. Let
K > 2 and o > 0 be such that

fla)+ye’ = %a (2.2)

and define

f@O+ya@)’ ifr<a,
oy ift > a,

f@) =

and

g0, 1) = xa(FO + 7 (7)) + (1 = xa @) £

It is easy to check that g satisfies the following properties:

(g1) lim,_g % = 0 uniformly with respect to x € R?,

(g2) g(x,t) < f(t)+yr’forallx e R3¢t > 0,
(g3) () 0<0G(x,1) <glx,t)tforallx € A, t > 0,
(i) 0 <2G(x, 1) < glx, )t < X2 forallx e R3\ A, t > 0,
(g4) foreach x € A the function %3”) is increasing on (0, 00), and for each x € R3\ A, the function

% is increasing on (0, o).

Let us consider the following modified problem

—(a + be3 [Vul) Au + V(ex)u = g(ex,u) inR3,

2.3
u e H'(R?), u>0 inR3. 2.3)

It is clear that if u is a positive solution of (2.3) with u(x) < « for all x € R®\ A, then u is also a
positive solution for (2.1), where A, := {x € R®: ex € A}.
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The energy functional associated with (2.3) is given by

Je(u) = %nuni + anniz(Rz) - fR G(ex,u)dx,
which is well-defined on the space
H, = {u e H'(R): /11@3 V(ex)u*dx < oo}
endowed with the norm
lull? := @l Vuell 3 g, + fR} V(ex)u®dx.
Clearly, H. is a Hilbert space with inner product
(u,v), := /M aVuVv + V(ex)uvdx.
It is easy to check that 7, € C!(H,, R) and its differential is given by

(T ), v) = (u,v). + b||Vu||2Lz(R3)/ VuVvdx — / g(ex, u)vdx
R3 R3
for any u, v € H,. Let us introduce the Nehari manifold associated with (2.3), that is,
N = {u € Ho \ (0} : (T (w), u) = O},
and we denote
HY = {ueH,:|supp(u) N A,| >0} and Sf:=S,NHS,

where S, is the unit sphere in H,. Note that S} is a non-complete C':!-manifold of codimension one,
modelled on H, and contained in the open H; (see [33]). Then we have that H, = T, S} & Ru for all
u € H, where T,S} :={v € H, : (u,v), = 0}.

Now we prove that [, possesses a mountain-pass geometry [5]:

Lemma 2.2. The functional J, satisfies the following properties:

(a) there existn, p > 0 such that J,(u) = n with ||u|l, = p;
(b) there exists e € H, with |le||. > p such that J.(e) < O.

Proof. (a) By assumptions (g1) and (g»), we deduce that for any & > 0 there exists C; > 0 such that

1 1
Te(u) > Enunz - f G(ex,u)dx > Enuni —EC|ul} — CeCllull?.
R.

Then we can find 1, p > 0 such that 7, (u) > n with |lu]. = p.



8 V. Ambrosio and D. Repovs / Kirchhoff problems via local mountain pass

(b) Using (g3)-(i), we deduce that for any u € H} and7 > 0

t? t4
Tt = Sl + b IVl ~ [ Glex.tuydx
Ag

t? 4 9
< 5||u||§ + bz||W||jz(R3) - C1;19/ (u™)" dx + Ca|supp(u™) N A, (2.4)

&

for some constants C;, C, > 0. Recalling that &+ € (4, 6), we can conclude that 7, (fu) — —oo as
t — 4+oo. O

Since f is only continuous, the next results will be very useful to overcome the non-differentiability
of N; and the incompleteness of S;.

Lemma 2.3. Assume that conditions (V1)—(V,) and (f1)—(fs) hold. Then the following assertions are
true.

(i) Foreachu € H}, let h : Rt — R be defined by h,(t) = J.(tu). Then, there is a unique t, > 0
such that

h (t) >0 forallt € (0,t,) and h,(t) <0 forallt € (t,,00).

(ii) There exists T > 0 independent of u, such that t, > t for any u € ST. Moreover, for each
compact set K C ST there is a positive constant Cx such that t, < Cx for any u € K.
(iii) The map m. : H} — N given by m.(u) = t,u, is continuous and m, := Hig|s+ is a homeomor-

phism between St and N,. Moreover, m_ ' (u) = -~

fluelle *

(iv) If there is a sequence {uy}en C S} such that dist(u,, 9S}) — 0, then ||mg(u,)|: — oo and
Te(mg(uy)) — o0.

Proof. (i) Let us observe that i, € C'(R*, R). By Lemma 2.2, we can infer that /,(0) = 0, h,(t) > 0
for + > 0 small enough and 4, (t) < O for ¢t > O sufficiently large. Then there exists 7, > 0 such that
h! (t,) = 0 and ¢, is a global maximum for /,. Hence we can deduce that #,u € N,. Now we can prove
the uniqueness of 7,. Assume by contradiction that there are two positive numbers #; and #, such that
t1 >ty and ) (t) = h),(t2) = 0. Hence

I 4 DIV, = [ gten.tuud 2.5)
R
and

bollull? + b1Vl )2 g = /3 gex, bu)udx. (2.6)
R\
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Exploiting (2.5), (2.6), t; > t, and (g4), we can see that
1 1 1 ) I
<—2 - —2>||M||§ =/ [g(ex 13u) _ 8lex iu)]u“dx
4 15 R3 (tyu) (thu)
/ |:g(8x, tu)  glex, tzu)] 4
= — u dx
R\, L (fu)? (tau)?
+f |:g(8x,t13u) 3 g(ex,tiu)]u4dx
AL (fu) (t2u)

2 / |:g(8xatlu) _ g(gx’t2u)i|l/t4dx
R\, L (fu)? (tau)3

=L+ L+,

where

) glex,tiu)  glex,hu) | 4
I = T —— |u dx,
®M\A)Nusay L (F110) (tau)

) glex,iu)  glex,u) | 4
L = T T |u dx
®ANA)N(u<a<nuy L (F11) (tru)

and

i glex,niu)  gex,bu) | 4
I; = T T | dx.
®NA)Nu<a) L (F11) (tou)

Now we estimate each [;, i € {1, 2, 3}. Considering I, from the definition of g and using (g3)-(ii), we
have

Vi 1 Vi 1 1 /1 1
I Zf |:—0 2——0 2i|u4dx:—(—2——2>/ Vouzdx.
®N\A)N (o) L K (E11) K (tu) K\t 15 (R3\A)N{2u>a)

From the definition of g and using (g,), we can infer

Vo 1 t tut)?
12>f |:_0 2_f(2M)+V§2M)i|M4dx‘
®\A)N(u<a<tu L K (1) (tru)-

Finally, let us observe that by (g4) and from #; > t,, it follow that /3 > 0. Thus we have

(1 l)H ”2>1(1 1)/ Vol d
s —=slu:>=|5—-—= ou”dx
o5 K\ 5] Jenaoniusa

Vo 1 Hhu) + y(tut)?
+f [_0 2_f(2) )/3(2 )]u4dx,
RN\ AN (Bu<a<nu} L K (T1u) (tau)




10 V. Ambrosio and D. Repovs / Kirchhoff problems via local mountain pass

2,2
from which, multiplying both sides by tél tztz < 0 and using assumption ( f;) and (2.2), we obtain
274

lull? < — Vou? dx
K (R3\A)N{t2u>a}
+ tt; / [E - f(tzu)+y(t2u+)5:|u4dx
t22 _tlz RINAHN{uLa<tiu} K (l‘lu)2 ([2M)3
1
= _/ V()Lt2 dx
K (R3\ A )N{tru>a}
2
! Vi
) 2 2/ Ot dx
1 — 1y J®\A)Nnu<a<tiu)
7 f(u) +y(@uty
2 2 u“dx
=1 JRINA )N nu<a<tiu} hu
< Vou? dx < ]l
- u - ax —||\ull..
= K R3\ A, 0 = K €

Since u # 0 and K > 2, we get a contradiction.
(i) Let u € ST. By (i), there exists 7, > 0 such that #/ (¢,) = 0, that is

f + b1 [ Vul| o sy = /3 g(ex, tun)udx.
R

2.7)

Using assumptions (g;) and (g2), (2.7) and Theorem 2.1, given & > 0, there exists a positive constant

C: such that

tu < / g(ex, tt,udx < ECy + Cet2Cs.
R3

This implies that there exists T > 0, independent of u, such that ¢, > 7. Now, let K C Sj be a
compact set. We prove that 7, < Cx for any u € K. Assume to the contrary, that there exists a sequence
{un}nen C Ksuch that 7, := 1,, — oo. Since K is compact, there exists u € K such that u, — u in
H,. It follows from (2.4) that 7, (t,u,) — —o0. Now, fix v € N, and using © € (4, 6) and (g3), we can

deduce that

1
T.(v) = Te(v) — E(Z(v), v)
v —2 v —4 1
= <—219 >||v||§ + b(—4z9 )”V’)”il(m) + 5 /11@\/\8 [g(ex, v)v — G (ex, v)] dx

n l/ [¢(ex, v)v — DG (ex, v)] dx
9

> (222)) ||2+1f [¢(ex, v)v — ¥G(ex, v)]d
Z\\ A4 v - X, V)V — X,V X
29 Y R3\A€g
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=2\ o, [(9-2\1 5
> (== )P -(—= )= V(ex)v? dx

219 219 K R3\A5
> (Z22) (1= Lo (2.8)
= 21} K 1 e .

Taking v = #,,u, € N; in (2.8) and using the facts ||v,|. =7, and K > 2, we get

0 < u 1 — i < M <0
20 K 12
for n large, and this gives a contradiction.

(iii) First, we note that 71, m, and m;l are well defined. Indeed, by (i), for each u € 1/ there exists
a unique m,(u) € N,. On the other hand, if u € N, then u € H;. Otherwise, if u ¢ H;, we have

|supp(u) N A,| =0,

which together with (g3)-(ii) implies that
el + bVl oy = [ elex s
R

=/ g(sx,u)udx—l—f glex,w)udx
R)\A,

Ag

= / g(ex, u+)u+ dx
R3\A,

1 1
< — V(ex)u® dx < —|lull? (2.9)
K R3\A€ K
and this yields a contradiction because u # 0 and K > 2. As a consequence, m ' (u) = ”:”g €St m;!

is well defined and continuous. Moreover, for all u € SI we have

t,u u
-1 -1 Ll _ _
m, (mg(u)) =m, (tu) = Tl = il =u
u & &

from which we deduce that m, is a bijection. Now we prove that m, is a continuous function. Let
{tn}nen C M and u € HJ be such that u,, — u in H;}. Since m.(tu) = m(u) for any r > 0, we may
assume that {u,},en C S} Then by (ii), there exists #p > 0 such that t, = t,, — fo. Since t,u, € N,
we obtain

2 2 4 4
Bl 2+ b1V e, = [ gtex, it dx,
R,

and passing to the limit as n — oo, we get

2 2 4 4
Bllul? + b1Vl s, = [ Cex. iond
R\
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which yields fou € N,. This shows that
me(u,) — me(u) in H,.

Therefore, m, and m, are continuous functions.
(iv) Let {u,}neny C S/ be such that dist(u,, 3S;}) — 0. Since for each v € dS and n € N we have

ul <lu, —v| ae.in A,
it follows that

[ u inf |lu, — v|ea,) forall pe[2,6],foralln e N.
€S

o <
Hence, by (V1), (V>) and Theorem 2.1, there is a constant C,, > 0 such that

+ . . . +
(K™ “LP(AE) < 0;131;+ luyw —vlizray < Cp vgg: lun — vlle < Cpdist(u,, 8S]) foralln € N.

Using (g1), (g2) and (g3)-(ii), we can infer that, for each ¢t > 0

/ G(sx,tu,,)dx:/ G(ex,tun)dx—}—/ G(ex,tu,)dx
R3 R3\As

Ag
2

t
<L V(ex)u? dx +/ F(tuy) + y1®(u})" dx
K Jr3\a, A

(u:)4 dx + C2t6/

2
t
2 4
< L2+ Cut /
K A Ae

2
< % + Cjr* dist(u,, 9S7)* + C5 dist(u,, 3S7)°

from which,
2
limsup/ G(ex,tu,)dx < — forallt > 0. (2.10)
n—00 R3 K

Recalling the definition of m,(u,) and using (2.10) we get
liminf 7, (m. (u,)) > liminf 7, (tu,)
n—o0 n— oo

o ol 4
= llrlrgg}f[jllunlli + b IVl 2 e, — /R Glex.tuy) dx]

11\,
>(z——)r
2 K
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which implies that

1iminf1Hm (u )Hz—i—é”Vm W) ||} 2r, = liminf 7. (me (u,)) > I_1),
s 00 2 & n e 4 & n LZ(R3) = > 00 & & n = 2 K .

Since K > 2 and ¢ > 0 is arbitrary, we obtain that J,(m.(u,)) — oo and ||m.(u,)|. — o0 asn — oo.
This completes the proof of the lemma. [

Now, we define the maps
1}8:7{:—)1& and ¥, :S] — R,

by 1/;8(u) = J.(m.(w)) and ¢, = 1ﬁ€|§;. The next result is a direct consequence of Lemma 2.3 and
Corollary 2.3 in [33].

Proposition 2.1. Assume that conditions (V1)—(V,) and (f1)—(fs) hold. Then the following assertions
are true.

(a) ¥, € C'(H}, R) and

(. o) = 7 o). o)
foreveryu € HF, v eH,.
(b) Y. € C'(S},R) and

Wi, v) = [me] (T} (me @), v),

foreveryv € T,ST.
(©) If {un}nen is a (PS)y sequence for V., then {m.(u,)}nen is a (PS)g sequence for J. If {u,}nen C
N is a bounded (PS), sequence for T, then {m;1 (Up)}nen is a (PS)y sequence for the functional

Ve.
(d) u is a critical point of V. if, and only if, m.(u) is a nontrivial critical point for J.. Moreover, the
corresponding critical values coincide and

inf ¥ (u) = ulenAf[ Te(u).

ueStH

Remark 2.1. As in [33], we have the following variational characterization of the infimum of J. over

N

ce := inf J.(u) = inf ma8< Je(tu) = inf mag( Je(tu) > 0.
t> >

ueN; ueH; ueSH

Remark 2.2. Let us note that if u € N, it follows from (g;)—(g>) that
1
0= [lull} + bIVul )2, — / glex, wudx > Sul? = Clull?
R.

which implies that ||u||. = r > 0 for some r independent of u.
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3. An existence result for the modified problem

In this section we focus our attention on the existence of positive solutions to (2.3) for sufficiently
small ¢ > 0. We begin by showing that the functional 7, satisfies the Palais—Smale condition at any
leveld > 0if y = 0, and d € (0, ¢,) for some suitable ¢, > 0 depending on §,, when y = 1. This last
fact is motivated by the following result:

Lemma 3.1. Lety = 1. Then

1 1 1 ~
Ce < ZabSi + ﬁb3Sf + ﬁ(sz: +4aS,)? =: c,

[S1[o%)

forall e > 0.

Proof. One can argue as in the proof of Lemma 2.1 in [23]. [

In view of Lemma 2.2, we can apply a version of the mountain-pass theorem without (PS) condition
(see [35]) to obtain a sequence {u,},en C H, such that

Je(uy) = ¢ and T/ (u,) — 0. 3.1
We start with the following result:
Lemma 3.2. Every sequence satisfying (3.1) is bounded.

Proof. Arguing as in the proof of Lemma 2.3-(ii) (see formula (2.8) there), we can deduce that

1
C(l + ”Mn”s) z Je(un) — 5<\.7g/(un)’ un>

9 —2 1 )
Z | S U= 7 ) Hlualls.
20 K

Since ¥ > 4 and K > 2, we can conclude that {u,},cy is bounded in H,. [

Lemma 3.3. There is a sequence {2, }neny C R and R, B > 0 such that

f u?dx > B.
Br(zn)

Proof. Assume to the contrary, that the conclusion of lemma is not true. By Lemma 2.1, we then have
u, — 0 in L’(R3) for any r € (2, 6),
s0, in view of (f1) and ( f>), we get

f F(u,)dx = / fupu, dx = o0,(1) asn — oo. (3.2)
R3 R3

Since {u,},en 1s bounded in H,, we may assume that u,, — u in H,.
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If y = 0, then we can use (J, (), u,) = 0,(1) and (3.2) to deduce that |u,|. — 0, which in turn

implies that 7, (u,) — 0, and this is impossible because ¢, > 0.
Now assume that y = 1. Using the definition of g and (3.2), we can deduce that

1 6 Vo )
G(ex,u,)dx < —/ u;’ dx + — u, dx + 0,(1)
/R»* 6 Agumnga}( ) 2K J@naoniu>a)

and

\%
/ glex, uy)u, dx = / (u;)6dx + =2 u,zl dx + o,(1).
R AeUun<a) K J@®\aoniu,>a)

From (J!(u,), u,) = 0,(1) we have

V() 6
[ —/ uy dx + b\ Vi |12 gs) = / ()" dx + 0,(1).
K J®n\aoniu,>a) AeU{un<at}

Let £;, £, > 0 be such that

v,
|2 — —2 uldx — 0,
£ n
K J®3\Ao)N(up>a)

and

b||Vu, — 0.

I3
L2(R3)

(3.3)

34

(3.5)

(3.6)

3.7

Note that £; > 0, otherwise (3.5) would yield ||u,|| — 0 as n — oo and then J,(u,) — 0, which

contradicts ¢, > 0. Hence, putting together (3.5), (3.6) and (3.7), we have

/ (u:[)6dx — L1+ £,
AgU{up <o}

By (3.3), (3.6), (3.7), (3.8) and J.(u,) = c. + 0,(1), it follows that

>l€+1€
C€/31 122-

On the other hand, from the definition of S, we can see that

Vi 6
K J®3\a0n(u,>a) AeUlitn <t}

wl—

and

6
bIIVitn ||} gs) >bS§(/A (u}) dx) .

eU{up<a}

(3.8)

(3.9)
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This, together with (3.6), (3.7) and (3.8), implies that

0> aS (6 + )5 and £ > bSA(E; + ), (3.10)
which yields

G+ € > aSy (€ + €)F + S0y + £)5.
Consequently,

bS? + (b*S* + 4aS,)?

> (3.11)

1 + 52)% =

Combining (3.9), (3.10), (3.11), it follows that

1 1 1
¢ > 30+ 156 > ZaS.(b 05+ S8 + )3

12

LS

>

Bl —= W]~

1 1
abs? + ﬁzﬁsf + ﬁ(zﬁsj + 4as,)

and by Lemma 3.1, this is a contradiction. [J

Lemma 3.4. The sequence {z,},en given in Lemma 3.3 is bounded in R3.

Proof. Forany p > 0,let ¢, € C*(R?) be such that Y, =0in B,(0) and ¥, = 1 in R3\ B,,(0), with
0< ¢y, <land |VY,| < %, where C is a constant independent of p. Since {{,u, },en is bounded in
H,, it follows that (J.(u,), ¥,u,) = 0,(1), namely

a/ Vi, |*y, dx + a/ Vi,V ,u, dx
R3 R3
+ bIIVun||iz(R3) (/ |V”n|21ﬂp dx + f Vu,Vy,u, dx)
R3 R3
+/ V(ex)uﬁlﬁp dx = 0,(1) +/ glex, u)u,y,dx.
R3 R3
Take p > O such that A, C B,(0). Then, using (g3)-(i1) and Lemma 3.2, we get

1 2
1——= 1V u, dx
K {1x1>20}

< —a/ Vu, Vir,u, dx — b||wn||§2(R3)(/ Vu, Vir,u, dx) +0,(1)
R3 R3
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c c ,

<= | IVullualdx + =1V Zos, (| 1Vitallunl dx ) +04(1)
P Jr3 P R3
C

g - + On(1)9
P

which implies that

’ C
u,dx < — +o0,(1). (3.12)
{Ix1>20} P

Now, if {z,},en is unbounded, it follows by Lemma 3.3 and (3.12), that 0 < 8 < % — 0as p > oo,
which gives a contradiction. [

The next results will be essential for obtaining the compactness of bounded Palais—Smale sequences.

Lemma 3.5. Let {u,},en be a (PS),, sequence for J.. Then for each { > 0, there exists R = R(¢) > 0
such that

limsup|:/ a|Vu,|* + V (ex)u? dxi| <. (3.13)
R3\Bg(0)

n—oo

Proof. Let R > 0 be such that A, C Bg(O), and gz € C*®(R3) such that ng = 0 in Bg(O) andng =1

in R3 \ Br(0), with 0 < ng < 1 and |Vng| < %, where C is a constant independent of R. Since
{nrUn}nen is bounded in H,, we have that (J(u,), ngu,) = 0,(1), and using (g3)-(ii), we get

/ aVu,V(ngu,) dx + f V(ex)upng dx + b Vity |72z, / Vi,V (ngity) dx
R3 R3 R3
= On(l) + / g(gx, un)nR“n dx
R3

1
<o,(1)+ —/ V(sx)uﬁn,e dx.
K R3

Accordingly,
2 1 2
a [Vu,|“dx +{1— — V(ex)u, dx
R3\Bg K/ Jr\sy
C C 3
< E”vun||L2(R3)||Mn”L2(R3) + EIIVunIILz(Rs)IlunIIL’z(Rs) + 0,(1) (3.14)

from which the assertion follows. [

Lemma 3.6. The functional J, satisfies the (PS)4 condition at any leveld > 0ify =0, andd € (0, c,)
fy=1
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Proof. By Lemma 3.2, we know that any (PS), sequence is bounded, so we may assume that u,, — u
in . and u,, — u in L] (R?) for all ¢ € [1, 6). Let us start by proving that

loc

lim glex,uu, dx = / glex,w)udx. (3.15)
n—od R3 R%
Using (3.13), (f1), (f2), (g2) and the Sobolev embedding, we have, for n large,
/ g(ex, upu, dx < C/ ut + |u, |9 +udx < C(82+ 6% +8%). (3.16)
R3\Bg(0) R3\Bg(0)
On the other hand, choosing R sufficiently large, we may assume that

8
/ glex, uyudx < —.
3\ Bg(0) 2

From this and (3.16), we get for n large enough,

/ glex, uy)u, dx —/ glex,wudx| < C$. (3.17)
R3\Bg(0) R3\BR(0)

Taking into account the definition of g, we know that

Vi
glex,upu, < fu)u, + of + fouz for any x € R? \ Ag.

n

Since Br(0) N (R \ A,) is bounded, from (f}), (f2), (g2), the strong convergence in Lfoc(]R3) for
r € [1, 6), and by the dominated convergence theorem, it follows that

lim glex, uu, dx = / glex, u)udx. (3.18)
1700 I BRONMR3\A,) BrON(R3\A,)
Next, we aim to prove that
/ )’ dx — | (u*)’dx. (3.19)
Ag Ae

Indeed, if (3.19) holds, we can infer from (g>), (f1), (f2), the strong convergence in Lj (R?) forr e
[1, 6) and the dominated convergence theorem that

lim glex, uu, dx = / glex, w)udx.
=00 JBRr(0)NA, Br(0)NA

Therefore (3.15) follows by the above limit, (3.17) and (3.18).
At this point, we show the validity of (3.19). Since {u, },n is bounded in H., we may assume that

‘Vu,ﬂz—\,u and }u,ﬂﬁ—\v,



V. Ambrosio and D. Repovs / Kirchhoff problems via local mountain pass 19

where 1 and v are bounded nonnegative measures in R3. By the Concentration Compactness Principle
[27], we obtain an at most countable index set I, sequence {x;};c; C R? and {i;}ies, {vi}ier C (0, 00)
such that

w> }vbﬁ}z + Zm&ci» V= (u+)6 + Z v;8,, and S*vf <u; foralli el (3.20)

iel iel

Now we prove that {x;};c; N A, = . Assume to the contrary, that x; € A, for some i € I. For any

p > 0, define the function ¥/, (x) := w(x;x" ), where Y € CSO(R3) issuch that ¢ = 1in B{(0), ¥ = 0in

R3\ B»(0),0 < ¥ < 1 and IV |l pomsy < C. Assume that p is chosen in a such way that supp v, C A..
Then (J/(un), ¥,ou;) — 0asn — oo, that is

a/ |Vuf{|21j/p dx—i—a/ w;v%u;dwr/ V(ex)(u:)zi//p dx
R3 R3 R3
2
+b||Vun||iz(R3)(/R3|Vu:| v, dx) + b||Vu,,||§2(R3)(/R3 VuiV,ut dx)

_/ g(ex, un)u;:wpdx = o0n(1). (3.21)
R3

Note that by the boundedness of {u,},cn, the Holder inequality, and since H'(R?) is compactly con-
tained in L} (R?), it follows that

lim sup
n—oo

1
2
< lim sup IIVu,,Ile(Rs)(/ uilvalzdx)
]R3

n— oo

1
2
< C(/ u2|v¢p|2dx)
R3

< Cllull Lo, an IV ol L3 By )

/1;3 VuVir,ut dx

< Cllullzss,,oy — 0 asp — 0,

and we have the following relations of limits

limsupa/ {Vu,ﬂzl//p dx > a[ ‘Vqu‘zlﬁp dx +ap; - au; asp — 0,
R3 R3

n—o00

limsup/ V(sx)(uj{)zt/fp dx = / V(ex)(u+)21//p dx -0 asp— 0,
R R3

n—o0

and

2
lim supb||Vun||iz(R3)(f |Vu:|2¢p dx) > lim supb(/ |Vu:|2¢’ﬂ dx)
R3 R3

n—oo n—oo

2
219(/ \Vu+|21//pdx+,ui) — bu? asp — 0.
R3
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On the other hand, since v/, has compact support and f has subcritical growth, we obtain

lim lim / f )i ¥, dx = lim fauty,dx =0,
R3 p=

p—0n—o0 By(x)

which gives

n—00 n— 00 R3

Therefore
ap; +bui < v,

which together with (3.20), gives

vﬁ > %(bsf +,/b2S? +4aS,).
Now, using (g3)-(ii), we obtain

d = o) — T wn), ) + 00 (1)

1 1
> —/ a|Vu,J{|2 + V(sx)(u,f)de —I—/ —g(ex, u,)u, — G(ex, u,) dx
4 Jrs R\A, 4

+ if(u,,)un — F(u,)dx + L (u)° dx + 0,(1)

A, 12 J4,
> a ‘VuJ“‘zdx + l — L / V(ex)u?dx + i/ (u+)6 dx
- 4 Ag " 4 4K R3\Ag " 12 Ag "
1
S ﬁ/ Vo[ Vur Pdx + — [ v, () dx + 0,(1).
4 Ja, 12 Ja,

Taking the limit and using (3.20) and (3.22), we get

a Y mmm+% Y Yl

{iel:'xjeA:} {iel:xjeA¢}

1 1
a Y S+ 3 v,

{iel'x;eA:} {iel:xieAg}

1 1
> 2aS, (bS] + /b2t + 4aS.) + oo (b2 + \[02SE + 4as.)’

1 1 1
= —abS> + —b3S° + — (b*S* + 4aS
gabSy + 5z Su + 57 (7S, + 4as,)

which yields a contradiction. This completes the proof of (3.15).

>

v

[S]

limsup/ glex, u)u Y, dx = limsup[ fluuty,dx —I—/ (u:[)61ﬂp dx —v; asp— 0.
R3 R?

(3.22)
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At this point, we know that (7] (u,), u,) = 0,(1), that is

e+ D150, = [ gCer. ) dx+ 0,01 (3.23)
R

On the other hand, by the weak convergence, it is easy to see that u is a weak solution to

—(a+bA)Au+ V(ex)u = g(ex,u) in R3,

where A = lim,_, o ||w,,||§2(R3) > ||Vu||§2(R3). Hence
) +bA||vu||§2(R3) = /RSg(ex,u)u dx. (3.24)

Taking into account (3.15), (3.23) and (3.24), we can infer that u,, — u in H, asn — oco. [J

Corollary 3.1. The functional v, satisfies the (PS), condition on S} at any level d > 0 if y = 0, and
de O,c)ify =1.

Proof. Let {u,},cn be a (PS) sequence for i, at level d. Then we have

Ye(u,) > d and ¥ (u,) — 0 in(7T,S).
Using Proposition 2.1-(c), we can see that {m.(u,)},en 1s a (PS)4 sequence for J, in H.. Then, we can
deduce from Lemma 3.6, that .7, fulfills the (PS), condition in H,, so there exists u € S} such that, up
to a subsequence,

me(u,) — my(u) 1in H,.
Applying Lemma 2.3-(iii), we can infer that u, — u in S}. O
Now, we give the proof of the main result of this section:

Theorem 3.1. Assume that conditions (V1)—(V2) and ( f1)—(fs) hold. Then problem (2.3) admits a pos-
itive ground state for all ¢ > Q.

Proof. In view of Lemma 2.2, we can apply a version of the mountain-pass theorem without (PS) con-
dition (see [35]) to obtain a sequence {u,},en such that 7, (u,) — ¢, and J/(u,) — 0. By Lemma 3.2,
{un}nen 1s bounded in H,, so we may assume that u, — u in H,. Taking into account Lemma 3.3 and
Lemma 3.4, we can assume that u is nontrivial. Now, we can prove that « is a critical point of . 7,. Indeed,
for all ¢ € H, we see that

/ aVuVe + V(ex)updx + bA(/ VuVe dx) = / glex,u)pdx
R3 R R3

3

where A = lim,_, o, ||Vu, ||22(R3). Taking ¢ = u in the above identity and noting that A > ”V””iZ(R»’)

(by Fatou’s Lemma), we obtain that (7,(u), u) < 0. Let us prove that (J/(u), u) = 0. Suppose to
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the contrary, that (J;(u), u) < 0. Then there exists a unique 0 < ¢ < 1 such that (J/(tu), tu) = 0.
Therefore, by (g3), (g4) and 0 < ¢ < 1, it follows that

1
ce < Je(tu) — 5<Z(tu), tu)
o1 1 , a1 1 4 1 d
=t ) lull; + ¢ 173 ||Vu||L2(R3) + . Eg(sx, tu)tu — G(ex, tu)dx

Lo (1 DY o 1 p
< 5 - 5 ||u||g + Z - 5 ” u”LZ(RS) + - 5g(8'x’ M)M - G(sx, u) X
. 1
< hnlgggf[%(un) - 5(«75/(un)7 Mn>:| =c

which gives a contradiction. Hence, (J.(u), u) =0and A = ||Vu ||%2 ®

can also deduce that t+ = 1 so that J,(u) = c. Since (J,(u), u”) = 0, where u~ = min{u, 0}, and
g(x,t) = 0fort < 0, it is easy to check that # > 0 in R’. Standard arguments (see [22,23,34]) show
that u € L*@RY) N Cllo’f‘ (RV) for some a € (0, 1), and using the Harnack inequality [20] we deduce
thatuy > 0inR3. O

) From the above argument we

4. The autonomous problem

In this section we consider the limit problem associated with (2.3). More precisely, we deal with the
following autonomous Kirchhoff problem:

{_(Cl+be3 [Vul®)Au + Vyu :f(u)+yu5 in R?, 4.1)

ue H'@®?, u>0 inR3.

The Euler-Lagrange functional associated with (4.1) is given by

1 b Y 6
t70(u) = E(a . |VM|2 + ‘/OM2 dx) + Z”VMHiZ(R?) - 43 F(I/t) + g(u+) dx

which is well defined on the Hilbert space H, := H'(R?) endowed with the inner product
(u, p)o := /R3 aVuVe + Voup dx.

The norm induced by the inner product is
|3 := /R? a|Vul® + Vou* dx.

The Nehari manifold associated with J is given by

No == {u € Ho \ {0} : (Ty(u), u) = 0}.
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We denote by H(}L the open subset of H defined as
HS = {u € Ho: }supp(u“L)‘ > 0},

and S§ := So N H, where Sy is the unit sphere of H,. We note that S is a incomplete C'!-manifold
of codimension 1 modelled on Hy and contained in ”HS’ .Thus Hy =T, S(J)r ® Ru foreach u € S, where
TMSSr :={u € Ho : (u, v)g = 0}. As in Section 2, we can see that the following results hold.

Lemma 4.1. Assume that conditions ( f1)—(f4) hold. Then the following assertions are true.

(1) Foreachu € ’H(J)r, let h : R™ — R be defined by h,(t) = Jo(tu). Then there is a unique t, > 0
such that

h (t) >0 forte(0,t,) and h(t) <0 fort € (t,,00).

(i1) There exists T > 0 independent of u such that t, > t foranyu € Sg . Moreover, for each compact
set K C S{ there is a positive constant Cx. such that t, < Ck for any u € K.

(iii) The map mq : H — Ny given by imo(u) = t,u, is continuous and my := nA10|Sg is a homeomor-

_u

llallo®

(iv) If there is a sequence {u,},en C Sar such that dist(u,, BS(J{) — 0, then |mo(u,)l|lo — o0 and

Jo(mo(u,)) — oo.

phism between S(J{ and Ny. Moreover; my Y =

Let us define the maps
Jo:Hy > R and o:S{ — R,

by o) := Jo(io(u)) and v := 1}0|SS,,

Proposition 4.1. Assume that conditions (f1)—(f4) hold. Then the following assertions are true.

(a) Yo € CH(HS, R) and

_ llmo@)llo
lluello

(o), v) (T (o)), v)

foreveryu € HBL and v € H,.
(b) Yo € C'(St, R) and

W), v) = moo (T3 (mo@0)). v),

foreveryv € T,S{.
(©) If {untnen is a (PS)a sequence for Yo, then {mo(u,)}nen is a (PS)a sequence for Jo. If {un}nen C
Ny is a bounded (PS), sequence for [Jy, then {my ! (Un) }nen is a (PS)y sequence for the functional

Yo.
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(d) u is a critical point of Vg if, and only if, my(u) is a nontrivial critical point for Jy. Moreover, the
corresponding critical values coincide and

inf yo(u) = ML%O%(M)-

T
ues;

Remark 4.1. As in Section 2, we have the following variational characterization of the infimum of J
over Ny:

co := inf Jo(u) = inf max Jy(tu) = inf max Jy(tu) € (0, c,).
ueNy ueH; >0 ueSy >0

Arguing as in Lemma 3.3, we can prove that:

Lemma 4.2. Let {u,},en C Ho be a (PS), sequence for Jy, withd > 0if y = 0andd € (0,c,) if
y =1, and u, — 0. Then only one of the alternatives below holds:

@) u, — 0inHo;
(b) there exist a sequence {y,}nen C R and constants R, B > 0 such that

liminf/ uldx > B> 0.
"0 JBr(m)

Remark 4.2. Let us observe that, if {u,},cn is a (PS) sequence at level ¢ for the functional 7, such that
u, — u, then we can assume that u # 0. Otherwise, if u,, — 0 and, if u,, — 0 does not occur, in view
of Lemma 4.2 we can find {y,},ex C R? and R, 8 > 0 such that

n—oo

liminf/ udx > B > 0.

Bgr(yn)

Setting v, (x) := u,(x + y,), we can see that {v, },en is a (PS) sequence for Jj at the level ¢y, {v,}nen 1S
bounded in H and there exists v € Hg such that v, — v and v # 0.

Now, we prove the following existence result for the autonomous problem:
Theorem 4.1. Problem (4.1) admits a positive ground state solution.

Proof. Since [y has a mountain pass geometry, we can find (see [35]) a (PS)-sequence {u,} for Jp at
level ¢y. It is easy to see that {u,},cn 1s bounded in H H(R?), so we may assume that 4, — u in H H(RY).
By Remark 4.2, we may suppose that u is nontrivial. Now, we prove that u is a critical point of Jj.
Indeed, for all ¢ € Hy we can see that

/ aVuVe + Voup dx + bA(/ VuVe dx) — / [f(u) + y(u+)5](pdx,
R3 R3 R3

where A lim,,_, o ”VM"”%Z(H@) > ||Vu||2L2(R3) (by Fatou’s Lemma). Taking ¢ = u we have

(Jy(u), u) < 0. Let us prove that (J;(u), u) = 0. Suppose to the contrary that (J;(u), u) < 0, then
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there exists a unique 0 < ¢ < 1 such that (J;(tu), tu) = 0. Therefore, by (f3) and (f3), it follows that
1 /
co < Jotu) — Z{Tg(tw), tu)

2o, 1 1 6 1 6
= — — —F _ =\° _ (T
4||u||0+/R34f(tu)tu (tu)dx+/34(tu ) 6(u )

R
<hwﬁ+/wam—Fwwx+/-Hff——@ﬂﬁ
4" s 4 R34 6
1
< liminf|:jo(un) — Z(jo’(u,,), u,,)i| =
From the above argument

which gives a contradiction. Hence, (J;(u),u) = 0 and A = I Vul? L2RY)

we can also deduce that t = 1 so that Jy(u) = co. Since (Jy(u), u~) = 0, where u~ = min{u, 0},
and f(tr) = 0 for t < 0, it is easy to check that # > 0 in R3. Using the arguments in [22,23,34],
ue L*RY)N ClOC (RN) for some a € (0, 1), and from Harnack inequality [20] we obtain that u > 0
in R3. Finally, we use a comparison argument to show the exponential decay of u. Since u(x) — 0 as
|x| — oo and using (f), we can find R > 0 such that

v
F ) +yu’(x) < 70 for all |x| > R

Let M > ||lu||3, and define ¢ (x) := Ce " with ¢* < m and Ce kK > u(x) for all |x| = R. Itis
easy to check that
Ap < c*¢ forallx #0. 4.2)

Since u > 0, we have

Vo Vo
—Au+ ————u< —Au+ u
2(a + bM) 2a+b [ [Vuldx)
: (f()+ V) 0 for x| > 43)
= u M - — or (x .
(@+b [ [Vul? dx) T

Set v := ¢ — u. Taking into account (4.2) and (4.3), we get

—Av+2(a+bM) v>20 in|x| >R
v>=0 onlx|=

v(x) > 0 as |x| — 0.

The maximum principle [20] implies that v > 0 in |x| > R and we deduce that u(x) < Ce™¥! for all
|x| = R. This completes the proof of theorem. []

The next lemma is a compactness result for the autonomous problem which will be useful later.
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Lemma 4.3. Let {u,},en C Ny be a sequence such that Jo(u,) — co. Then {u,},en has a convergent
subsequence in H'(R?).

Proof. Since {u,},en C Ny and Jy(u,) — co, we can apply Lemma 4.1-(iii) and Proposition 4.1-(d)
and Remark 4.1 to infer that

u, n

-1
Uy = my (un) = [t 0
nllo

and

Yo(v,) = Jo(u,) — co = inf+ Yo(v).

veS)
Let us introduce the map F : Sg — R U {o0} defined as follows

You) ifueSy,

Fu) =
w if u e dSy.

We note that

° (g(;r, dy), where d(u, v) = |lu — v||p, is a complete metric space;
e FeC(S,,RU {co}), by Lemma 4.1(iii);
e F is bounded from below, by Proposition 4.1-(d).

Hence, applying the Ekeland variational principle [15] to F, we can find {0, },en C Sg such that {0, },en
is a (PS),, sequence for ¥y on S(J{ and ||0, — v,]lo = 0,(1). Then, using Proposition 4.1, Theorem 4.1
and arguing as in the proof of Corollary 3.1, the assertion follows. [J

Finally, we prove the following useful relation between c, and cy:
Lemma 4.4. lim,_.c, = co.
Proof. Let w be a positive ground state given by Theorem 4.1, and set w.(x) = ¥.(x)w(x), where
Ye(x) = Y(ex) with Y € C(‘)’O(R3), Y e[0,1], ¢ =1if |x] < % and ¥ = 0 if |x| > 1. For simplicity,
we assume that supp(¥) C B1(0) C A. Invoking the dominated convergence theorem, we see that
ol (3
W —> W 1nH(]R)ass—>O. 4.4)

For each ¢ > O there exists ¢, > 0 such that

xja(taa)a) = maxjs(ta)s). (45)
>0

Then %[js(ta)s)],:te = 0 and this implies that

1 2 tew
— a|Va)8|2+V(8x)a)§dx+b |Va)8|2dx = AG é;)a)jdx—l—tz/ a)gdx.
12 Jrs R3 Ry (tew,)? R3
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By (f1), (f2), (f4) and w € N, it is easy to check that z, — 1 as ¢ — 0. On the other hand, from the
definition of ¢, and (4.5) we can see that

Ce < r{lf-é( Te(tw,) = T (twy),

and using the fact that g(x, 1) = f(¢) + y(t*)’ in A x R and suppw, C A,, we have

2
Te(tewe) = Jo(tewe) + %/ (V(Ex) - VO)a)g dx.
R3

Taking into account that V (¢x) is bounded on the support of w,, t, — 1 as ¢ — 0 and (4.4), we can
deduce that

limsup c, < Jo(w) = co.

e—0

On the other hand, in view of (V}) and (g,), we know that ¢, > ¢ for all ¢ > 0, so we can conclude that
ce —>cpase — 0. O

5. The barycenter map and multiplicity of solutions to (1.1)

In this section, our main purpose is to apply the Ljusternik—Schnirelmann category theory to obtain a
multiplicity result for problem (2.3). We begin proving the following technical results.

Lemma 5.1. Let ¢, — 0" and {u,},en C N, be such that J., (u,) — co. Then there exists {3, }nen C
R? such that the translated sequence

ﬁn(x) = un(x + yn)

has a subsequence which converges in H L(R3). Moreover, up to a subsequence, {y,}nen ‘= {€1Vu}nen is
such that y, — yo € M.

Proof. Since (‘78’” (u,), uy) = 0and J;, (u,) — co, we can argue as in Lemma 3.2 to show that {u, },en

is bounded in H,, . Let us observe that ||u,||,, - 0 since ¢y > 0. Therefore, proceeding as in Lemma 3.3,
we can find a sequence {y,},en C R3 and constants R, 8 > 0 such that

liminf/ lun|>dx > B.
BR(;'n)

n— 00

Set i1, (x) := u,(x + ¥,). Then {ii, }, e is bounded in H'(R?) and we may assume that

u, —~ u weaklyin HI(R3),
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for some u # 0. Let {t,},en C (0, +00) be such that 0, := 1,4, € Ny (see Lemma 4.1-(i)), and set
Yn ‘= €, Then, using (g,) and u, € N, , we can see that

- 1
co < Jo(vn) < 5/

- - b __ - -
alViul* + V(enx + y) 0, dx + <11V, ]2, — f F(3,) + Z(v;)6 dx
R3 4 R3 6
f 2 2 b, 4
< 5 alVu,|” + V(en2u, dx + —1, |Ivun||L2(R3) - G (en2, tauy) dx
2 R3 4 R3
= Je, (tattn) < Te, () = co + 0,(1), (5.1
which gives
t.70(6n) — C and {ijn}nEN C NO- (52)
In particular, (5.2) yields that {7, },en is bounded in H'(R?), so we may assume that 9, — . Obviously,
{t.}nen 1s bounded and we may assume that 7, — 5 > 0. If ¢ = 0, we get from the boundedness of
{tt,}nen, that |0, ]l0 = tllun]lo = O, that is Jy(v,) — 0, in contrast with the fact that ¢y > 0. Hence,
o > 0. By the uniqueness of the weak limit, we have that v = #u and v # 0. Using Lemma 4.3, we
deduce that
U, — v in H'(R?), (5.3)
which implies that iz, — i in H'(R?) and
Jo(®) =co and (Jy(D), D) =0.
Now, we show that {y,},cn admits a subsequence, still denoted by the same, such that y, — yg € M.

Assume to the contrary, that {y,},cn is not bounded, that is there exists a subsequence, still denoted by
{n}nen, such that |y,| — +o0. Since u, € N,,, we can see that

it 15 < allVitnll7a s, + /3 V (aX + ya)ity dx + b Vi, ||} 55, = /3 8(&nX + Yu, iin)ity dx.
R R

Take R > 0 such that A C Bg(0), and assume that |y,| > 2R. Then for any x € Bg/,(0) we get
lenx 4+ vul = |yul — |l€xx| > R. From the definition of ¢ we can deduce that

2o~ -\~ ~1\6
i< [ Fanades [ i) dr.
BRrye, (0) R3\ Bg/e,, (0)
Since i1, — & in H'(R?), we can apply the dominated convergence theorem to get

R3\BR/s, (0)
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Hence

1
~ 2 ~2
”un”() < / VO“n dx + On(l),
Brye, (0)

which yields
LAY
L= 2l lly < on(1).

Since i, — u # 0and K > 2, we get a contradiction. Thus {y, },<y is bounded and, up to a subsequence,
we may assume that y, — yo. If yo ¢ M, then there exists 7 > 0 such that y, € B,x(yo) C R\ M
for any n large enough. Reasoning as before, we get a contradiction. Hence y € M. Now, we show that
V(y9) = Vo. Assume to the contrary, that V (yy) > V. Taking into account (5.3), Fatou’s Lemma and
the invariance of R? by translations, we have

T _ S\ b _ _
co < liminf| - / alVo, > + V(enz + )0, )| + 7 1V0u 2@ — / F@) + 2 (57)° ) dx
2 R3 4 R3 6

n— 00
< liminf J;, (t,u,) < liminf J;, (4,) = co
n—o0 n— o0
which is impossible. [

Now, we aim to relate the number of positive solutions of (2.3) to the topology of the set A. For this
reason, we take § > 0 such that

Ms = {x e R’ : dist(x, M) < 8} C A,
and consider a smooth non increasing function 7 defined in [0, oo0) such that () = 1if 0 < ¢t < %

n()=0ift > 4,0 < n < 1,and | (t)| < ¢ for some ¢ > 0.
For any y € A, we define

W,y (x) 1= njex — y|)w(8x8_ y)

where w € H'(R?) is a positive ground state solution to (4.1) (such a solution exists by virtue of
Theorem 4.1).
Let ¢z, > 0 be the unique number such that

Te (W, ) :=max T (1, ).
t2>0

Finally, we consider ®, : M — N/, defined by setting

ch(y) = ts\ps,y-
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Lemma 5.2. The functional ®. satisfies the following limit
li_{l(l)Jg(CI)E(y)) =co uniformlyiny e M.
Proof. Assume to the contrary, that there exist 6y > 0, {y,}seny C M and &, — 0 such that
| T, (@, (3n)) — co| = do. (5.4)

Let us observe that using the change of variable z = 8"2—_”’, if z € B, (0), it follows that ¢,z € Bs(0)

and then ¢,z + y, € Bs(y,) C Ms C A,.
Then, recalling that G(x, 1) = F(r) + %(z+)6 for (x,1) € A x Rand n(t) = 0 fort > §, we have

2

13
(., () = 7( /R al¥(n(lencl)w) [ dz + /1; Vet yn)(n(|enz|)w<z>)2dz)

([ veaue)Pas) - [ Flateue)a:

6

t
— ! /R 3 (1(lenz)w())" dz. (5.5)

6

Now, we verify that the sequence {f,, },en satisfies z,, — 1 as ¢, — 0. It follows from the definition of
le, that <\-7g/n (cbsn (yn))9 (Dsn (yn)> =0, namely,

2 (fR a|V(1(lenzl)w(@)[* + V (enz + yn)(n(|enz|)w<z>)2dz)
2
+ bt} (/ |V(n(|8nz|)w(z))|2dz)
R3

= /Rs g(enz 4 Y te,n(lenzl)w(2)) 1, n(I€nz] ) w(2) dz. (5.6)

Since n = 1 in B% (0) € B (0) for all n large enough, we get from (5.6)

1 2
;7/ alV¥,, ,, >+ V(e,x)¥] | dx +b(/ |V\p8n,yn|2dz)
& JR3 R3

_ f (tsn \Ijsn v)’n) + 14 (tgn \pgna)’n )5 4

= v dx.
En,
R3 (tsn \Ijgnayn )3 i

By the continuity of w we can find a vector Z € R? such that

w(Z) ;== min w(z) > 0,
zeB%(O)
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so that, using ( f4), we can deduce that

1 2
ﬁ/ alV¥,,,, >+ V(e,0)W; | dx + b(/ |V\p8n,yn|2dx)
& JIR3 R3

(f (teq w(2))?

N ﬂfsn_w<2>>w4(g)|3%(o)| ify =0, (5.7
12 w(2)| By (0)] ity =1. |

Now, assume to the contrary, that 7, — o0. Let us observe that the dominated convergence theorem
yields

2 2
1We, .y, ll5, = llwlly € (0, 00),

L Yen) o o[ fow) (5.8)

4
1We, .y, llLo@3) = lwllpswsy and , w” dx
" R3 (l‘e?,,"pa,,,y,,)3 Fn¥n R3 (tOw)3

Hence, by t,, — 00, (5.7) and (5.8), we obtain a contradiction.

Therefore {t,, },en is bounded and, up to subsequence, we may assume that #,, — #, for some 7y, > 0.
Let us prove that t, > 0. Suppose to the contrary, that f, = 0. Then, taking into account (5.8) and
assumptions (g;) and (g2), we can see that (5.6) yields

2
||t8n\p8na)’n”8n - O

which is impossible in view of Remark 2.2. Hence #y > 0. Thus, by passing to the limit as n — oo in
(5.6), we deduce from (5.8) that

f tow) + y (tow)® W di.

1

2 4
Sl +IVwll}2 s =
1 LR ™ Jes (fow)3

Taking into account w € Ny and using (f4) we can infer that 7o = 1. Then, letting n — oo in (5.5) and
using t,, — 1 and (5.8) we obtain

lim ufe,l((ps,,,y,l) = Jo(w) = co,
n—>oo
which contradicts (5.4). [

At this point, we are in a position to define the barycenter map. For any § > 0, we take p = p(§) > 0
such that M5 C B,(0), and we consider 7" : R®> — R? given by

if x| <p

X
Te= {ﬁ if x| > p.

|x|
We define the barycenter map B, : N; — R as follows

._ fR3 Y (ex)u*(x) dx
pri = Jrs u?(x) dx




32 V. Ambrosio and D. Repovs / Kirchhoff problems via local mountain pass

Applying the dominated convergence theorem, it is easy to check that the function g, fulfills the follow-
ing limit:

Lemma 5.3.

lin(l),Bg(CI)g(y)) =y uniformlyiny € M.
e—

Now, we introduce a subset /\N/; of NV, by taking a function #; : RT™ — R™ such that h;(¢) — 0 as
¢ — 0, and setting

Ne={ueN. : Jew) < co+ hi(e)).

It follows from Lemma 5.2 that /1 (¢) := sup, ¢y, [T (P:(y)) — co| — 0 as ¢ — 0. By the definition of

hi(e), for any y € M and ¢ > 0, d.(y) € N; and N, # @. Moreover, we can prove a very interesting
relation between N, and B,:

Lemma 5.4.

lil’l’(l) sup dist(B. (u), Ms) = 0.

e—
ueN,

Proof. Let e, — Oasn — oo. For any n € N there exists u, € K@n such that

inf - = inf e n) — n 1).
sup inf B0 <] = nf [ (un) |+ on (D)

Therefore, it is suffices to prove that there exists {y,},en C M; such that

|Be, (1) = yu| = 04 (D). (5.9)
We note that {1, },en C J\N@n C N,,, from which we deduce that

co < ¢, < T, (Un) < co+ hi(en).

This yields 7, (u,) — co. Using Lemma 5.1, we can find a sequence {y,},en C R3 such that Vp =
enyn € M; for n sufficiently large. Set it,, = u,, (- + ¥,) and we see that

Jeal Y (enz + yi) — yalii2 dz
Jgo iy dz ‘

:Bs,, (Un) = yn +

Since €,z + y» = Yo € M;, we can deduce that 8, (4,) = y, + 0,(1), thatis (5.9) indeed holds. [

In order to prove that (2.3) admits at least caty, (M) positive solutions, we recall the following useful
abstract result whose proof can be found in [9,28].
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Lemma 5.5. Let I, I, and I, be closed sets with Iy, C I, andletw : I — Iyand v : I, — I be
two continuous maps such that w o W is homotopically equivalent to the embedding j : I, — I,. Then
cat; (1) > caty, ().

Since S} is not a complete metric space, we cannot directly apply standard Ljusternik—Schnirelmann
theory [28,35]. However, in the light of results in Section 2, we can make use of some abstract category
results contained in [33].

Theorem 5.1. Assume that conditions (V1)—(V>) and (f1)—(fs) hold. Then, given § > 0, there exists
gs > 0 such that, for any ¢ € (0, &s), problem (2.3) has at least caty, (M) positive solutions.

Proof. For any ¢ > 0, we consider the map o, : M — Sj defined by «.(y) := m;l(CIDE(y)).
Using Lemma 5.2, we see that

lim ¥, (e () = lim Te(®:(y)) = co uniformly iny € M. (5.10)
Set
SHi={weSH: y.(w) <co+hie)},

&

~

where A1 () 1= supcy Ve (@:(y)) —col = Oase — 0% by (5.10). Since Y. (. (y)) € S.f, we have
that S} # @ for all & > 0.

By Lemma 2.3-(iii), Lemma 5.2, Lemma 5.3 and Lemma 5.4, we can find ¢ = &; > 0 such that the
following diagram

me

m;! .
M hid D, (M) > a,(M) = (M) E) M;

is well defined for any ¢ € (0, €).

Thanks to Lemma 5.3, and decreasing ¢ if necessary, we see that S.(®.(y)) = y + 6(e, y) for all
y € M, for some function 6 (e, y) such that |6 (¢, y)| < g uniformly in y € M and for all ¢ € (0, &).
Then it is easy to check that H(t,y) := y + (1 — t)8(¢e, y) with (¢, y) € [0, 1] x M is a homotopy
between B, o ®, = (B, omy) o (m;l o ®,) and the inclusion map id : M — M. This fact together with

Lemma 5.5 implies that
caty, (a0t (M) = caty (M). (5.11)

Using Corollary 3.1, Lemma 4.4 and Theorem 27 in [33] with ¢ = ¢, < co + hi(¢) =dand K =
a.(M), we can deduce that v, has at least cat,_ ) ot (M) critical points on Sj . Taking intoNaccount
Proposition 2.1-(d) and (5.11), we can infer that 7, admits at least catys, (M) critical points in A,. O

6. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Here we prove that the solutions obtained in
Section 5 are indeed solutions of the original problem (1.1) for & > 0 small enough.

First, we use a Moser iteration argument [29] to prove the following useful L°°-estimate for the solu-
tions of the modified problem (2.3).



34 V. Ambrosio and D. Repovs / Kirchhoff problems via local mountain pass

Lemma 6.1. Lets, — Oand u, € /\N/'sn be a solution to (2.3). Then, up to a subsequence, the translated
sequence v, = u,(- + ¥,) € L¥(R?), and there exists C > 0 such that

lvallpewsy < C foralln € N,
where {y, }nen is given in Lemma 5.1. Furthermore, limyy|—, o v, (x) = O uniformly inn € N.
Proof. Since J,, (u,) < co + hi(e,) with h(e,) — 0, we can argue as in the proof of (5.1) to prove
that J;, (u,) — co. From Lemma 5.1 we can deduce that there is a sequence {y,},en C R3 such that

Uy i= Up (- + ¥,) = vin H'(R?), for some v € H'(R?), v £ 0, and y, = &,y, — Yo € M.
Note that v, is a solution of the following problem

—(a + be3 |vvn|2dx)Avn + Vn(x)vn = gn(vn) in R37

6.1
v, € H'(RY), v, >0 inR3, ©.1

where Va(x) = V(epx + enyn) and gn(vn) = g(gnx + 8115}?!7 Up).
Forany R > 0,0 <r < %, letn € C*(R% suchthat 0 < n < 1,7 = 1in R\ Bg(0), n = 0in

Br_,(0) and |Vn| < 2/r. For eachn € Nand for L > 0, let

2(B—1) . B-1
I = 17 VnVp and wp, = nuavy ,

where vy, , := minf{v,, L}, and 8 > 1 to be determined later. Choosing z; , as a test function in (6.1)
we have

0 = / avvnsz,n + VnUnZL,n dX + b”VUn”%}(R})/ VUnVZL,n dx - / gn(vn)ZL,n dx’
R3 R3 R3
namely
(a+ b||an||iz(R3)) /x |an|2nzvi(§ b zwnvnnvnvgﬁ Dy - I)VUHVUL,nvnvi/’gn—3n2 dx
R‘
+/ VvtV dx = / g vvph "V dx.
R3

Set A, := a + blle,,HLZ(Rg Since v, — v in H'(R?) with v # 0, we geta < A, < C for some

positive constant C. Hence,
A,,/ vy V1V, 2 dx _/ g v,vph dx — 2A,,/ vy v, Vv,V dx
R3 R3
—2A (ﬂ—l)/ vy v,,anVandx—/ Vaulntophdx.

By assumptions (g;) and (g2), for any & > O there exists C¢ > 0 such that

|g(enx, )| <E|t] + Celt) forall (x,1) € R* x R.
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Hence, using (V) and choosing & € (0, Vp), we have
A,,‘[R n vL(’S D1V, 2 dx <C5/ vl vL(ﬂ Vdx — 2An/1;< nvi(ﬁ D0, Vv,V dx.
For each 7 > 0 we can use Young’s inequality to obtain
A,,/ v V1V, P dx < Cg/%v,?nzvi(’ﬁ_l) dx+2Anr/% IV, 2070V n? dx
R’ R’
+2A,C, /R3 V2|V 2u; 0D dx
and taking 7 € (0, %), we get

/ n?v; V1V, P dx < c/ vonPoph Y dx+C/ IV v2vph Y dx. (6.2)
R3

On the other hand, using the Sobolev inequality and the Holder inequality, we can infer

il <€ [ Vwralds=c [ [Vt ds
< Cﬁ2</ V22,8 dx-i—/ n2v§<f‘;‘l)|wn|2dx>. (6.3)
R3

Gathering (6.2) and (6.3), we have

||wLn||L6(]R3 C,B </ |V7’]|2U2U2(ﬁ D dx / U 1) UL(ﬂ 1) dx)
R3

At this point we can argue as in Lemma 4.5 in [3] to deduce the assertion. [J
Now, we are ready to give the proof of our main multiplicity result:

Proof of Theorem 1.1. Take § > 0 such that Ms C A. We begin by proving that there exists &5 > 0
such that for any ¢ € (0, &) and any solution u, € N, of (2.3),

||u£||L°°(R3\Ag) <. (6.4)

Assume to the contrary that for some subsequence {¢,},cn such that ¢, — 0, we can find u, := u,, €
N, such that J! (uy) = 0and

lunllpoo®3\a,,) = - (6.5)

Since J;, (u,) < co + hi(e,) and hy(e,) — 0, we can argue as in the proof of (5.1) to deduce that
T, (n) = co. In view of Lemma 5.1, we can find {y, },eny C R3 such that v, = u,,(- + y,) = v # 0in
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H'(R?) and &,%, — yo € M. Now, if we choose r > 0 such that B,(yy) C B, (yo) C A, we have that
BSL(E—O) C A, . Then for any y € B (3,)

1 2
‘y _ 0« 1y = Yol + |90 — S —(r +o0,(1) < 2 forn sufficiently large.
n n n SVL
Therefore, for any n big enough,
R\ A, C R¥\ Bz (). (6.6)

Applying Lemma 6.1, there exists R > 0 such that
v,(x) <a, for|x|>R,neN,

from which
up(x) =v,(x —y,) <a forx € Bx(y,),n € N.

On the other hand, there exists v € N such that for any n > v we have
R\ A, C R\ B2 (5,) C R\ Br(5n).

Consequently, u, (x) < a for any x € R3\ A,, and n > v. which is impossible in view of (6.5).

Now, let &5 > 0 be given by Theorem 5.1, and we fix ¢ € (0, &5) where &5 = min{&;, &s}. In light of
Theorem 5.1, we know that problem (2.3) admits at least caty, (M) nontrivial solutions. Let us denote by
u, one of these solutions. Since u, € N, satisfies (6.4), it follows by definition of g that u, is a solution
of (2.1). Then &t (x) = u(x/¢) is a solution to (1.1), and we can conclude that (1.1) has at least caty, (M)
solutions.

Finally, we study the behavior of the maximum points of solutions for problem (2.1). Take ¢, — 0
and consider a sequence {u,},eny C H,, of solutions for (2.1) as above. Let us observe that (g;) implies
that we can find i > 0 such that

2

Vi
glex, )t < fot for any x € R 1 < nw. (6.7)

Arguing as before, we can find R > 0 such that

lunll Loo @3\ B Gy < M- (6.8)
Moreover, up to extract a subsequence, we may assume that

ltenll oo (B GGry) = M- (6.9)

Indeed, if (6.9) does not hold, in view of (6.8), we see that ||u, || .~®3) < u. Then, using (jg’n (u,), u,) =
0 and (6.7), we can infer

Vi

2 2 4 0 2

lually, < Nunlly, +01Vunll2gs, =/ glenx, upu,dx < — | u,dx
R3 K ]R3
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which yields |ju,|l,, = O, and this is impossible. Hence (6.9) holds. Taking into account (6.8) and
(6.9), we can deduce that if p, € R*is a global maximum point of u,, then p, € Bg(y,). Therefore
Pn = Yn + g for some g, € Bg(0). As a consequence, 1., = &,V, + €,¢y, is a global maximum point of
i,(x) = u,(x/e,). Since |q,| < R forany n € Nand ¢,y, — yo € M (in view of Lemma 5.1), we can
infer from the continuity of V that

r}g}}o V() = V(o) =W.

In what follows we prove the exponential decay of solutions of (1.1). Since v,(x) — 0 as |x| - o0
uniformly in n € N, and using (g;), we can find R > 0 such that

Vi
gn(vn(X)) < ?0 for all [x| > R.

Let M > ||v,,||§n, and define ¢ (x) := Ce Wl with ¢? < z(aX%M) and Ce=F > v,(x) forall |x| = R. It
is easy to verify that

Ap < c*¢ forall x #0. (6.10)

On the other hand, by (V}), we have

V() VO
B ———— < _Avn + Un
2(a +bM) 2(a+ b [z |V, |>dx)

= s (@ - (- 3))
T @+b [ [Vo,2dx) 8n(Wn) =\ Vo = =

< 1
(a+b [z IV, > dx)

—Av,

Vo
(gn(vn) - 7) <0 for|x| > R. 6.11)

Set w, := ¢ — v,. Putting together (6.10) and (6.11), we get

Vi .
—Awn+2(T%M)wn>O in [x| > R,
w, >0 onl|x| =R,

w,(x) > 0 as|x|] - oo.

The maximum principle [20] implies that w,, > 0 in |x| > R and we deduce that v,(x) < C e~ for all
x| > Randn € N. Since i, (x) = u,(x/e,) = va(Z — Fn) = vn()“rs"ziz_%") solves (1.1), we obtain the
desired estimate. This completes the proof of Theorem 1.1. [

7. Supercritical Kirchhoff problems

In this section we deal with the multiplicity of positive solutions for (1.5). After rescaling, we study
the following Kirchhoff problem

—(a + be3 [Vul?dx)Au + V(ex)u = u?'u + pu’~'  inR3,

7.1
u>0 inR3, u(x) - 0 as|x| — oo, 1)
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where i > 0 and the powers are such that4 < g < 6 < r. In what follows, we truncate the nonlinearity

¢ () = |u|7">u + p|u|""2u in a suitable way.
Let K > 0 be a real number, whose value will be fixed later, and set

0 ift <0,
Gu(t) = 197 4+ ! if0<r <K,
(1 4+ pK 92! ift > K.

It is clear that ¢,, satisfies the assumptions ( f1)—(fs) ((f3) with ¢t = g > 4). Moreover,
¢ (1) < (14 puK " )7" forallz > 0. (7.2)
Therefore, we can consider the following truncated problem

—(a+b [o [Vul?dx)Au + V(ex)u = ¢, (u) inR3,
u € H'(RY), u>0 inR>.

It is easy to see that weak solutions of (7.3) are critical points of the energy functional 7, , : H, — R
defined by

1 b
T = 3k} + 2 Vil — /R @,
where ®,,(t) := fot ¢, (s)ds. We also consider the autonomous functional

1., b,
Jou) = Zlullo + 7 IVulliage) = . @, (u)dx.

Using Theorem 1.1, we know that for any u > 0 and § > 0, there exists £€(8, u) > 0 such that, for any
e € (0,&(8, n)), problem (7.3) admits at least caty, (M) positive solutions u, ,. Now, we prove that it is
possible to estimate the H.-norm of these solutions uniformly with respect to . More precisely:

Lemma 7.1. There exists C > 0 such that |u,. ulle < C for any ¢ > 0 sufficiently small and uniformly
in (.

Proof. A simple inspection of the proof of Theorem 1.1 shows that any solution u, , of (7.3) satisfies
the following inequality

l-7€,/1,(u8,/1.) < CO,/,L + hu(é‘),

where ¢, is the mountain pass level related to the functional Jp ,, and h,(¢) — 0 as ¢ — 0. Then,
decreasing (8, u) if necessary, we can assume that

%,M(“s,u) < Co,u + 1 (74)
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for any ¢ € (0, £(8, n)). Using the fact that ¢y, < co0 for any u > 0, we can deduce that
st,/L(us,p,) g €0,0 + 1 (75)

for any ¢ € (0, £(5, 1)). We can also note that

1
ulfs,u(ue,u) = j&,u(ue,u) - g(jg/’u(ué',ll)’ ué‘,/t)

1 1 1 1 1
= <5 - ;) ||Me,u||§ + (Z - ;) Hvus,u”iz(Rz) + /R? ;(pu(us,u)us,u - cbu(us,//,) dx

1 1
> (— — _>||us,u||§ (7.6)
2 q

where in the last inequality we have used assumption ( f3). Putting together (7.5) and (7.6), we can infer
that

1
2q 2
”ue,p,”s < |:<q _ 2>(CO,O + 1)i|

forany ¢ € (0,e(5, n)). U

Now, our plan is to prove that u, , is a solution of the original problem (7.1). To this end, we will
show that we can find Ky > 0 such that for any K > Ky, there exists ;o = po(K) > 0 such that

lteull sy < K forall e [0, pol. (1.7)

In order to achieve our goal, we use a version of the Moser iteration technique [29]. For simplicity, we

setu :=u, ,. Forany L > 0, we define u; := min{u, L} > 0, where B > 1 will be chosen later, and let

wy = uub=", Taking ui(ﬂ_l)

u in (7.3), we see that
a/ P71Vl dx + / 208 — Dup PP |\VuP dx + b||Vu||iz(R3)/ VuV (u7 ") dx
R3 {u<L)} R3
= / ¢M(u)ui(ﬂ_l)u dx — / V(ex)uzui(ﬁ_l) dx. (7.8)
R? R?

Putting together (7.8), (7.2) and (V;), we get

/ WPV \udx < CM,K/ ulu} PV dx (7.9)
R3 R3
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where C,, g 1= a~'(1 + wK"~9). On the other hand, by Theorem 2.1 and 8 > 1, we have
i o, < 5. [ Vwnds

= S*/ |uf71Vu + (B — l)uuf72VuL|2dx
R3
< 25*(/ B — 1)2ui(ﬁ71)|vu|2dx dy +/ }M’ZlVML‘Zd-x)
R3 R3

<28.((B— 1+ 1)/ w; PV \Vu? dx
R3

2 2
s8]+ 5 Lo e
R3

<4S*,82/ ur PV \Vu dx. (7.10)
R3

Taking into account (7.9) and (7.10), and using the Holder inequality, we can deduce that

2 2 q—2 2
< ( 6 ( u /.
||wL||16(R3) S 1 M,K” ”L (R3)”wL||L6—(]qz—2)( 3) ( 11)

12

where 2 < < 6 and C; > 0. In view of Lemma 7.1 and Lemma 2.1, we can see that

6—(q—2)
lwe 2o < CoB2Cux €T w2 e (7.12)
where
o = L
6—(q—2)

Now, we observe that if u? € L*" (R?), we obtain from the definition of w;, u; < u, and (7.12),

2 2 =42 28
lw sy < C3B2Cux €Tl e ) < 00. (7.13)

Passing to the limit as L — +o00 in (7.13), the Fatou Lemma yields

a1
el Los 3y < (CaCruk)? BP el o g3 (7.14)

whenever u?®" e L'(R?).
Now, we set § = % > 1, and observe that, since v € L%(R?), the above inequality holds for this

choice of B. Then, using the fact that f2a* = 6, it follows that (7.14) holds with B replaced by B2.
Therefore,

1 2 1.1 1 1 2
L5 Yo+t o 5+%
||u||L6ﬂ2(R3) < (C4C[L,K)2ﬁ2 lgﬂz ||u||Lﬁ2a*(R3) g (C4C,AL,K)2 P ﬁz ﬂﬁ ﬁz ||M||Lﬂ0‘*(]R3)'
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Iterating this process and recalling that Ba™ := 6, we can infer that for every m € N,

mo 1 mo i
luell o sy < (CaCui) ="~ 27 BZ1=190 " ue]| oy (7.15)
Taking the limit in (7.15) as m — 400 and using Lemma 7.1, we get

lull poomsy < (C4Cp k) B7Cs (7.16)

1
where Cs := S, >C and

V=

N | =
=~

oo .
- < oo and Zﬂi

1

J

Next, we will find some suitable values of K and u such that the following inequality holds
(C4Cp k)" B”Cs < K,

or equivalently,

r—q —1,-2 -1\
1+ uK9<C'Bn(KCs)n
Take K > 0 such that
1 L
(KCg)n

”

Cua?r

> 0,

and fix po > O satisfying

Then, thanks to (7.16), we obtain that
lullpom@sy < K forall u € [0, wol,

that is u = u, , is a solution of (7.1). This completes the proof of Theorem 1.2.
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