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ABSTRACT. In this paper we discuss the existence and non-existence of weak
solutions to parametric fractional equations involving the square root of the
Laplacian A;/p in a smooth bounded domain @ C R™ (n > 2) and with
zero Dirichlet boundary conditions. Namely, our simple model is the following
equation
{ Apjpu=2Af(u) inQ
u=0 on 909.

The existence of at least two non-trivial L>°-bounded weak solutions is estab-
lished for large value of the parameter A, requiring that the nonlinear term f
is continuous, superlinear at zero and sublinear at infinity. Our approach is
based on variational arguments and a suitable variant of the Caffarelli-Silvestre
extension method.

1. Introduction. This paper is concerned with the existence of solutions to non-
linear problems involving a non-local positive operator: the square root of the
Laplacian in a bounded domain with zero Dirichlet boundary conditions.

More precisely, from the variational viewpoint, we study the existence and non-
existence of weak solutions to the following fractional problem

{ Aijpu = AB(z) f(u) inQ (1)
u=~0 on 0f),
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where Q is an open bounded subset of R (n > 2) with Lipschitz boundary 9, A

is a positive real parameter, and 5 : Q@ — R is a function belonging to L>°(Q2) and
satisfying

inf . 2

essinf f(z) >0 (2)

Moreover, the fractional non-local operator A;/, that appears in (1) is defined
by using the approach developed in the pioneering works of Caffarelli & Silvestre
[12], Caffarelli & Vasseur [13], and Cabré & Tan [11], to which we refer in Section 2
for the precise mathematical description and properties. We also notice that A, /o
which we consider, should not be confused with the integro-differential operator
defined, up to a constant, as

(—A)l/Qu((E) N /n U<$ + y) + |’L;J<-Z+_1 y) — 2u(33) dy’ Vo e R™.

In fact, Servadei & Valdinoci in [39] showed that these two operators, although often
denoted in the same way, are really different, with eigenvalues and eigenfunctions
behaving differently (see also Musina & Nazarov [36]).

As pointed out in [11], the fractions of the Laplacian, such as the previous square
root of the Laplacian A, ,, are the infinitesimal generators of Lévy stable diffusion
processes and appear in anomalous diffusions in plasmas, flames propagation and
chemical reactions in liquids, population dynamics, geophysical fluid dynamics, and
American options in finance. Moreover, a lot of interest has been devoted to elliptic
equations involving the fractions of the Laplacian, (see, among others, the papers
[1,2,3,5,8, 14, 24, 28, 35, 40] as well as [7, 25, 27, 30, 31, 32, 34] and the references
therein). See also the papers [4, 37] for related topics.

In our context, regarding the nonlinear term, we assume that f : R — R is
continuous, superlinear at zero, i.e.

lim @

t—0 t =0, (3)
sublinear at infinity, i.e.
lim @ =0, (4)
[t|—oo T
and such that
sup F'(t) > 0, (5)
teR

where

/f

for any ¢ € R. Assumptions (3) and (4) are quite standard in the presence of
subcritical terms. Moreover, together with (5), they guarantee that the number

[t>0 [t] (6)
is well-defined and strictly positive. Furthermore, property (3) is a sublinear growth
condition at infinity on the nonlinearity f which complements the classical Am-
brosetti and Rabinowitz assumption.

Here, and in the sequel, we denote by A; the first eigenvalue of the operator
—A in  with homogeneous Dirichlet boundary data, namely the first (simple and
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positive) eigenvalue of the linear problem

—Au=XMu in
u=20 on 0.

The main result of the present paper is an existence theorem for equations driven
by the square root of the Laplacian, as stated below.

Theorem 1.1. Let Q2 be an open bounded set of R™ (n > 2) with Lipschitz boundary
0, B: Q —= R a function satisfying (2), and f : R — R a continuous function
satisfying (3)—(5). Then the following assertions hold:

(i) problem (1) admits only the trivial solution whenever

\L/2
0<A< —— b —y
CfHﬂ”Leo(sz)

(79) there exists A\* > 0 such that (1) admits at least two distinct and non-trivial
weak solutions uy x,uz x € L>(Q) N HS/Z(Q), provided that A > A*.

Furthermore, in the sequel we will give additional information about the local-
ization of the parameter \*. More precisely, by using the notations clarified later
on in the paper, we show that

1/2
A\ e Ali,ko ,
cf HBHLOO(Q)

see Remark 1 for details.

Theorem 1.1 will be proved by applying classical variational techniques to the
fractional framework. More precisely, following [11], we transform problem (1) to
a local problem in one more dimension by using the notion of harmonic extension
and the Dirichlet to Neumann map on 2 (see Section 2). By studying this extended
problem with the classical minimization techniques in addition to the Mountain
Pass Theorem, we are able to prove the existence of at least two weak solutions
whenever the parameter \ is sufficiently large (for instance when A > Ag). Finally,
the boundedness of the solutions immediately follows from [11, Theorem 5.2].

We emphasize that Cabré & Tan in [11] and Tan in [41] studied the existence and
non-existence of positive solutions for problem (1) with power-type nonlinearities,
the regularity and an L*-estimate of weak solutions, a symmetry result of the
Gidas-Ni-Nirenberg type, and a priori estimates of the Gidas-Spruck type.

Along this direction, we look here at the existence of positive L°°-bounded weak
solutions on Euclidean balls in presence of sublinear term at infinity. To this end,
for every n > 2 and r > 0, set

8r2

1
, with Ypi=—-,1
r?+4 min zn(0) (21/" )
[ASPIPY

((n,r) =

where
1—o"

=(9) = o Ty o
With the above notations, a special case of Theorem 1.1 reads as follows.

Vo € ¥,.

Theorem 1.2. Let r > 0 and denote
IY = {(2,0) € ORT™" : |z < 1},
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where R} := R™ x (0,+00) and n > 2. Moreover, let f : [0,400) — R be a
continuous non-negative and non-identically zero function such that

lim @: lim @

=0,
t—0+ t t—+oo ¢
with
ot
I;%lg W < C(na ’I"), (7)
where
S:={t>0:F(t) >0}
Then the following nonlocal problem
Aijpu= f(u) in Y
u>0 on I'? (8)
u=0 on OI"?

admits at least two distinct weak solutions uy x,uz x € L=(I'%) N HS/Q (T9).

The structure of this paper is as follows. After presenting the functional space
related to problem (1) together with its basic properties (Section 2), we show via
direct computations that for a determined right neighborhood of A, the zero so-
lution is the unique one (Section 3). In Section 4 we prove the existence of two
weak solutions for A bigger than a certain A*: the first one is obtained via direct
minimization, the second one via the Mountain Pass Theorem. Specific bounds for
A* are obtained in Remark 1.

We refer to the recent book [29], as well as [15], for the abstract variational
setting used in the present paper. See the recent very nice papers [22, 23] of Kuusi,
Mingione & Sire on nonlocal fractional problems.

2. Preliminaries. In this section we briefly recall the definitions of the functional
space setting, first introduced in [11]. The reader familiar with this topic may skip
this section and go directly to the next one.

2.1. Fractional Sobolev spaces. The power A/, of the Laplace operator —A in
a bounded domain 2 with zero boundary conditions is defined through the spectral
decomposition using the powers of the eigenvalues of the original operator.

Hence, according to classical results on positive operators in €, if {¢;, A, },en are
the eigenfunctions and eigenvalues of the usual linear Dirichlet problem

—Au=Mu inQ
{ u=20 on 0f), (9)

then {p;, )\;/ 2}j€N are the eigenfunctions and eigenvalues of the corresponding frac-
tional one:

uw=0 on 9. (10)

We repeat each eigenvalue of —A in Q with zero Dirichlet boundary conditions
according to its (finite) multiplicity:

{ A1/2u=)\u in Q

0<)\1<)\2§"-§)\j§)\j+1§...
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and \; — 400 as j — 400. Moreover, we can suppose that the eigenfunctions
{¢;}jen are normalized as follows:

/Q Ve, (@) Pdx = /Q lo;(2)2de = \;, VjeEN
and
/QVL,OZ-(JU) -Vyj(z)de = /ngi(x)goj(x)dm =0, Vi#£j.

Finally, standard regularity arguments ensure that ¢; € C2((Q), for every j € N.
The operator A/, is well-defined on the Sobolev space

0 o
Hé/Q(Q) =qu € LQ(Q) U= Zaj%' and Za?)\}m < too b,
J=1 j=1

endowed by the norm
1/2
o0
1/2
”u”Hé/z(Q) = Za?/\]/ )
j=1

and has the following form

Ay jpu = Z aj/\;m(pj, where a; := / u(z)p;(x)de.
Q

j=1

2.2. The extension problem. Associated to the bounded domain €, let us con-
sider the cylinder
Co = {(z,y):x€Q, y>0}C R,
and denote by 91.Cq := 90 x [0,400) its lateral boundary.
For a function u € Hé/ 2(Q), define the harmonic extension E(u) to the cylinder
Cq as the solution of the problem
div(VE(u)) =0 in Cq
E(u) =0 on 0.Cq (11)
Tr(E(u)) = u on €,
where
Tr(E(u))(x) := E(u)(z,0), Ve
The extension function E(u) belongs to the Hilbert space

X)2(Cq) = {w € L*(Cq) : w =0 on 81Cq, /

Ca

|Vw(gc,y)|2 dzdy < +oo} ,

with the standard norm

1/2
Hw”X&”(CQ) = </c |Vw(x,y)|2dxdy> .
Q

Hence the space Xé/ *(Cq) is defined by
XOI/Q(CQ) = {w € H'(Cq) :w=0on 8LCQ} ,
and can be characterized as follows

X3/2(Ca) = Qw e L2(Ca) sw =Y bjpse ™V with D 0A[/% < oo ¢
Jj=1 j=1
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see [11, Lemma 2.10].
In our framework, a crucial role between the spaces Xé/z (Cq) and H3/2(Q) is
played by trace operator Tr : Xé/z (Cq) — Hé/z(Q) given by

Tr(w)(z) = w(x,0), Vze.

The trace operator is a continuous map (see [11, Lemma 2.6]), and gives a lot of
information, which we recall in the sequel. We also notice that

Hé/z(Q) ={u € L*(Q) : u = Tr(w), forsomew € XOI/Z(CQ)} c HY*(Q),

and that the extension operator E : Hé/z(Q) — Xé/z(CQ) is an isometry i.e.

||E(u)||xé/2(cﬂ) = HUHHéN(Q)?

for every u € Hé/z(Q). Here, H'/?(Q) denotes the Sobolev space of order 1/2,
defined as

1/2 —u 2 . |u(z) — u(y)? " 0
HY=(Q): { GL(Q)./QXQ w1 dxdy < + },

with the norm

/2
[u(z) — u(y)? / 2 )1

w|| gi/2 = dxdy + u(x)|“dx .

Nl g1/ (Q) (/an [z — y|n+1 Y Q| ()]

Next, we have the following trace inequality
1T () 2y < Nl o2 ey (12)

for every w € XO1 /2 (Cq). Before concluding this subsection, we recall the embedding
properties of Tr(Xé/2(Q)) into the usual Lebesgue spaces; see [11, Lemmas 2.4 and
2.5].

More precisely, the embedding j : Tr(Xé/Q(CQ)) — L¥(Q) is continuous for any
v € [1,2%, and is compact whenever v € [1,2%), where 2° := 2n/(n — 1) denotes the
fractional critical Sobolev exponent.

Thus, if v € [1,2¢], then there exists a positive constant ¢, (depending on v, n
and the Lebesgue measure of 2, denoted by |Q2|) such that

(/ﬂ Tr(w)(mﬂ"dx)l/y <a </cg Vw(z,y)? dxdy)l/Q, (13)

for every w € Xé/2(CQ). From now on, for every ¢ € [1,00], || - [|za(q) denotes the
usual norm of the Lebesgue space L9(12).

As already said, we will consider the square root of the Laplacian, defined ac-
cording to the following procedure (see, for instance, the papers [5, 8, 11]). By
using the extension E(u) € Xé/2(CQ) of the function u € Hé/Q (Q), we can define
the fractional operator A; /5 in €, acting on u, as follows:

o . OE(u)
Ay pu(z) := ylg& 9y (z,y), Vzef
i.e. (w)
OE(u
Ay ppu(z) = ey (x), Ve

where v is the unit outer normal to Cq at © x {0}.
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2.3. Weak solutions. Assume that f : R — R is a subcritical function and A > 0
is fixed. We say that a function v = Tr(w) € Hé/Q(Q) is a weak solution of the
problem (1) if w € Xé/ ?(Cq) weakly solves

—div(Vw) =0 in Cq
. w=20 on 0r,Cq (14)
S NS (Tx(w))  on 9,
/ (Vuw, Vg)didy = X / B(2) (Te(w) () Tr () (), (15)
Ca Q

for every ¢ € Xl/Q(CQ).

As direct computations prove, equation (15) represents the variational formula-
tion of (14) and the energy functional J : Xé/2(CQ) — R associated with (15) is
defined by

iw) =5 [ [Vulay)? dudy
e (16)

Y /Q B(x) F(Te(w) () dz,

for every w € Xé/Q(CQ).

Indeed, as it can be easily seen, under our assumptions on the nonlinear term,
the functional Jy is well-defined and of class C! in XO1 / 2(CQ). Moreover, its critical
points are exactly the weak solutions of the problem (14).

Thus the traces of critical points of Jy are the weak solutions to problem (1).
According to the above remarks, we will use critical point methods in order to prove
Theorems 1.1 and 1.2.

3. The main theorem: Non-existence for small \. Let us prove assertion (i)
of Theorem 1.1.
Arguing by contradiction, suppose that there exists a weak solution wy €

X2/2(Ca) \ {0} to problem (1), i.e.
/C (Vao, Vig)dady = A / B() F(Tr(uwo) (2)) Tr () (2) (17)

for every ¢ € Xé/z(Cg).
Testing (17) with ¢ := wg, we have

0l 5y = X [ B (Tr(0) ) Tr(o) () (18)
and it follows that
/ B(a) F(Tr(uwo) () Tr (o) () < / B() £ (Tr(wo) () T (wo) ()| da

< cpl1Bll (o) I Tr(wo)[|72(q) (19)

Cr 2
< FMHLO@(Q)||w0||X3/2(CQ)-
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/ Vo, y)? dedy
Co

/ ITe(uo) () Pz
Q

and the trace inequality (12). By (18), (19) and the assumption on A we get

In the last inequality we have used the following fact
)\1/ 2 _

/ Ve, y)P dedy
= min Co

weX,'?(Ca)\{0} /\Tr(w)(x)|2dx
Q

<

)

c

f 2 2
ﬁ”ﬁHLm(Q)||wo||Xé/2(CQ) < Hwouxé/z(cn);

2
||wOHXé/2(CQ) S )\Al
1

clearly a contradiction.

4. The main theorem: Multiplicity.

4.1. The variational setting. The aim of this section is to prove that, under
natural assumptions on the nonlinear term f, weak solutions to problem (1) below
do exist. Our approach to determine multiple solutions to (1) consists of applying
classical variational methods to the functional 7. To this end, we write 7 as

In(w) = ®(w) — AV (w),
where

B(w) = = |

() = 5 Iz gy

while

W(w) = /Q B(a) F(Te(w) (x))da,

for every w € XS/ 2 (Cq). Clearly, the functional ® and ¥ are Fréchet differentiable.

Moreover, the functional 7} is weakly lower semicontinuous on X, é /2 (Cq). Indeed,
the application

wH/ﬂﬁ(m)F(Tr(w)(x))da:

is continuous in the weak topology of Xé/ 2(CQ).
We prove this regularity result as follows. Let {w; };en be a sequence in Xé /2 (Ca)

such that w; — ws weakly in Xé/Z(CQ). Then, by using Sobolev embedding
results and [9, Theorem IV.9], up to a subsequence, {Tr(w,)} en strongly converges
to Tr(we) in L¥(2) and almost everywhere (a.e.) in  as j — 4oo, and it is
dominated by some function k, € L¥(Q) i.e.

|Tr(w;)(z)] < ku(z) ae. ze€Q foranyjeN (20)

for any v € [1,2%).
Due to (4), there exists ¢ > 0 such that

[FOf <e@+t), (VEeR). (21)
It then follows by the continuity of F' and (21) that
F(Tr(w;)(z)) = F(Tr(ws)(x)) aec. z € Q

as j — 400 and

POy a)] < ¢ (Ts) @] + 51T ) < ¢ (@) + gra?) € L)

a.e. x € ) and for any j € N.
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Hence, by applying the Lebesgue Dominated Convergence Theorem in L!(£), we
have that

/B F(Tr(w;)( d:c—>/ﬁ F(Tr(w) () da

as j — 400, that is the map
wr—>/ﬂ F(Tr(w;)(z))dx

is continuous from Xé/ 2 (Cq) with the weak topology to R.
On the other hand, the map

w |Vw(z,y)|? dedy
Ca

is lower semicontinuous in the weak topology of Xé /2 (Caq).
Hence, the functional [J) is lower semicontinuous in the weak topology of

X2 (Cq).

4.2. Sub-quadraticity of the potential. Let us prove that, under the hypotheses
(3) and (4), one has

v v
i VW) and VW) g )
|\”~UHX01/2(CQ)—>O ||w||XS/2(CQ) Hw”xé/z(c“)_mo ||wHX01/2(CQ)
Fix e > 0. In view of (3) and (4), there exists d. € (0,1) such that
5
If O] < i1, (23)
181l L= o
for all 0 < [¢| < 6 and |¢| > 6; L.
Let us fix ¢ € (2,2"). Since the function
1)
et
is bounded on [d¢, 5= 1], for some m. > 0 and for every ¢t € R one has
FAQIRS [t] -+ me|t[7 1 (24)

|<—
1B Lo ()
As a byproduct, inequality (24), in addition to (13), yields

Wl < [ B@IF(Trw)(@)lds

< o0 (2||5me Tr(w)@)? + 2 () @) )m
: 24 Me z)|Tr(w)(x)|? T
[ (Gm@r + 2w

3 2 m
3 [Tr(w)l| 72 ) + 76 1811 e () 1T (W)l Za 0

IN

IN

A

€ o 2 Me q
<3¢ Hw||Xé/z(CQ) + 763 181l < (02) ||7UHX3/2(CQ) )

for every w € X01/2(CQ).
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Therefore, it follows that for every w € X&/Q(CQ) \ {0},

o [vw)

= Hw”ié/z(cg) (Ca)’

€
5 5+ 7 181l o< (02) € ||w||q 172
Since ¢ > 2 and ¢ is arbitrary, the first limit of (22) turns out to be zero.

Now, if r € (1,2), due to the continuity of f, there also exists a number M, > 0

such that
SOy
= =

for all ¢ € [0.,0; '], where € and §. are the previously introduced numbers.
The above inequality, together with (23) yields

() |t] + M|t

< HﬁIILw

for each t € R and hence

w)| < / B() | F(Tr(w)(x))|da

r(w)(x)|? M. r(w)(x)|" | dx

< [ o <2||6m9 [To() @)+ = = Tr(w)( >|>d
€ 9 M. .

< [ (smw@P + Zs@mwor)

€ M,
<3 ITe(w) 1720 + TE 1811 e () 1T (W)l 7r )
M.
<

2
< S llerm ey + == 180y 5 ol aro

for each w € Xé/Q(CQ).
Therefore, it follows that for every w € X&/Q(CQ) \ {0},

o v(w)] M.

< < 5B+ 1Bl o) o lwlile e,y - (25)
2 L (Q
||w||Xé/2(CQ) (D) (Ca)

€2
=2®

Since € can be chosen as small as we wish and r € (1,2), taking the limit for
||w||X1/2(CQ) — 400 in (25), we have proved the second limit of (22).
0

4.3. The Palais-Smale condition. For the sake of completeness, we recall that,
if E is a real Banach space, a C'-functional J : E — R is said to satisfy the
Palais-Smale condition at level y € R when

(PS),, Every sequence {z;}jen C E such that
J(z) = p and ||J'(z)] — 0,

when j — +00, possesses a convergent subsequence in E.

Here E* denotes the topological dual of E. We say that J satisfies the Palais-
Smale condition ((PS) in short) if (PS),, holds for every u € R.

Lemma 4.1. Let f : R — R be a continuous function satisfying conditions (3) and
(4). Then for every A > 0, the functional J is bounded from below, coercive and
satisfies (PS).
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Proof. Fix A > 0 and 0 < € < 1/Ac3. Due to (25), one has

Tw) = g0l sy = A [ A@IF(Tr(w)@)lds

1 2 26 2 M r
2 slelarn g =225 1l eqy = A7 WAl o el e,
1 2 2 ME r r
= 2 (1= 230) 0l )~ A N8 goe sy 4 Tty

for every w € Xé/ 2(CQ). Then the functional Jy is bounded from below and
coercive.
Now, let us prove that J satisfies (PS), for 4 € R. To this end, let {w;};en C

Xé/Q(CQ) be a Palais-Smale sequence, i.e.
Ia(wj) = pand [T (w;)]l« — 0,

as j — +oo where, we set

13w = sup {[{ T wy), )] ¢ € Xo*(Ca), and @l g2 ey =1}

Taking into account the coercivity of 7y, the sequence {w;} en is necessarily
bounded in Xé/ *(Cq). Since Xé/ *(Cq) is reflexive, we can extract a subsequence,

which for simplicity we still denote {w; };jen, such that w; — we in Xé/z (Cq), i.e.,

/ (Vw,;, Vo)dzdy — (Vwes, Vip)dxdy, (26)
CQ CQ

as j — +oo, for any ¢ € Xé/Q(CQ).
We will prove that {w;};en strongly converges to wo, € X&/Z(CQ). One has

(@' (w;), wj —wee) = (JA(w)), W) = Wog) + A /Q @) f(Tr(w;) (@) Tr(w; — woo ) (w)dex,

(27)
where

(@ (1), w5 — woo) = / V(2. ) didy

Ca

—/ (Vw,, Vweo)dzdy.
Ca

Since || J5(w;)]|« — 0 and the sequence {w; — woo }jen is bounded in Xé/z(CQ),

taking account of the fact that [(J}(w;), w; —weo)| < [|Tx (w;)||«||w; 7w°°||xj/2(cg)7

one has
(T (w), wj = wee) — 0 (28)

as j — +oo0.
Next, setting

1:/mmﬂmwmmmwrww@W%
Q
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one has by (24) and Hoélder’s inequality
I<e / T () ()] [T (105 — w00) ()]
Q

e 1Bl ey /Q T () ()]0 T (w0 — woo) ()
<e ||Tr(wj)||L2(Q) ||Tr(wj - woo)”p(g)
—1
+ me ”BHLOO(Q) ”Tr(wj)”%q(g) HTr(wj - wOO)HLQ(Q) .

Since ¢ is arbitrary and the embedding Tr(Xé/2 (Cq)) — LI(R) is compact, we
obtain

I= /Qﬁ(x)\f(Tr(wj)(m))llTr(wj — Woo) (z)[dz — 0, (29)
as j — 4o0.
Relations (27), (28) and (29) yield
(' (w;), wj — wae) =0, (30)
as j — +oo and hence
/C \Vw;(z,y)|? dedy — /c (Vwj, Vwe)dzdy — 0, (31)

as j — +o0.
Thus, it follows by (31) and (26) that

lim |ij(m,y)\2dxdy=/ |Vweo (z,y) | dzdy.
Jj=+ Je, Co

In conclusion, thanks to [9, Proposition II1.30], w; — we in XOI/Q(CQ) and the
proof is complete. O

The following technical lemma will be useful in the proof of our result via mini-
mization procedure.

Lemma 4.2. Let f : R — R be a continuous function satisfying condition (5).
Then there exists w € XS/Q(CQ) such that ¥(w) > 0.

Proof. Fix a point zg € 2 and choose 7 > 0 in such a way that

B, ) == {r € R : o x| < 7} C ©,

where | - | denotes the usual Euclidean norm in R™. By condition (5)
there exists ¢ € R such that F(¢) > 0. (32)
Hence, let ¢ € R be as in condition (32) and fix og € (0, 1) for which
P00} essint B(x) — (1 o) ma [F(O]]8] (o) > 0 (33)

Note that this choice is admissible thanks to assumption (32). Let u € CZ(£2) be
such that ~
0 ifzeQ\B(xo,7)
u(x) ==
t ifx € B(xg,007),
and |u(z)| < |¢| if x € B(zo,7) \ B(zo, 00T).
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Furthermore, let @ € X/?(Cq) be such that Tr(@) = & We claim that

/Q B(x)F(ii(z)) d > (F(i)ag essinf f(x)

(34)
—(1-o F(t - ) n
( Uo)ﬁﬂ?%” OMBllL= () JwnT
where
7.(.71/2
wn = n )
r(1+3)
+ 2
denotes the measure of the unit ball in the Euclidean space R™, with
+oo
IL(s) := / 2*"te7*dz, Vs> 0.
0
For this purpose, first of all, note that
()] < [f] in Q. (35)

Moreover, by the construction of @, (35) and the fact that F'(0) = 0, it follows that

/ S(a)Fla) do > - [ B (@) de
B(zo0,7)\B(z0,00T) B(zo,7)\B(z0, 007)
> —||B| oo () max |F(t dx
18l () mgm' (@) e Bneon)
= — (o) max |[F)|(1—oy)"wy,
18110y i [PO](1 ~ o)
(36)
and
/ B(a)F(ii(z)) dz = 0. (37)
O\ B(zo,7)
Consequently, relations (36) and (37) and again the definition of @ yield
| Ba)Fita) da
- [ s@r@@) [ Bla)F (i) d
B(zg,00T) B(zo0,7)\B(w0, 007)
~ [ Bwr@d [ B(a)F(i(a)) da
B(zg,00T) B(zo,7)\B(z0,00T)

> F(f)og "y essinf B(a) — max [P()|(1 - 057w, 8]0

= (F(E)US essinf 5(x) — (1 - off) max IF(t)IﬁllLoom)) wnT"

> 0.

thanks to (33). Clearly, this completes the proof of Lemma 4.2. O

Now, let us prove item (i¢) of Theorem 1.1.
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4.4. First solution via direct minimization. The assumptions on 2, 8 and (5)
imply that there exists a suitable smooth function w € Xé/ *(Cq) \ {0} such that
U(w) > 0, where u = Tr(w) € Hé/z(Q) (see Lemma 4.2), and thus the number

) D(w)
A= f  — 38
\1/(11]3)>0 U (w) (38)
wexd/? ()

is well-defined and, in the light of (22), positive and finite.
Fixing A > A* and choosing w} € X with ¥'(w}) > 0 and
o(w3)

A< <
¥ (wy)

<A,

one has

c1 = inf  Ji(w) < Ih(wy) <O0.
wEXé/Q(CQ)

Since Jy is bounded from below and satisfies (PS), ,, it follows that c; » is a
critical value of J, to wit, there exists wi \ € Xé/Q (Ca) \ {0} such that
jk(wl,k):Cl,)\ <0 and J/{(wlv,\):o.
This is the first solution we have been searching for.
4.5. Second solution via MPT. The non-local analysis that we perform in this
paper in order to use the Mountain Pass Theorem is quite general and may be

suitable for other goals, too. Our proof will check that the classical geometry of the
Mountain Pass Theorem is respected by the non-local framework. Fix A > A*, A\*

defined in (38), and apply (24) with & := 1/(2Ac3). For each w € X01/2(CQ) one has

1
Ta(w) = 5 1wl g,y — AL (w)

1 9 A 5 A

2 5 llwliyirz ey = 5 ITe(@)lz — 1 18Il e 0y M I Te(w) |70 )
1 — Aec3 9 A

> 252 il n ey = = D80y mrh Il

Setting

1/(¢—2)
ra = min g flosllg e <4>\ TS mA03> ’
due to what has been seen before one has
inf TIa(w) > 0= Tx(0) > Tn(wy),

w =T
Il 172 gy ="

namely the energy functional possesses the usual mountain pass geometry.

Therefore, invoking also Lemma 4.1, we can apply the Mountain Pass Theorem
to deduce the existence of wg x € Xg so that Jy(wz ) = 0 and Jx(wz,n) = c2,x,
where ¢y » has the well-known characterization:

Con = 7Heli; Jnax Ia(v(1)),

where
r= {7 € C°([0,1); X,/%(Ca)) : 7(0) = 0,7(1) = wi} :
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Since

Co\ > inf ._7>\(w) >0,
HwHXé/z(cm:U
we have 0 # wg » # wi,x and the existence of two distinct non-trivial weak solutions
to (14) is proved. In conclusion, Tr(ws ) and Tr(w; y) are two distinct non-trivial
weak solutions to (1).
Furthermore, by [11, Theorem 5.2], since (21) holds in addition to 8 € L>®(2), it
follows that w; » 1= Tr(w; ) € L*>(Q), with ¢ € {1,2}. The proof is now complete.

Remark 1. The proof of Theorem 1.1 gives an exact, but quite involved form of
the parameter \*. In particular, we notice that

1/2
PV { C) . (39)
v(w)>0  W(w) CfHﬁHLoo(Q)
wexy/2 (o)

Indeed, by (6), one clearly has
@] < T2, veeRr
Moreover, since

I Te(w)][32(0y < Vuw e Xy/%(Ca)

2
)\1/2 ||w||Xé/2(CQ)’
it follows that

W(w) < / B(x) [F(Tr(w) (x)) | dz

18] <0
< e Tr(w) |2y
. 1Bl o ()

2
= fTi/QHwHXé/z(CQY

for every w € Xé/ 2 (Cq). Hence, inequality (39) immediately holds. We point out
that no information is available concerning the number of solutions of problem (1)

if
1/2
e Aliw .
cr 1Bl Lo ()

Since the expression of \* is quite involved, we give in the sequel an upper
estimate of it which can be easily calculated. This fact can be done in terms of the
same analytical and geometrical constants. To this end we fix an element zy €
and choose 7 > 0 in such a way that

B(zg,7) :={x e R" : |z — x| <7} C Q. (40)
Now, let o € (0,1), t € R and define w! : @ — R as follows:

0 if z € Q\ B(zo,T)
(t—|z—x0|) ifze€ B(xo,7)\ B(zg,o7)
t if © € B(xg,07).
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It is easily seen that

2
Vet (@) do = | L
/Q B(zo,7)\B(zg,0T) (1 - U)2T2
t2
= mﬂB(aﬁo,Tﬂ — |B(z9,07)|) (41)
B 2w, 7 2(1 — o")
(1-0)?

Let
t

wztr(xvy) = eigwa(x)’ V(fﬂ, y) € CQ~
Clearly, w! € Xé/Z(CQ) and, since
1
[V (z,y)* = e Y|V (2)|* + ge_y\wi(fﬂ)ﬁ V(z,y) € Co
it follows that

it gy o= [ 1Vt o) ey
Q

1
= / e Y|Vw (2))? dedy + = / e Y|w! (x)]? dedy
e e (42)

+oo
= [ ey ([ ve@P s g [ et a)
0 Q 4 Q
t2
§/|wa,(x)|2dx+f|9\.
Q 4

Thus inequalities (41) and (42) yield

n—2 _n
[ v (W N @) 2,

Moreover, arguing as in Lemma 4.2, we have that there exist o € R and og € (0,1)
such that

[ S@P(Tsuy) ) do > (F(twaz} essin ()
Q

(43)

(44)
—(1-o07) max, |F(t)|||/5’||Lw(Q)>wnT”,

[t]<[to
with

F(to)og essinf fx) — (1 - og) max [F@)[Bllz<) > 0.

Due to (38) one has

@ (wgf)

U(ws,)

More precisely, inequalities (43) and (44) yield \* < Ao, where

/2 W T2 (1 — o) n @
’ (1—00)? 4

A* <

)\0 =

20Jn7'n (F(to)o—g eslselgf 5({1,‘) — (]. — O'g) lmaX |F(t)|||B|L°°(Q))

t|<[to|

Thus the conclusions of Theorem 1.1 are valid for every A > Ag.
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Proof of Theorem 1.2. For any t € R, set

Fy(t) = / fo(2)dz,

with

e ={ 10 1220

and define in a natural way J : Xé/Q(CQ) — R to be
Tt (w) 1= (w) — AU, (w),

for any u € Xé/Q(CQ), with
V() = [ 5Py (Tr(w)(a))ds.

It is easy to see that the functional ¥ is well-defined and Fréchet differentiable
at any u € Xé/2(CQ) (being F differentiable in R) and that Theorem 1.1 holds
replacing f by fi. As aresult (by using the Strong Maximum Principle [10, Remark
4.2]) there exist two (positive) distinct critical points of J,". Now, set

1—-0o" 1
S:={t>0:F() >0} and z,(0) := Go" — (1 =0 Vo € &, = (21/"’1) .
By hypotheses (3)—(5) it follows that there exists to > 0 such that
t2 t?
—— =min —— > 0. 45
Flty)  ies F(t) (45)

On the other hand, bearing in mind that f is non-negative, owing to

lim z,(c) = lim z,(0) = +o0,
oy 1 T o—1—

2i/n

there exists og € ¥, such that

F(tg)(20 — 1) = (F(to)ag —(1-0p) |n|1<ax F(t)) > 0. (46)
t|<to
Then by Remark 1, inequalities (45) and (46) ensure that for every
1/1 . 1 . t?
A> 3 (7‘2 Jnin zn(0) + 4> min 0 (47)

the following nonlocal problem

Aqjpu=Af(u) inI?

u>0 on I'Y
u=0 on oTY,
admits at least two distinct and nontrivial weak solutions uq x,uz ) € L>®(I'%) N
Hy/?(19).
Since condition (7) holds, inequality (47) is satisfied for A = 1. Hence, problem
(8) admits at least two distinct L°°-bounded weak solutions. O

In conclusion, we present a direct application of our main result.
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Example 1. Let Q be an open bounded set of R™ (n > 2) with Lipschitz boundary
0. As a model for f we can take the nonlinearity
ft):==log(1+1t*), VteR.

Indeed, the real function f fulfills hypotheses (3)—(5). Hence, Theorem 1.1 and
Remark 1 ensure that for every

A > 1 n—2 . ( ) + |Q| : t2
— | w,T min z,(o — | min ’
2o\ g, 4 ) >0 \2arctant + tlog(1 + ) — 2t

the nonlocal problem

Ay jpu = Alog(14+u?) inQ
u=20 on 02,

admits at least two distinct weak solutions uy x,ug x € L®(2) N Hé/2(Q) \ {0}.

Remark 2. We conclude by recalling that a similar variational approach as we
have employed has been extensively used in several contexts, in order to prove
multiplicity results of different problems, such as elliptic problems on either bounded
or unbounded domains of the Euclidean space (see [16, 18, 19, 21]), elliptic equations
involving the Laplace-Beltrami operator on Riemannian manifold (see [17]), and,
more recently, elliptic equations on the ball endowed with Funk-type metrics [20].
See also [26], where a multiplicity result analogous to the one proved in the present
paper is considered when the underlying operator is the nonlocal one studied in
[6, 33, 38].
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