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ABSTRACT

We study codimension growth of infinite dimensional Lie algebras over a
field of characteristic zero. We prove that if a Lie algebra L is an extension
of a nilpotent algebra by a finite dimensional semisimple algebra then the

Pl-exponent of L exists and is a positive integer.

1. Introduction

We consider algebras over a field F' of characteristic zero. Given an algebra A,
we can associate to it the sequence of its codimensions {¢,(A)},n =1,2,....
If A is an associative algebra with a non-trivial polynomial identity, then ¢, (A)
is exponentially bounded [15] while ¢, (A) = n! if A is not PI.
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For a Lie algebra L the sequence {c,(L)} is in general not exponentially
bounded (see, for example, [13]). Nevertheless, a class of Lie algebras with
exponentially bounded codimensions is quite wide. It includes, in particular,
all finite-dimensional algebras [2], [8], Kac-Moody algebras [18], [19], infinite-
dimensional simple Lie algebras of Cartan type [10], Virasoro algebra and many
others.

When {¢,,(A)} is exponentially bounded, the upper and the lower limits of the
sequence T\L/ cn(A) exist and the natural question arises: does the ordinary limit
lim,,— 0o {‘/ cn(A) exist? In 80’s Amitsur conjectured that for any associative
PT algebra such a limit exists and is a non-negative integer. This conjecture
was confirmed in [5], [6]. For Lie algebras the series of positive results was
obtained for finite-dimensional algebras [3], [4], [20], for algebras with nilpotent
commutator subalgebras [12] and some other classes (see [11]).

On the other hand, it was shown in [21] that there exists a Lie algebra L with

3.1 < liminf {/¢, (L) < limsup /¢, (AL) < 3.9.
n—oo n—o00
This algebra L is soluble and almost nilpotent, i.e. it contains a nilpotent ideal
of finite codimension. Almost nilpotent Lie algebras are close in some sense
to finite dimensional algebras. For instance, they have the Levi decomposition
under some natural restrictions (see [1, Theorem 6.4.8)), satisfy the Capelli iden-
tity, have exponentially bounded codimension growth, etc. Almost nilpotent Lie
algebras play an important role in the theory of codimension growth since all
minimal soluble varieties of a finite basic rank with almost polynomial growth
are generated by almost nilpotent Lie algebras. Two of them have exponential
growth with ratio 2 and one is of exponential growth with ratio 3.
In the present paper we prove the following results.

THEOREM 1: Let L be an almost nilpotent Lie algebra over a field F' of char-
acteristic zero. If N is the maximal nilpotent ideal of L and L/N is semisimple,
then the Pl-exponent of L,

exp(L) = lim /e, (L),

n—oo

exists and is a positive integer.

Recall that a Lie algebra L is said to be special (or SPI) if it is a Lie subalgebra
of some associative PI-algebra.
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THEOREM 2: Let L be an almost nilpotent soluble special Lie algebra over a
field F' of characteristic zero. Then the PI-exponent of L exists and is a positive
integer.

Note that the special condition in Theorem 2 is necessary since the coun-
terexample constructed in [21] is a finitely generated almost nilpotent soluble
Lie algebra satisfying the Capelli identity of low rank. Nevertheless, its PI-
exponent exp(L) exists (see [16]) but is not an integer since exp(L) ~ 3,6. Note
also that Theorem 1 generalizes the main result of [4] and gives an alternative
and easier proof of the integrality of the PI-exponent in the finite-dimensional
case considered in [4].

2. Preliminaries

Let L be a Lie algebra over F. We shall omit Lie brackets in the product of
elements of L and write ab instead of [a,b]. We shall also denote the right-
normed product a(b(c---d)...) as abc---d. One can find all basic notions of
the theory of identities of Lie algebras in [1].

Let F be an extension of F and L = L @ F. Tt is not difficult to check that
cn(L) over F coincides with ¢, (L) over F. Hence it is sufficient to prove our
results only for algebras over an algebraically closed field.

Let now X be a countable set of indeterminates and let Lie(X) be a free Lie
algebra generated by X. Lie polynomial f = f(z1,...,2,) € Lie(X) is an iden-
tity of a Lie algebra L if f(a1,...,a,) =0 for any ay,...,a, € L. It is known
that the set of all identities of L forms a T-ideal Id(L) of Lie(X), i.e. an ideal
stable under all endomorphisms of Lie(X). Denote by P, = P,(z1,...,2n)
the subspace of all multilinear polynomials in x1,...,2, in Lie(X). Then the
intersection P,, N Id(L) is the set of all multilinear in 1, ..., x, identities of L.
Since char F = 0, the union (P, NId(L))U(P2NId(L))U--- completely defines
all identities of L.

An important numerical invariant of the set of all identities of L is the se-
quence of codimensions
P,

- —1,2
P,nIdL)y "

g Ly oo .

en(L) =dim P, (L) where P, (L)
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If {¢,(L)} is exponentially bounded, one can define the lower and the upper
PI-exponents of L as

exp(L) = liminf ¥/¢, (L), exp(L) = limsup ¥/c, (L),

n—oo n—o00
and
exp(L) = exp(L) = exp(L),

the (ordinary) Pl-exponent of L, in case equality holds.

One of the main tools for studying asymptotics of {c,(L)} is the theory of
representations of symmetric group S, (see [9] for details). Given a multilinear
polynomial f = f(z1,...,2,) € P,, one can define

(1) O'f:f(xlw-'axn):f:f(xa(l)u”-uxo(n))'

Clearly, (1) induces S,-action on P,. Hence P, is an F'S,,-module and P,,NId(L)
is its submodule. Then P, (L) = Pnﬂ}?(li(l/) is also an F'S,-module. Since F' is of
characteristic zero, P, (L) is completely reducible,

(2) Po(L) =M1 & & M,

where My, ..., M; are irreducible F'S,,-modules and the number ¢t of summands
on the right-hand side of (2) is called the nth colength of L,

Io(L) = t.

Recall that any irreducible F'S,,-module is isomorphic to some minimal left ideal
of group algebra F'S,, which can be constructed as follows.

Let A F n be a partition of n, i.e. A = (A1,..., A\g) where Ay > -+ > )\ are
positive integers and A\; + - -+ + Ay = n. The Young diagram D) corresponding
to A is a tableau

containing A1 boxes in the first row, A2 boxes in the second row, and so on. The
Young tableau T is the Young diagram D) with the integers 1,2,...,n in the
boxes. Given a Young tableau, denote by R, the row stabilizer of T}, i.e. the
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subgroup of all permutations ¢ € S,, permuting symbols only inside their rows.
Similarly, Cr, is the column stabilizer of T). Denote

R(T\) = Y o, C(Tx)= Y (sen7)7, er, =R(TH)C(TA).

o€RT, T€CT,

Then er, is an essential idempotent of the group algebra F'S,, that is esz =
aer, where o € F'is a non-zero scalar. It is known that F'S,,er, is an irreducible
left F'S,,-module. We denote its character by x,. Moreover, if M is an F.S,,-
module with the character

3) V) = 3 mx
pukEn

then my # 0 in (3) for given A F n if and only if eq, M # 0.
If M = P, (L) for Lie algebra L, then the nth cocharacter of L is

(4) Xn(L) = X(Pn(L)) = kaX)\
AbFn
and then
(5) (L) =Y mx, ca(L) = mady,
AFn AFn

where m are as in (4) and
dy = degXA = dimFSneTA.

Recall that Lie algebra L satisfies the Capelli identity of rank ¢ if
every multilinear polynomial f(z1,...,z,),n > t, alternating on some
Liyyeovy Xipy {81+ -y8:F € {1,...,n} is an identity of L. It is known (see, for
example, [7, Theorem 4.6.1]) that L satisfies the Capelli identity of rank ¢ + 1
if and only if all my in (5) are zero as soon as Dy has more than ¢ rows, i.e.
Aty1 # 0.

A useful reduction in the proof of the existence of the PIl-exponent is given
by the following remark.

LEMMA 1: Let L be an almost nilpotent Lie algebra with the maximal nilpotent
ideal N. Let dim L/N = p and let N9 = 0. Then:

(1) L satisfies the Capelli identity of rank p + ¢; and
(2) the colength l,,(L) is a polynomially bounded function of n.
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Proof. Choose an arbitrary basis ej,...,e, of L modulo N and an arbitrary
basis {bs} of N. If f = f(z1,...,xy) is a multilinear polynomial, then f is an
identity of L if and only if f vanishes under all evaluations {z1,...,z,} = B =
{e1,...,ep} U{ba}.

Suppose n > p+q and f is alternatingon x1, ..., Zpyq. ff : {z1,...,2,} =B
is an evaluation such that ¢(z;) = ¢(z;) for some 1 < i < j < p+g¢, then p(f) =
0 since f is alternating on x;, ;. On the other hand, if any e; appears among
y1 = ©(x1), ..., Yp+q = ©(Tp+q) at most once, then {y1,...,yp+q} contains at
least ¢ basis elements from N. Hence ¢(f) = 0 since N¢ = 0 and we have
proved the first claim of the lemma. The second assertion now follows from the
results of [22].

As a consequence of Lemma 1 we get the following:

LEMMA 2: If L is an almost nilpotent Lie algebra, then the sequence {c,(L)}
is exponentially bounded.

Proof. By Lemma 1, there exist an integer ¢ and a polynomial f(n) such that
my = 0in (5) for all A - n with A1 # 0 and [,(L) = >, mx < f(n). It
is well-known (see, for example, [7, Corollary 4.4.7]) that dy = degxx < t" if
A= (A1,..., ) and k < n. Hence we get from (5) an upper bound

cn(L) < f(n)t"

and the proof is completed.

3. The upper bound for a PI-exponent

The exponential upper bound for codimensions obtained in Lemma 2 is not
precise. In order to prove the existence and integrality of exp(L), we shall find
a positive integer d such that exp(L) < d and exp(L) > d.

Let L be a Lie algebra with a maximal nilpotent ideal N and a finite-
dimensional semisimple factor-algebra G = L/N. Fix a decomposition of G
into the sum of simple components

G=G1D - ®Gn

and denote by ¢1,...,¢, the canonical projections of L to Gi,...,Gpm,
respectively.  Now let g1,...,gx be elements of L such that for some
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{i1,... 3} C{1,...,m} one has

©i,(9t) #0, @i;(ge) =0 forallj#t 1<t<k

For any non-zero product M of ¢1,...,gx and some uy,...,u; € N we define
the height of M as

ht(M) =dimG;, + - -+ dimG;,.
Now we are ready to define a candidate to the PI-exponent of L as
(6) d = d(L) = max{ht(M)|0 # M € L}.

In order to get an upper bound for exp(L) we define the following multialter-
nating polynomials. Let @, be the set of all polynomials f such that:

(1) f is multilinear, n = deg f > rk,

k k
f:f(xia"'71"71~7"'7‘T17"'7$r7y17"-7ys)7
where rk + s = n; and
(2) f is alternating on each set 2%, ... 28,1 <i <k.

We shall use the following lemma (see [20, Lemma 6]).

LEMMA 3: If f = 0 is an identity of L for any f € Qg41, for some d, k, then
exp(L) < d.

Note that Lemma 6 in [20] was proved for a finite-dimensional Lie algebra L.
In fact, it is sufficient to assume that L satisfies the Capelli identity and that
l,,(L) is polynomially bounded.

LEMMA 4: Let L be an almost nilpotent Lie algebra and d = d(L) as defined
in (6). Then exp(L) < d.

Proof. Let N be the maximal nilpotent ideal of L and let N? = 0. We shall
show that any polynomial from @411, is an identity of L and apply Lemma 3.
Given 1 < i < m, we fix a basis B; of L modulo

G+ +Gis1+Gig1+ + G + N,

where éj is the full preimage of G; under the canonical homomorphism
L — L/N. Inother words, |B;| = dim G, ¢;(B;) is a basis of G; and ¢;(B;) =0
for any j #i,1 < j <m.
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Suppose f = f(x1,..., 25,1, 7951_1)7 . ,x5+1,y1, co 0y Ys) € Qay1,p is multi-
linear and alternating on each set {xﬁ, sy Ty by 1 < < p. First consider an
evaluation p : X — L such that p(z%) = b; € By;, 1 < j < d+ 1, with

dim Gy, + - +dimGy,,, >d+1

in L/N = G. Then by definition of d any monomial in L containing fac-
tors b1,...,bqq1 is zero, hence p(f) = 0. If dim Gy, + --- + Gy,,, < d, then
bi,...,bq41 are linearly dependent modulo N, say, bgy+1 = a1b1 +- - -+ agbg+w,
w € N. Then the value of p(f) is the same as of p’ : X — L, where
P (xy) = p(xh) = biy...,p/(xh) = p(ahy) = ba, p' (2}, 1) = w, since f is alternat-
ing on xi,...,x5,,. It follows that for any evaluation p : X — L one should
take at least one value p(z%) in N for any i = 1,...,p, otherwise p(f) = 0. But
in this case p(f) is also zero since p(f) € N? = 0 and we have completed the
proof.

4. The lower bound for a PI-exponent

As in the previous Section let L be an almost nilpotent Lie algebra with the
maximal nilpotent ideal N and suppose that a semisimple finite-dimensional
factor-algebra G = L/N = G1 & - - - @ G,,, where Gy, ..., G, are simple.

LEMMA 5: Given an algebra L as above, there exist positive integers q and s

such that for any r = tq,t = 1,2,..., and for any integer j > s one can find
a multilinear polynomial hy = hy(x1,. .. ,xé, ces &, T Y1, -y Ysyj) such
that:

(1) h¢ is alternating on each set {z},..., 2%}, 1 <i <r; and

(2) h¢ is not an identity of L,
where d = d(L) is defined in (6).
Proof. Let By, ...,B,, be as in Lemma 4. Then by the definition (up to rein-

dexing of Gi,...,Gy,) there exist by € By,...,by € By, ai1,...,ap € L such
that, for some multilinear monomial w(z1, ..., Zk4p), the value

w(b1,...,bg,a1,...,ap)

is non-zero and dim Gy + -+ + dim Gy = d in G = L/N.
Recall that for the adjoint representation of GG; there exists a central polyno-
mial (see [14, Theorem 12.1]), i.e. an associative multilinear polynomial g; which
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assumes only scalar values on ad x,, %, € G;. Moreover, g; is not an identity
of the adjoint representation of GG; and it depends on ¢ disjoint alternating sets
of variables of order d; = dim G;. That is,

1 1

(7) 9i = gi(xl,dia oL dy ‘Tidiu e ,:vgi,di)
is skew-symmetric on each {x{,dp . ,xfliydi} and for some a}ﬁdi, . ’agi,di € G;
the equality

gilad aj 4,,...,ad aj. 4.)(ci) = ¢
holds for any ¢; € G;. If we evaluate (7) in L and take all af. ,¢; in B; then we
get
(8) gi(ad aidi,...,ad ay, 4,)(ci) = ci(mod N).
On the other hand, if at least one of ag., lies in Bj, j # 14, orin N, then
(9) gilad aj 4,,...,ad aj. 4,)(ci) =0 (mod N).

Since we can apply g; several times, the integer ¢ can be taken to be the same
for all ¢ = 1,...,k. Moreover, it follows from (8), (9) that for any t = 1,2,...
there exists a multilinear Lie polynomial

t_ ety 1 1 tq tq
i =@ a s Tapap g T a5 Yi)
alternating on each set z7 , ,..., 27 ,,1 < j <tg, such that
tr 1 tq —
filayq,,-. .,adi’di,ci) = ¢;(mod N)
1 tq
for some Ay g;r- 1 0q, g, € B; and for any ¢; € B;.
Recall that the monomial w = w(z1, ..., 2k+4) has a non-zero evaluation
@:w(bl,...,bk,al,...,ap)

in L with by € By,...,b; € By. Replacing z; by f! in w and alternating the
result, we obtain a polynomial
1 t 1 t
he = Alt w(f1 (@1 0,528 g U1)s o FE @ a5 T g Uk 215 -5 Zp),s
where Alt = Alt; - - - Alt,y and Alt; denotes the total alternation on variables
T gy Ty T Ty gy

Now if w = w(by, ..., b, a1,...,a,) € N*\ N1 for some integer i > 0 in L,
then according to (8), (9) we get

p(hy) = dy! - - - dplw(mod N,
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where p : X — L is an evaluation, p(z§,) = a3, p(y;) = bj, p(2k+;) = a;. In
particular, h; is not an identity of L. Renaming variables

«a
xﬁfyaylv" 3 Yky Zk+1y -+ -5 Zk+p

we obtain the required polynomial h; with s = k + p.

In order to get a similar multialternating polynomial h; for k 4+ p + 1 we
replace the initial polynomial w = w(z1, ..., zr4p) by ' = w'(21,. .., Zkgpt1) =
W(21 2kt pt1s 22, - - 5 Zhtp)- Since Gy is simple we have G5 = G1. Hence there
exists an element a,y1 € By such that

w/(bl, N ,bk,al, ce ,ap+1) = w(blap+1,b2, N ,bk,al, ce ,ap) 75 0.
Continuing this process we obtain similar h; for all integers
k+p+2,k+p+3,....

Using multialternating polynomials constructed in the previous lemma we get
the following lower bound for codimensions.

LEMMA 6: Let L,q and s be as in Lemma 5. Then there exists a constant

C > 0 such that )
en(L) > On2d -d"

foralltg+s<n<tq+s+q—1landforallt=1,2,....

Proof. Givent and s < s’ < s+¢—1, consider the polynomial h; constructed in
Lemma 5. Then n = deg h; = tqd + s’ and h; depends on tq alternating sets of
indeterminates of order d. Denote by M the F'S,,-submodule of P, (L) generated
by h:i. Let ng = tqd and let the subgroup S,, C S, act on tqd alternating

indeterminates 1, ... ,xtdq. Then My = FS,,h: is a non-zero subspace of M.
Obviously,
(10) cn(L) > dim M > dim M.

Consider the character of My and its decomposition onto irreducible compo-
nents,
(11) X(Mo) = > maxa.

)\l—’n,()
By Lemma 1, algebra L satisfies the Capelli identity of rank dy > dim L/N > d.
Hence my = 0 in (11) as soon as the height ht(\) of A, i.e. the number of rows
in the Young diagram D), is bigger than dy.
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Now we prove that for any multilinear polynomial f = f(z1,...,2,) and for
any partition A - ng with Ag11 > p, where NP = 0, the polynomial er, f is an
identity of L.

Since er, = R(T\)C(Ty) and e, = aer, # 0, the product e}, = C(Tx)R(T\)
is nonzero and generates minimal left ideal F'Syer,. Hence ei}A f is an identity
of L if and only if er, f is an identity. On the other hand the set {z1,..., 2, }
is a disjoint union

{LL‘l,...,CEnO} :XQUX1U-"UXP,
where |Xi|,...,|X,| > d+ 1 and e}, f is alternating on each Xi,..., X, ie.
er, f € Qat1p. As it was shown in the proof of Lemma 4, €7 f is an identity

of L.
It follows that my # 0 in (11) for A - ng only if A\g41 < p. In particular,

(12) no — (A1 4+ Ag) < (d —do)p.

By the construction of essential idempotent er,, any polynomial
er, f(21,...,Tpn,) is symmetric on A variables corresponding to the first row of
T. Since h; depends on tq alternating sets of variables, it follows that ez, hy =0
for any A F ng with A\y > tq + 1.

Denote ¢; = (d — dg)p. If my # 0 in (11) for A F ng, A = (A1,..., Ax), then
k <dy and

(13) Ag—1 <o <A < g
If \y < tq — c1, then combining (12) and (13) we get
Adp1+- -+ A =no— (A +--+ ) <
and
no = A1+ +Xg—1) FAa+Aar1+- -+ M) < tg(d—1)+tg—c1+c1 = tgd = no,

a contradiction. Hence Ay > tq — c; and the Young diagram D) contains a
rectangular diagram D,, where
= (tq—Cl,---,tq—Cl)
N~ d

~
d

is a partition of ny =d(tg—c1) =ng—cid=n—s'—cnd>n—s—qg—c1d+1
since ' < s+ ¢ — 1. From the Hook formula for dimensions of irreducible
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Sp-representations (see [7, Proposition 2.2.8]) and from Stirling formula for
factorials, it easily follows that

m1

d, =de >
w g X n3d

for all n sufficiently large. Since dim My > d) > d,, and n; > n—cp for constant
¢a = s+ q+ c1d — 1, we conclude from (10) that
dn
en(L) > Cn2d’

where C' = c3? and we are done.

5. Existence of PI-exponents

It follows from Lemma 6 that
exp(L) = liminf {/c, (L) > d.
n—oo
Combining this inequality with Lemma 4 we get the following

THEOREM 1: Let L be an almost nilpotent Lie algebra over a field F' of char-
acteristic zero. If N is the maximal nilpotent ideal of L and L/N is semisimple,
then the Pl-exponent of L,

exp(L) = lim ¥/en(L),

n—oo

exists and is a positive integer.

Now consider the case of soluble almost nilpotent special Lie algebras.

THEOREM 2: Let L be an almost nilpotent soluble special Lie algebra over a
field F of characteristic zero. Then the PI-exponent of L exists and is a positive

integer.

Proof. Let L be a special soluble Lie algebra with a nilpotent ideal N of a
finite codimension. By Lemma 2, algebra L satisfies the Capelli identity of
some rank. Then the variety V = Var L generated by L has a finite basis rank
[17], that is L has the same identities as some k-generated Lie algebra Ly € V.
Clearly, exp(L) = exp(Ly) and exp(L) = exp(Ly). Since L is soluble, it follows
that Ly is a finitely generated soluble Lie algebra from special variety V. By
[1, Proposition 6.3.2, Theorem 6.4.6] we have (L%)* = 0 for some ¢ > 1. In this
case exp(L) exists and is a non-negative integer [12].
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