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1. Introduction

Ultrametric spaces naturally appear not only in different parts of mathematics, in particular, in real-valued analysis,
number theory and general topology, but also have applications in biology, physics, theoretical computer science, etc. (see
e.g. [6,11,14]).

Probability measures of compact support on ultrametric spaces were investigated by different authors. In particular,
Hartog and de Vink [6] defined an ultrametric on the set of all such measures. The properties of the obtained construction
were established in [7] and [14].

The aim of this paper is to find analogs of these results for other classes of measures. We define the so-called max-
min measures, which play a similar role to that of probability measures in the idempotent mathematics, i.e., the part of
mathematics which is obtained by replacing the usual arithmetic operations by idempotent operations (see [8,10]). The
methods and results of idempotent mathematics have found numerous applications [1,2,4].

Note that max-min measures are non-additive. The class of non-additive measures has numerous applications, in partic-
ular, in mathematical economics, multicriteria decision making, image processing (see, e.g., [5]).

In the case of max-min measures, we start with such measures of finite supports; the general case (max-min measures
of compact supports) is obtained by passing to the completions.
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One of our results shows that functors of max-min measures and idempotent measures in the category of ultramet-
ric spaces and nonexpanding maps are isomorphic. However, we show that monads generated by these functors are not
isomorphic.

2. Preliminaries
2.1. Max-min measures

By R we denote the extended real line, R = R U {—c0, 00}. Let A and Vv denote the operations max and min in R,
respectively. Following the traditions of idempotent mathematics we denote by ® the addition (convention —oco ® x = x for
all xe R, x < 00).

Let X be a topological space. As usual, by C(X) we denote the linear space of (real-valued) continuous functions on X.
The set C(X) is a lattice with respect to the pointwise maximum and minimum and we preserve the notation A and Vv for
these operations.

Given x € X, by 8y we denote the Dirac measure in X concentrated at x. Given x; € X and «; € R,i=1,...,n, such that
/\IL; ;i = oo, we denote by \/_; & A 8, the functional on C(X) defined as follows:

\ @i A8 (9) = \/ @i A p(x).

i=1 i=1
Let us denote by J,(X) the set of all such functionals. We call the elements of J,(X) the max-min measures of finite
support on X. The term ‘measure’ means nothing but the fact that u = \/'17:1 aj A8y, € Jo(X) can also be interpreted as a
set function with values in the extended real line: ®(A) = \/{«; | x; € A}, for any A C X.
The support of ;t =\/_; @i A8y, € Jo(X) is the set
supp(m) ={x; |i=1,...,n, oj > —o0} C X.

For any map f: X — Y of topological spaces, define the map J,(f): Jo(X) — Jo(Y) by the formula:

Jw(f)(\/ai A(le) = \/ai NS fxy)-
i=1

i=1

Let us recall that I, (X) denotes the set of functionals of the form \/;o;; © 8y, where «; € R and Viai=0.1If ¢ € C(X),
then (\/;a; © 8x) (@) = ;i © @(x;). See e.g. [15], for the theory of spaces I, (X) (called spaces of idempotent measures
of finite support) as well as related spaces I(X) (called spaces of idempotent measures of compact support). Recall that the
support of ;& =\/1_; & © 8y, € I,(X) is the set

supp(u) ={x;|i=1,...,n, oj > —o0} C X.
Remark 2.1. We adopt the following conventions: +00 A 8y = 8x in J,(X) and 0 ® §x = 8y in I, (X).

2.2. Ultrametric spaces
Recall that a metric d on a set X is said to be an ultrametric if the following strong triangle inequality holds:

d(x, y) <max{d(x, 2),d(z, y)}

for all x,y,z e X.

By O:(A) we denote the r-neighborhood of a set A in a metric space. We write O(x) if A = {x}. It is well known that
in ultrametric spaces, for any r > 0, every two distinct elements of the family O, = {0,(x) | x € X} are disjoint. We denote
by F; the set of all functions on X that are constant on the elements of the family O;. By q;: X — X/O; we denote the
quotient map. We endow the set X/O;, with the quotient metric, d;. It is easy to see that d,(0,(x), O,(y)) =d(x, y), for any
disjoint O;(x), O,(y), and the obtained metric is an ultrametric.

Recall that a map f:X — Y, where (X,d) and (Y, o) are metric spaces, is called nonexpanding if o(f(x), f(¥)) <d(x,y),
for every x, y € X. Note that the quotient map g, : X — X/O; is nonexpanding.

2.3. Hyperspaces and symmetric powers

By exp X we denote the set of all nonempty compact subsets in X endowed with the Hausdorff metric:

du(A,B)=inf{e > 0| AC 0:(B), BC 0:(A)}.
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We say that exp X is the hyperspace of X. For a continuous map f:X — Y the map exp f:expX — expY is defined as
(exp f)(A) = f(A).

It is well known that exp f is a nonexpanding map if so is f. We denote by sx : X — exp X the singleton map, sx (x) = {x}.

By S, we denote the group of permutations of the set {1, 2,...,n}. Every subgroup G of the group S, acts on the n-th
power X" of the space X by the permutation of factors. Let SP{.(X) denote the orbit space of this action. By [x1,...,x,] (or
briefly [x;]) we denote the orbit containing (x1,...,x,) € X". _

If (X, d) is a metric space, then SP{(X) is endowed with the following metric d,

d(Ixi1, [yil) = min{max{d(x;, yoi) |i=1,...,n} |0 € G}.

It is well known that the space (SP{(X), Ei) is ultrametric if such is also (X, d).
Define the map 77g = 7gx : X" — SPE(X) by the formula 7 (xq, ..., %;) = [X1, ..., Xy]. It was shown in [7] (and it is easy
to see) that the map ¢ is nonexpanding.

2.4. Monads

We recall some necessary definitions from category theory; see, e.g., [3,9] for details. A monad T = (T, n, n) in the
category £ consists of an endofunctor T : £ — £ and natural transformations n:1¢ — T (unity), #:T2=ToT — T (multi-
plication) satisfying the relations poTn=ponT =17 and pouT =poTu.

Given two monads, T = (T, n, u) and T' = (T', n/, '), we say that a natural transformation «: T — T’ is a morphism of
T into T if an =n" and p'orT (@) =au.

We denote by UMET the category of ultrametric spaces and nonexpanding maps. One of examples of monads on the
category UMET is the hyperspace monad H = (exp, s, u). The singleton map sx : X — exp X is already defined and the map
uy :exp® X — exp X is the union map, ux(A) = A.

It is well known (and easy to prove) that the max-metric on the finite product of ultrametric spaces is an ultrametric.
We will always endow the product with this ultrametric.

The Kleisli category of a monad T is a category Ct defined by the conditions: |Ct| =|C|, Ct(X,Y) =C(X, T(Y)), and the
composition g * f of morphisms f € Cr(X,Y), g € Cr(Y, Z) is given by the formula g f = uZT(g)f.

Define the functor &7:C — Cr by

or(X)=X, dr(f)=nyf, XelCl, feCX.Y).

A functor F :Ct — Cr is called an extension of the functor F:C — C on the Kleisli category Cr if ®1F = Fdr.
The proof of the following theorem can be found in [13].

Theorem 2.2. There exists a bijective correspondence between the extensions of functor F onto the Kleisli category Ct of a monad T
and the natural transformations & : FT — TF satisfying

(1) §F(m) =nr;
(2) wrT(E)er =EF(w).

3. Ultrametric on the set of max-min measures
Let (X,d) be an ultrametric space. For any u, v € J,(X), let
d(u, v) = inf{r > 0| u(p) = v(gp), forany ¢ € C(X)}.
Since w, v are of finite support, it is easy to see that d is well defined.

Theorem 3.1. The function d is an ultrametric on the set Jo (X).

Proof. We only have to check the strong triangle inequality. Suppose that u, v, T € J,(X) and a(u, T)<T, a(v, 7) <. Then,
for every ¢ € Fr, we have u(p) = t(¢) = v(¢), whence d(u,v) <r. O

Proposition 3.2. The map x — 8x: X — J,(X) is an isometric embedding.

Proof. Let x, y € X and d(x, y) <r. Then for every ¢ € F(X), we have §x(¢) = ¢(X) = ¢(y) = §y(¢), whence a(é‘x, dy) <r.
Therefore, a(axay) < d(x,y). The proof of the reverse inequality is simple as well. O

Proposition 3.3. Let f: X — Y be a nonexpanding map of an ultrametric space (X, d) into an ultrametric space (Y, o). Then the
induced map |, (f) is also nonexpanding.
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Proof. Since the map f is nonexpanding, ¢ f € F(X), for any ¢ € F-(Y).
If w,ve Jp(X) and d(u, v) <r, then, for every ¢ € F-(Y), we have

Jo(H (@) = @) =v@f) = Jo(f) = Jo(H V) (@)
and therefore 0(Jo(f) (), Jo(H(V) <r. O

We therefore obtain a functor J, on the category UMET.

Proposition 3.4. If i, v € J,,(X), then the following are equivalent:

(1) d(u,v) <r;
) Jo@) (W = Jo@) ).

Proof. (1) = (2). For every ¢ : X/O; — R we have ¢q, € F and therefore

Jo(@r) () = 1 (@gr) = v(@qr) = Jw(qr) (V).

Thus, Jo(q@r) (W) = Jo(@)W).
(2)= (1). Let ¢ € Fr, then ¢ factors through g, i.e. there exists ¥ : X — R such that ¢ = ¢¥q,. Then

W) =pnu@qr) = Jo@) (@) = Jo@)W)(@) =vrqr) = v(Q).
Thus, a(u, v)y<r. O

In the sequel, given a metric space (X, d), we denote also by d the (extended, i.e. taking values in [0, co]) metric on the
set of maps from a nonempty set Y into X defined by the formula: d(f, g) = sup{d(f(x), g(x)) | x € X}.

Proposition 3.5. The functor ], is locally non-expansive, i.e., for every nonexpanding maps f, g of an ultrametric space (X, d) into
an ultrametric space (Y, 0) we have 0(J»(f), Jw(8)) < o(f, &)

Proof. If o(f, g) = oo, then there is nothing to prove. Suppose that o(f,g) <r < oco. Then qrf = qrg, where gqr:Y —
Y/O;(Y) is the quotient map. For every u € J,(X), we obtain

Jo@r) Jo(H) () = Jo@r () = Jo@r&) (1) Jw(dr) Jo () (1)
and by Proposition 3.4, 0(Jo(f)(1), Jo(g)(w)) <r. O

4. Categorical properties

Let (X,d) be an ultrametric space. Given a function ¢ € C(X), define ¢: J,(X) — R as follows: @¢(u) = u(@).
Proposition 4.1. If ¢ € F(X), then ¢ € F;(Ju(X)).
Proof. Given i, v € J,(X) with a(p,, V) <1, we see that ¢(u) = u(p) =v(p) = @), whence ¢ € F(J,(X)). O

Let M € jg)(X). Define &£x (M) by the condition &x(M)(¢) = M (@), for any ¢ € C(X). If M =\/;a; A8y, and pu; = \/]- Bij A
Sxij» then

Ex(M)=\/\/ @i A Bij A bx;.

]
Proposition 4.2. The map &y is nonexpanding.
Proof. Let d denote the ultrametric on X, then d and d denote the ultrametrics on Jo(X) and ]i(X) respectively. Let
M,N e jg)(X) and a(M, N) <, for some r > 0. Then, for every ¢ € F(X) we obtain

Ex(M) (@) = M(@) =N(@) =&x(N)(p)
and therefore d(£x(M), éx(N)) <r. O

It is easy to verify that the maps &x give rise to a natural transformation of the functor ]fv to the functor J, in the
category UMET.
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Theorem 4.3. The triple J,, = (J», 8, &) is a monad in the category UMET.

Proof. Let i =\/;a; A8y € J(X). Then
ExJo(8x) () = &x (\/Oli A 85x;> = \/oz,- Ay =k
i i

and &x8;,(x) (W) =&Ex(8,) = . Therefore & J,(8) =1, =&6,,.
Let M = \/; i A Sy, € J2(X), where M; = V Bij A 8yu;;- Then

Ex Jw(Ex) (M) = &x (\/Oli A 3§X(Mf)> =&x <\/Oli Ay, ,sijA,Lij> =\/\/ @i A Bij A ij
i i i
=\/ain (\/ Bij Aam,») = &x <\/ai A M,-) = Ex&J,00 (M)
i j i

and therefore £ J,(§) =£&;,. O

Proposition 4.4. The spaces I, (X) and ], (X) are isometric.

Proof. Define a map h =hx:1,(X) = Jo(X) as follows. Let = \/;a; @ 8x; € I»(X). Define h(n) = \/; —In(—a;) A Sy €
Jo(X).

Suppose that d(u, v) <r, where v = \/j Bj ©8y; € In(X). For every x € X and t <0, define ¢f : X — R by the conditions:
©f(y) =0 if y € B-(x) and ¢f(y) =t otherwise.

Then

max oj= 11m = lll‘l‘l % = max
Xi€Br(x) = i— M(QDt) ((pt) J/jEBr(X)ﬁj

If ¢ € Fr, then

uw)—\/al@w(xl)—\/ \ aoexn=\/ \/ Bioey)

xeX x;€Br(x) XeX yjeBr(x)

and therefore

@) =\/—In(a) Aoy =\/ \/ —In(aprpe=\/ \/ —In(=4)rpy)=hw)@).

i xeXx;eBr(x) XeX yj€Br(x)

Thus, a(h(u), h(v)) < and we see that the map h is nonexpanding. One can similarly prove that the inverse map h~!
is also nonexpanding. O

Proposition 4.5. The class {hx} is a natural transformation of the functor I, to the functor J.

Proof. Let f:X — Y be a map and p =\/;a; © 8y, € I»(X). Then
Jo(Hhx () = ]w(f)(\/ —In(—a;) A 6) =\/ —In(~a;) A S5y =hy (\/a,- © aml.)) =hylo,(fH(W. ©
i i i
Corollary 4.6. The functors I, and ], are isomorphic.

Remark 4.7. Let o :[—00, 0] — [—00, 00] be an order-preserving bijection. Then the maps g% :1,(X) = J»(X) defined by
the formula g% (\/;t; © 8x,) = \/; a(t;) A 8x;, determines an isomorphism of the functors I, and J.

Proposition 4.8. Every isomorphism of the functors I,, and ], is of the form g% (see Remark 4.7), for some order-preserving bijection
a:[—o00,0] = [—o0, o0].

Proof. Let k: I, — ], be an isomorphism. Let X = {x, y, z}, where x, y, z are distinct points. Since the functor isomorphisms
preserve the supports, we obtain

kx(t©8xVEOSy V) =a(t) AdxVat) Ay V B(t) Ab,
where «a(t) v B(t) = +o0.
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We are going to show that 8(t) = +o0, for every t € [—o0, 0]. First note that kx (8x v 8y Vv 8;) = 8x Vv 8y V ;. Suppose that,
for some t € (—o0, 0), we have B(t) < 4+oc0. Denote by r: X — {y, z} the retraction that sends x to z. Then, since in this case
a(t) = +o0, we obtain

kiy. 2 (Io(NE O 8 VEO 8y V 8;,)) =kiy 2t O 8y V) =8y V 5y,

which is impossible, because the natural transformations preserve the symmetry with respect to the nontrivial permutation

of {y, z}.
Thus,

kx(t©8xVEOSy V) =a(t) AdxVa(t) Ay Vv,

and identifying the points x and y we conclude that ky ,(t © 8y Vv 8;) = (a(t) A8y Vv 8;). We see therefore that k = g*.

It is clear that « is a bijection of [—o0, 0] onto [—o0, oo]. Suppose now that X = {x1, X2, ..., xp}, where x1,X2, ..., X, are
distinct points. Let yu = \/'17:1 ti © 8x; be such that t; = 0. Given i > 1, consider a retraction r; : X — {x1, x;} that sends every
Xj, j #1, to x1. Then, by what was proved above,

k{x1,xi}1w(ri)(ﬂ) = k{xl,xi}(8x1 Vit ©8x) =8 Valt) Aoy = Jo (ri)(kX (N«))

and collecting the data for all i > 1 we conclude that kx (@) = \/{_; & (ti) A 8.

We are going to show that the map « is isotone. Again, let X = {x, y, z}, where x, y, z are distinct points. Suppose that
t1,t2 € [—00,0] and t1 < tp. Then kx(t1 © 8x V t2 ®5y V) =a(ty) Adx Va(ty) A Sy V 8;.

For a retraction r: X — {y, z} the retraction that sends x to y, we obtain

IpM)(t1 O VI ©8y V)=t 08y V4,
and therefore
o) (c(t1) Adx vV a(tz) Ady V) =a(ta) Ady V6,
whence we conclude that «(t1) < a(ty). This finishes the proof of the proposition. O

Theorem 4.9. The monads I, and J, are not isomorphic.

Proof. Suppose the contrary and let a natural transformation h:I, — J, be an isomorphism of I, and J,. Then, by
Proposition 4.8, h = g%, for some order-preserving bijection « : [—o0, 0] — [—00, c0].

Let X = {a,b, c}. Suppose that M = ((=1) ©8,) vV, € IZ)(X), where £t =(—=2) ®8q V8, v=(-3) O V S.

Then

hxtx (M) = hx((—3) O8V(=3)O8 V) =a(—=3) AdaVa(—=3) A8V éc.
On the other hand,
Ex Jo (), 0 (M) = &x Jo(hx) (2 (=1) A8, Vv 8y)
=Ex((=1) A Sy V Shy(ny) = Ex (2 (=1)) A S@(=2)r80vse) V S(@(=3)A8vsc)
=(a(=2) Ada Va(=3) A8y V) #hxtx(M). O
Let u=\;ai Adx, € Jo(X), v= \/j Bj A8y; € Jo(Y). Define u®v € Jo(X x Y) by the formula:
MOV = \/(Oéi V Bj) AN dxiy -
ij
Lemma 4.10. The map

W V) > U ®V: Jo(X) X Jo(Y) = Jo(X X Y)
is nonexpanding.

Proof. Suppose that a((u, V), (1, V")) <r. Then

Jo@) (L ®V) = Jo@) (1) ® Ju(@r)(v) = ]w(Qr)(l//) ® Jw(Qr)(V/) = Jo(qr) (M/ ® V/)
and we conclude that

d(Jo@) (1w ® ), Jula) (' @ V') <r.
Therefore, the mentioned map is nonexpanding. O
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Remark 4.11. The results concerning the operation ® can be easily extended to the products of an arbitrary number of
factors.

Theorem 4.12. There exists an extension of the symmetric power functor SP" onto the category of ultrametric spaces and nonexpand-
ing maps with values that are max—min measures of finite supports.

Proof. Let X be an ultrametric space. Define a map 6x : SP}(Jw(X)) = Jo(SPE(X)) by the formula:

Ox[M1, ..., un]l = Jo(Pc) (U1 @ - ® Un).

First, we observe that 0x is well-defined. Indeed, if [u1, ..., un] =[v1,..., V], then there is a permutation o € G such
that v; = le i), for every i € {1,...,n}. Denote by hy : X" — X" the map that sends (x1,...,X;) t0 (Xo(1), ..., Xs@m)), then

JoPe) (1 ® -+ ® un) = Jo(Pche) (1 ® -+ ® tn) = Jw(Pc) Jothe) (11 @ -+ ® n) = Jo(Pc)(V1 ®@ - -+ @ Vp).

Next, note that 0x is nonexpanding, i.e., a morphism of the category UMET. This easily follows from Lemma 4.10 and the
fact that the map 7¢ is nonexpanding.
Let (X1,...,X%,) € X". Then

QXSPE((SX)(XL v Xn) = Jo(Pe)(Bxy @ -+ ®8x,) = Jw(PG)Bxy,....x0)) = (Spc(x1,...,xn) = 0[xq,....%n]-
Now let My, ..., My € J2(X) and M; = \/ @ik A 8y, Where ik € Joo(X). Then

ExJow(0x)01,0x) (M1, ..., Mya])

= MX]w(QX)(\/(Olm Ao N i) A By, ,...,;4,,,-”]) =&x (\/(0111'1 A= A lniy) A Sox ([, ,...,um-n]))

= \/(0611'1 A A i) A OX ([ s - - Mg ])-
On the other hand,

OxSPE(Ex) (M1, ..., Mn])
=0x([6x(M1), ..., 0x(Mn)]) = Ox ([Vetiy A faiys -+ ., VQ1iy A fhniy])

= Jo(me) ((Vari, A p1i) ® -+ ® (Vetiiy A fniy)) = Jw(ﬂc)(\/(a1i1 A AN A (i @+ ® Mm',.))

= \/(0111‘1 A ANoi) A Jo(TT6) (i @ -+ @ Uniy)s

ie, &xJw(0x)0),x) = OxSPE(6x). Applying Theorem 2.2 we obtain that the functor SP{ admits an extension onto the
Kleisli category of the monad J,. O

Proposition 4.13. The class of maps supp = (suppy) : J»(X) — exp X is a morphism of the monad J, into the hyperspace monad H.

Proof. Clearly, for every x € X, where X is an ultrametric space, we have sx(x) = {x} = supp(x).

Now let M € ]fo(X), M = \/?:] o A i. We may assume that o; > —oo, for all i. Let also u; = \/711 Bij A Sxijs where
Bij > —oo, for all i, j.

Then &x (M) = \/ij i A Bij A dy; and

ux exp(suppy) suppj, (xy (M)

=uxexp(suppx) ({i1. ..., un}) =ux{{xi1..... xim} |i=1,....n}
={xjli=1,...,n, j=1,....m}=supp(§x(M)). O

5. Completion

Denote by CUMET the category of complete ultrametric spaces and nonexpanding maps. Given a complete ultrametric
space (X, d), denote by J(X) the completion of the space J,X.

For any morphism f:X — Y of the category UMET there exists a unique morphism J(F): J(X) — J(Y) that extends
Jo(f). We therefore obtain a functor J: CUMET — CUMET.

The results of the previous section have their analogs also for the functor J. In particular, we have the following re-
sult.
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Proposition 5.1. The functors I and ] are isomorphic.

We keep the notation §x for the natural embedding x — 8x: X — J(X). Also, for any complete X, the set jZU(X) is
dense in J2(X) and therefore the nonexpanding map &y : ]Z)(X) — Jo(X) can be uniquely extended to a nonexpanding
map J2(X) — J(X). We keep the notation &x for the latter map.

Theorem 5.2. The triple ] = (J, 8, &) is a monad in the category CUMET.
Proof. Follows from the proof of Theorem 4.3. O

The monad J is called the max-min measure monad in the category CUMET. The support map
n
\ @i Ady > (X1, xa}: Jo(X) — exp X
i=1

can be extended to the map supp: J(X) — exp X, which we also call the support map.

Theorem 5.3. The class of support maps J,,(X) — exp X is a morphism of the max-min measure monad to the hyperspace monad in
the category CUMET.

Theorem 5.4. There exists an extension of the symmetric power functor SP" onto the Kleisli category of the monad J.
Proof. Similar to the proof of Theorem 4.12. O

The category mentioned in the above theorem is nothing but the category of ultrametric spaces and nonexpanding
max-min measure-valued maps.

Theorem 5.5. The monads I and J are not isomorphic.

Proof. This follows from the fact that every morphism of monads generates a morphisms of submonads generated by the
subfunctors of finite support. O

6. Open problems

Define the max-min measures for the compact Hausdorff spaces in the spirit of [15]. Is the extension of the symmetric
power functor SP" onto the category of ultrametric spaces and max-min measure-valued maps unique? This is known to
be valid for the case of probability measures.

The class of K-ultrametric spaces was recently defined and investigated by Savchenko. Can analogs of the results of this
paper be proved for the K-ultrametric spaces? See [12] where analogous questions are considered.
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